
 مجلة التربوي

                  12

 

 

 

 
 

 جملة الرتبوي

 حمكمة تصدر عن كلية الرتبيةجملة علمية 
 جامعة املرقب

 
 عشر الثانيالعدد 

 م2018 يناير

 

 



 مجلة التربوي

                  12

 

 

 

 

 

 

    
 . يرد عليها من أبحاث وعلى استعداد لنشرها بعد التحكيم المجلة ترحب بما

 .  المجلة تحترم كل االحترام آراء المحكمين وتعمل بمقتضاها 
  . كافة اآلراء واألفكار المنشورة تعبر عن آراء أصحابها وال تتحمل المجلة تبعاتها

 .عما ينشر له   ية األمانة العلمية وهو المسؤولالباحث مسؤوليتحمل 
 .   لبحوث المقدمة للنشر ال ترد ألصحابها نشرت أو لم تنشرا

 . حقوق الطبع محفوظة للكلية 

 

 

 بحوث العدد

  دراسًة وتحقيقًا  تحفة األنام بتوريث ذوي األرحام"" •

 االستفهام ودالالته في شعر خليفة التليسي •

 قراءة في التراث النقدي عند العرب حتى أواخر القرن الرابع الهجري •

     اية في النظم القرآني) نماذج مختارة ( الكن •

 حذف حرف النداء "يا" من اسم اإلشارة واسم الجنس واختالف النحاة في ذلك         •

 )أّي( الموصولة بين البناء واإلعراب •

 موج النحـــــاة في الوصــــف بــــــ)إال( •

  جامعة المرقببتقنية المعلومات ودورها في تنمية الموارد البشرية  •

 دراسة الحل لمنظومة المعادالت التفاضلية الخطية باستخدام تحويل الزاكي •

 أساليب مواجهة ضغوط الحياة اليومية لدى طالبات كلية التربية •

 عينة من المراهقات برنامج عالج معرفي سلوكي مقترح لخفض مستوى القلق لدى  •

  هجرة الكفاءات الليبية إلى الخارج •

 خمس وآثاره االقتصاديةصيد األسماك في منطقة ال  •

• Determination of (ascorbic acid ) in Vitamin C  Tablets by Redox Titration 

• Physical and Chemical Properties Analysis of Flax Seed Oil (FSO) for Industrial 

Applications 

• Catalytic Cracking of Heavy Gas Oil (HGO) Fraction over H-Beta, H-ZSM5 and 

Mordinite Catalysts 

• Monitoring the concentration (Contamination)of Mercury and cadmium in Canned Tuna 

Fish in Khoms, Libyan Market 

• EFFECT CURCUMIN PLANT ON LIVER OF RATS TREATED WITH 

TRICHLOROETHYLENE    

• Comparative study of AODV, DSR, GRP, TORA AND OLSR routing techniques in 

open space long distance simulation using Opnet 
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• Solution of some problems of linear plane elasticity in doubly-connected regions by the 

method of boundary integrals  

• Common Fixed-Point Theorems for Occasionally Weakly Compatible Mappings in 

Fuzzy 2-Metric Space  

• THE STARLIKENESS AND CONVEXITY OF P-VALENT FUNCTIONS 

INVOLVING CERTAIN FRACTIONAL DERIVATIVE OPERATOR   

• Utilizing Project-Based Approach in Teaching English through Information Technology 

and Network Support  

• An Acoustic Study of Voice Onset Time in Libyan Arabic                                                                                                     
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(   انظر: معجم الشعراء الليبيين  ) شعراء صدرت  لمدم اواو دن ( يد ليد ابدر ام مديلم ملياديمد اات مدراا للابياد  1)

المعيصددر ن أيدد ليد ابددر ام مددديلم د معجددم اباءدديء وال زدديب الليبيددين 131 /1: 2000 /1والنشددر والزيع دد د  

 أ53 /1: 1/2001مليايمد اات مراا للابيا  والنشر والزيع  د  
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 أ5( تميل  الحرواد ي ليد أءي الحسن الي ءن ايسى الرمينيد يح: إءراهيم السيمرائيد اات الف رد اميم: 2)
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 أ326 /2(  البرهيم في اليم القرآم: 3)

 أ99 /1(  ال زيب: 4)

 د ومي ءعرهيأ21 /1ني اللبيب: (  انظر مغ5)

 أ30(  انظر الجنى الراني: 6)
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 أ80(  ميتة ابنبييء:  من اآل   7)

 أ89(  جياهر البالغ  في المعيني والبييم والبر  : 8)

 أ175 /3(  ال زيب: 9)

 أ440 /1د  اروس ابفراح: 22 /1(  انظر:  مغني اللبيب: 10)

 أ22(  انظر الزراكيب اللغي  :11)

 أ98 /1ال زيب: (  12)

 أ1/99(  ال زيب: 13)
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 أ366(  الجمل  في شعر فيتوق جي رةد اتام  نحي   االلي : 14)

 أ424 /1(  اروس ابفراح: 15)

 أ169 /3(  ال زيب: 16)

 أ424 /1(  اروس ابفراح: 17)

 أ213( شعر أءي يميم اتام  نحي  : 18)

 ءعرهيأد ومي 424 /1د ومي ءعرهيد اروس ابفراح: 78( اإل ضيح: 19)

 أ276: 2009 /1(  الزابيق النحييد ي ليد: اأ ابره الراجحيد اات الصحيء  للزراث ءانايد   20)
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 أ27( ا يام الزليسي : 21)

 أ137 /1(كزيب ميبي ه 22)

 أ108(  ا يام الزليسي: 23)

 أ88( انظر االئل اإلاجيع: 24)
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 أ187 /3( كزيب ميبي ه 25)

 ( السيءقأ26)

 أ178( ا يام الزليسي: 27)

 أ189 /3(  كزيب ميبي ه: 28)

 أ78(اإل ضيح في اليم البالغ : 29)

 أ132( ا يام الزليسي: 30)
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 أ301 /3د الزحر ر والزني ر: 57( انظر: المصبيح المنير )ءغى (31)

 أ122( ا يام الزليسي: 32)

 أ115( السيءق: 33)
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 .16، 15ــــ ينظر: األدب الجاهلي في آثار الدارسين قديما وحديثا، د. عفيف عبد الرحمن، ص 1
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 .1/98ــــ ينظر: البيان والتبيين، الجاحظ: 2
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  .1/212ــــ ينظر: العمدة في محاسن الشعر وآدابه ونقده، ابن رشيق القيرواني: 3

 .1/98الجاحظ:البيان والتبيين،  ــــ 4

 .1/99:المصدر السابقــــ  5

 . 12، 1/11ــ طبقات فحول الشعراء، محمد بن سالم الجمحي: 6



 مجلة التربوي

 12العدد                     قراءة في التراث النقدي عند العرب حتى أواخر القرن الرابع الهجري 
 

52 

 











- 

- 

- 

                                                 
 .80: 78، ص تاريخ النقد األدبي عند العرب، د. طه أحمد إبراهيمينظر:  ــ 7

 .1/137:ـ المزهر في علوم اللغة وأنواعها، السيوطيـ 8

 .1/26طبقات فحول الشعراء، ابن سالم: ــ 9
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 .1/46:طبقات فحول الشعراء، ابن سالم ينظر: ــ 10

 .138ـ ينظر: القاضي الجرجاني والنقد األدبي، د. عبده عبد العزيز قلقيلة، صـ 11

 .1/259:ابن سالمطبقات فحول الشعراء،  ــ 12

 .1/140:المصدر السابقـ ـ 13

 .1/98ــ ينظر: نشوء النقد األدبي وتطوره، د. رامز الحوراني: 14

 .1/5:ابن سالمــ طبقات فحول الشعراء،  15
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 .1/117العمدة في محاسن الشعر وآدابه ونقده، ابن رشيق: ــ 16

 .70، 1/69:البيان والتبيين، الجاحظ ــ 17
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 .3/67، الجاحظ،:ـ كتاب الحيوانـ 18

 .3/67:المصدر السابق ــ 19

 .1/65البيان والتبيين، الجاحظ: ــ 20
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 .89، 88، صــ ينظر: دراسات في النقد العربي، د. عثمان موافى 21

 .21الشعر والشعراء، ابن قتيبة، ص ــ 22

 .والصفحة المصدر السابق ــ 23

 والصفحة. المصدر السابق ــ 24
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 .90ينظر: دراسات في النقد العربي، د، عثمان موافى، ص ــ 25

 .29، ابن قتيبة، صوالشعراء الشعرينظر:  ــ 26

 .92صينظر: دراسات في النقد العربي، د، عثمان موافى،  ــ 27

 .31، 30، ابن قتيبة، صالشعر والشعراءــ ينظر:  28
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 .32، صالمصدر السابق ــ ينظر: 29

 .27: 23، ص ينظر: المصدر السابق ــ 30

 . 1/145الثعالبي: اإلعجاز واإليجاز،ــ  31

 .1/263األغاني، األصفهاني: ــ 32

 .10/311:المصدر السابق ــ 33

 .27ــ الشعر والشعراء، ابن قتيبة، ص 34
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 .والصفحة ــ المصدر السابق 35

 .97صــ ينظر: دراسات في النقد العربي، د. عثمان موافى،  36

 ، )األحذ: مقطوع اليد(.338ــ ديوان الفرزدق، ص 37
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يهىهمهجهينىنمن
ييىيميخيحيجي

خنحنجنيمىمممخمحمجميلىلملخل
خيميىيييٰذٰر يهجيحي  منىنينجهمهىه

                                                

1 1331

2 29
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نبمبزبيئىئنئمئزئرئ
نتمتزترتيبىب

                                                

157

230

3 

13951975530 

 .             63،  62نبياء : اآليات :الأ   4
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 .  9الزمر : اآلية :  1
            . 217انظر : دالئل اإلعجاز ص  2
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 مجلة التربوي

 12العدد                           الكناية في النظم القرآني) نماذج مختارة ( 
 

84 
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هلحمملخلحلجل
جيٰهمهجههنمنحنجنخم

حم
يمىمممخم

هلملخلحلجل

                                                
 .   2،  1لحج :  االيات :  ا  1
.  17/189/ .   1984انظر : التحرير والتنوير ـــــ محمد الطاهر بن عاشور ــــ الدار التونسية للنشر ـــــ 2

 بتصرف .  
    . 27ــ  24عبس : اآليات :  3
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منخنحنجنممخمحمجمهلملخلحلجلمكلكخك

هن

خنحنجنممخمحمجمهلملخلحلجلمكلكخك
هنمن

                                                
 ــ دار الكتب العلمية ــــنظر : تفسير المراغي ــ أحمد مصطفى المراغي ــ منشورات محمد علي بيضون  (1

. وروح المعاني ـــ محمود األلوسي البغدادي  10/336ان .  م ـــ بيروت لبن1998ه ـــ 1418ـــ الطبعة األولى 

م .  2001ه ـــ 1422ـــالطبعة األولى ـــ ــ بيروت لبنان ضون ـــ دار الكتب العلمية ــ منشورات علي بيــ

15/251     
 .    5المنافقون : اآلية :  2
 .    51اإلسراء : اآلية :  3
 .   18لقمان : اآلية :  4
انظر : التفسير البالغي لالستفهام في القرآن الحكيم ـ د. عبد العظيم إبراهيم المطعني ـ الطبعة الثانية ـ   الناشر  5

 .   2/214م ــــ   2007هـ  1428ـ القاهرة ـ مكتبة وهبة 
انظر : تفسير القرطبي ـ محمد بن أحمد بن أبي بكر القرطبي ـ تحقيق أحمد بن عبد العليم البردوني ـ الطبعة  6

  . 18/127هـ . 1372الثانية ـ مكتبة الشعب بالقاهرة ـ 
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مضخضحضجضمصٹٹ
جلمكلكخك

حمجمهلملخلحل

ريٰىينىنننمنزنرنمماميل

                                                
 .     25/131انظر : التفسير الكبير أو مفاتيح الغيب  1
 .   27قان  : اآلية : الفر 2
 .            1/407نظر : الكشاف ــــ محمود بن عمر الزمخشري ـــ دار الكتاب العربي ــــ  ( 3
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مجحجمثهتمتختحتجتهبمبخبحبجبٹٹ
جعمظحطمضخضحضجضمخجخمحجح
حكجكمقحقمفخفحفجفمغجغمع

جكمقحقمفخفحفجفمغ
مضخضحض

ىلملخل

حنجنيمىمممخمحمجميل

حجمثهت

جضمصخصحص

حض

                                                
 .   119ل عمران  : اآلية : ا   1
 .             149األعراف   : اآلية :   2
 .             35لكهف  : اآلية : ا  3
             . 42الكهف  : اآلية :   4
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ننمنزنرنمماميلىلمليك
ننمنزنرنريٰىينىن

خيحيجييهىهمهجهينىنمن
ييىيمي

                                                
 .             42النساء  : اآلية :    1
 .                5/59انظر : التحرير والتنوير   2
 .                 29اإلسراء : اآلية :  3
انظر : عمدة الحفاظ في تفسير أشرف األلفاظ ، أحمد بن يوسف بن عبد الدائم الحلبي المعروف بالسمين ـ  4

هـ ـ  1424جي الحلبي ـ الطبعة األولى ـ جمعية الدعوة اإلسالمية ـ طرابلس ليبيا ـ تحقيق عبد السالم أحمد التون

 .                 3/1900م  1995
 .                14/309انظر : تفسير المراغي  5
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هئمئخئييجئحئىيني
مجمثحجهتحتختمتجتهبمبخبجبحب
جح

جتهبمب

هتمتختحت

                                                
 .                 15/84انظر : التحرير والتنوير  1
 .   67التوبة : االية :  2
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هبمب

ىيني
مكلك

يلىلمليكىكمكلك

ريٰىينىنننزنمنرنممام

هئمئخئحئجئييىينيميزي

                                                
    . 40الشورى : االية :  1
انظر : إعراب القرآن الكريم وبيانه ـــ محيي الدين الدرويش ــــ دار ابن كثير دمشق ــ بيروت ـــ اليمامة ـــ  2

 . بتصرف .                 3/241م ـــ   2003ه ــــ  1424دمشق ــــ بيوت الطبعة التاسعة ـــ 
 .                 71التوبة : اآلية :  3
                   . 16/104ر الكبير أو مفاتيح الغيب انظر : التفسي 4
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جئييىي

خسحسجسمخجخمحجحمجحجمثهتمتختحتجت

خصحصمس

                                                
 .    5الفيل : االية :  1
 .                 32/96انظر : التفسير الكبير  2
 .                  75المائدة : االية :  3



 مجلة التربوي

 12العدد                           الكناية في النظم القرآني) نماذج مختارة ( 
 

92 
 

خصحصمسخسحس

ّٰ

ّٰخصو حصمسخس

خصحصمسخس
ّٰ

يتىتنتمتزترتيب

مثزثرث

                                                
 .     665 /1الكشاف  1
 .      6المائدة : اآلية :  2
 .     82النساء : اآلية :  3



 مجلة التربوي

 12العدد                           الكناية في النظم القرآني) نماذج مختارة ( 
 

93 
 

ىيميخيحيجييه
ٰىٰرٰذيي

خل
جهينىنمنخنحنجنيمىمممخمحمجميلىلمل

ىنمنخنحنجنيمىمممخمحمجميلىلملخل

ٰرٰذييىيميخيحيجييهىهمهجهين

ٰى

                                                
     . 21النساء : االية :  1
 .      1/201انظر : التفسير البالغي لالستفهام في القرىن الحكيم  2
 .     197البقرة : االية :  3
 .   187البقرة : اآلية : (4
 .      2/315القرطبي :  5
 .       2/402المصدر نفسه  6
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زنرنمماميلىل
ييىينيميزيريٰىينىنننمن

زيري
جسحبجبهئمئخئحئجئييىينيمي
معجعمظحطمضخضحضجضمصخصحصمسخسحس

يتىتنتمتزتمقحقمفخفحفجفمغجغ

ىكمكلكاكيقىقيفىفيثىثنثمثزثرث
مهجهينىنمنخنحنجنيمىم

مبزبربيئىئنئمئزئرئّٰٰى
مثزثرثيتىتنتمتزترتيبىبنب

                                                
 .        23النساء : اآلية :  1
 .       236البقرة : اآلية :  2
 .        23النساء : اآلية :  3
 .        49األحزاب : اآلية :  4
 .        237البقرة : اآلية :  5
 .      235البقرة : اآلية : 6
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نتمتزترتيبىبنب

مضخضحض

جفمغجغمعجعمظحط

يلىلملخل
خمحمجم
ربيئىئنئمئزئرئّٰٰىٰرٰذيي

جعمظ

جعمظحط

                                                
 .       189األعراف : اآلية :  1
هـ ـ  1386انظر : في ظالل القرآن ـ سيد قطب ـ الطبعة الخامسة ـ دار إحياء التراث العربي ـ بيروت لبنان ـ  2

 .      3/412م .  1967
 .       12التحريم : اآلية :  3
 .       23يوسف : اآلية :  4
 .       19البقرة : اآلية :  5
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ختجتهبخبحبهئمئ
متختمت

اكيقىقيفىفيثىثنثمثزث

                                                
محمد بن عبد اهلل الزركشي ـ قدم له وعلق عليه مصطفى عبد  انظر : البرهان في علوم القرآن ـ بدر الدين 1

       . 2/319القادر عطا ـ الطبعة بال ـ دار القلم ـ بيروت لبنان ـ التاريخ بال .
 . 4ــــ 1المدثر : اآليات :  2
 ر ( .       ـــ  ــــهــ . ) ط  390انظر : مختار القاموس ص  3
 .        33األحزاب : اآلية :  4
      . 29/297انظر : التحرير والتنوير  5
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.وسائل التقنية

ندرة المعلومات 
واحتمال انعدامها 
أحيانًا عند عدم 
استخدام وسائل 

.التقنية

يطة التكلفة البس
في الحصول 

على المعلومات 
عند استخدام 
وسائل التقنية
مقارنة بعدم 

.استخدامها

اختصار الوقت 
والجهد في حال 
استخدام وسائل 

.التقنية

ليب تنمية وجود عالقة قوية بين تكنولوجيا المعلومات وأسا)متغيرات الفرضية الرابعة 
(الموارد البشرية

موافق

محايد

غير موافق

5.35

13.09

44.64

36.30

غير موافق

محايد

موافق

موافق بشدة
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5) 

8
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8

64

96

9

وجود صعوبات تعرقل استخدام تقنيات المعلومات ) متغيرات الفرضية الخامسة 
(المختلفة لدى الكثير من األفراد

ةموافق بشد

موافق

محايد

غير موافق
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10

100
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3- Sidney, I. Landua , ( 1984 ) , Webstar ILL A Started Contemporary as 

dictionary the English Language . 

4- 

5- 

10.11

10.11

45.83

32.73

غير موافق

محايد

موافق

موافق بشدة
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 الملخص:

𝐴 = {𝑓(𝑡): ∃𝑀, |𝑓(𝑡)| < 𝑀𝑒
|𝑡|

𝑘𝑗 , 𝑖𝑓   𝑡 ∈ (−1)𝑗 × [0, ∞)} (1)  

0   حيث < 𝑀, 𝑘1, 𝑘2 < ∞ 

 ويعرف تحويل الزاكي بالمعادلة التكاملية 

𝐸[𝑓(𝑡)] = 𝐹∗(𝑣) = 𝑣 ∫ 𝑓(𝑡)𝑒
−𝑡

𝑣 𝑑𝑡
∞

0
 , 𝑡 ≥ 0 , 𝑘1 ≤ 𝑣 ≤ 𝑘2(2)  

 باستخدام تحويل معين يمكن أن نحصل على الصيغة التالية 

𝐸[𝑓(𝑡)] = 𝑣2 ∫ 𝑓(𝑣𝑡)𝑒−𝑡𝑑𝑡 = 𝐹∗(𝑣) ; 𝑣 ∈ (𝑘1 , 𝑘1)
∞

0
  

 بارامتر   𝑣حيث 

 بعض خواص تحويل الزاكي    .2

𝐸[𝑓(𝑡)] = 𝐹∗(𝑣)  

(1)𝐸[𝑓′(𝑡)] =
𝐹∗(𝑣)

𝑣
− 𝑣𝑓(0)  
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(2)𝐸[𝑓′′(𝑡)] =
𝐹∗(𝑣)

𝑣2
− 𝑣𝑓′(0) − 𝑓(0)  

(3)𝐸[𝑓(𝑚)(𝑡)] =
𝐹∗(𝑣)

𝑣𝑚
− ∑ 𝑣2−𝑚+𝑘𝑓(𝑘)(0)𝑚−1

𝑘=0  

(4)  𝐸[𝑡𝑓(𝑡)] = 𝑣2 𝑑

𝑑𝑣
𝐹∗(𝑣) − 𝑣𝐹∗(𝑣)  

(5)  𝐸[𝑡2𝑓(𝑡)] = 𝑣4 𝑑2

𝑑𝑣2
𝐹∗(𝑣)  

(6)  𝐸[𝑡3𝑓(𝑡)] = 𝑣6 𝑑3

𝑑𝑣3
𝐹∗(𝑣) + 3𝑣5 𝑑2

𝑑𝑣2
𝐹∗(𝑣)  

(7)𝐸[𝑡𝑓′(𝑡)] = 𝑣2 𝑑

𝑑𝑣
[

𝐹∗(𝑣)

𝑣
− 𝑣𝑓(0)] − 𝑣 [

𝐹∗(𝑣)

𝑣
− 𝑣𝑓(0)]  

(8)𝐸[𝑡2𝑓′(𝑡)] = 𝑣4 𝑑2

𝑑𝑣2
[

𝐹∗(𝑣)

𝑣
− 𝑣𝑓(0)]  

(9)𝐸[𝑡3𝑓′(𝑡)] = 𝑣6 𝑑3

𝑑𝑣3
[

𝐹∗(𝑣)

𝑣
− 𝑓(0)] + 3𝑣5 𝑑2

𝑑𝑣2
[

𝐹∗(𝑣)

𝑣
− 𝑓(0)]  

(10)𝐸[𝑡𝑓(𝑚)(𝑡)] = 𝑣2 𝑑

𝑑𝑣
𝐸[𝑓(𝑚)(𝑡)] − 𝑣𝐸[𝑓(𝑚)(𝑡)]  

(11)𝐸[𝑡2𝑓(𝑚)(𝑡)] =  𝑣4 𝑑2

𝑑𝑣2
𝐸[𝑓(𝑚)(𝑡)]  

(12)𝐸[𝑡3𝑓(𝑚)(𝑡)] =  𝑣6 𝑑3

𝑑𝑣3
𝐸[𝑓(𝑚)(𝑡)] + 3𝑣5𝐸[𝑓(𝑚)(𝑡)]  

𝐿(𝑡)إذا كان ....   (13) = 𝐹(𝑡)    حيث𝐿 يرمز لتحويل البالس 

(𝑖) 𝐹(𝑠) = 𝑠𝐹∗ (
1

𝑠
)  

(𝑖𝑖)𝐹∗(𝑣)  = 𝑣𝐹 (
1

𝑣
)  

𝑥′ + 𝑦 = 0  

𝑦′ + 𝑥 = 0                   
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𝑥(0) = 1 , 𝑦(0) = 0  

E(𝑥)

𝑣
−  𝑣 + 𝐸(𝑦) = 0  

E(𝑦)

𝑣
− 𝐸(𝑥) = 0  

𝐸(𝑥) =
𝑣2

1+𝑣2
  

 

𝐸(𝑦) =
𝑣3

1+𝑣2
  

𝑥(𝑡) = cos 𝑡          ,       𝑦(𝑡) = sin 𝑡  
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 ( يوضح رسم دالتي الحل الناتج1الشكل )

𝑥′ + 𝑥 − 4𝑦 = 0  

𝑦′ − 3𝑥 + 2𝑦 = 0                    

 𝑥(0) = 3 , 𝑦(0) = 4  

 

E(𝑥)

𝑣
−  3𝑣 + 𝐸(𝑥) − 4𝐸(𝑦) = 0  

E(𝑦)

𝑣
− 4𝑣 − 3𝐸(𝑥) + 2𝐸(𝑦) = 0  
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𝐸(𝑥) =
3𝑣2+22𝑣3

1+3𝑣−10𝑣2
  

𝐸(𝑦) =
4𝑣2+13𝑣3

1+3𝑣−10𝑣2
  

𝑥(𝑡) =   4𝑒2𝑡 − 𝑒−5𝑡 ,       𝑦(𝑡) = 3𝑒2𝑡 + 𝑒−5𝑡  

 

 ( يوضح رسم دالتي الحل2الشكل)

𝑥′ + 𝑦 = 3𝑒2𝑡  

𝑦′ + 𝑥 = 0                   

𝑥(0) = 2 , 𝑦(0) = 0  
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E(𝑥)

𝑣
−  2𝑣 + 𝐸(𝑦) =

3𝑣2

1−2𝑣
  

E(𝑦)

𝑣
+ 𝐸(𝑥) = 0  

𝐸(𝑥) =
2𝑣2−𝑣3

(1−2𝑣)(1−𝑣2)
  

𝐸(𝑦) =
𝑣4−2𝑣3

(1−2𝑣)(1−𝑣2)
  

𝑥(𝑡) =   2𝑒2𝑡 −
1

2
𝑒𝑡  +

1

2
𝑒−𝑡 ,       𝑦(𝑡) =

1

2
𝑒𝑡 − 𝑒2𝑡 +

1

2
𝑒−𝑡  

 

 ( يوضح بيان دالتي الحل  3الشكل )
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2𝑥′ + 𝑦′ − 𝑥 − 𝑦 = 𝑒−𝑡  

𝑦′ + 𝑥′ + 2𝑥 + 𝑦 = 𝑒𝑡  

 𝑥(0) = 2 , 𝑦(0) = 1  

 

2E(𝑥)

𝑣
− 4𝑣 +

𝐸(𝑦)

𝑣
− 𝑣 − 𝐸(𝑥) − 𝐸(𝑦) =

𝑣2

1+𝑣
  

E(𝑥)

𝑣
− 2𝑣 +

𝐸(𝑦)

𝑣
− 𝑣 + 2𝐸(𝑥) + 𝐸(𝑦) =

𝑣2

1−𝑣
  

 

E(𝑥) =  
2𝑣2

1+𝑣2
+

8𝑣3

1+𝑣2
  

E(𝑦) =
𝑣3

(1+v)(1−v)
+

𝑣2

1+𝑣2
−

13𝑣3

1+𝑣2
  

𝑥(𝑡) = 2 cos 𝑡 + 8 sin 𝑡         ,    𝑦(𝑡) =
1

2
𝑒𝑡 −

1

2
𝑒−𝑡 + 2 cos 𝑡 − 13 sin 𝑡  
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 ( يوضح بيان دالتي الحل4الشكل )

𝑥′′ + 3𝑥 − 2𝑦 = 0  

𝑥′′ + 𝑦′′ − 3𝑥 + 5𝑦 = 0  

𝑥(0) = 0   , 𝑥′(0) = 3   , 𝑦(0) = 0   , 𝑦′(0) = 2  

𝐸(𝑥)

𝑣2
− 3𝑣 + 3𝐸(𝑥) − 2𝐸(𝑦) = 0  

𝐸(𝑥)

𝑣2
− 3𝑣 +

𝐸(𝑦)

𝑣2
− 2𝑣 − 3𝐸(𝑥) + 5𝐸(𝑦) = 0  

E(𝑥) =
3𝑣3+25𝑣5

(1+9𝑣2)(1+𝑣2)
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𝐸(𝑦) =
2𝑣3+24𝑣5

(1+9𝑣2)(1+𝑣2)
  

𝑥(𝑡) =
1

12
sin 3𝑡 +

11

4
sin 𝑡   ,            𝑦(𝑡) =

11

4
sin 𝑡 −

1

4
sin 3𝑡 

 

 ( يوضح بيان دالتي الحل5الشكل )

 

𝑥′′ + 5𝑥 − 2𝑦 = 0  

𝑦′′ − 2𝑥 + 2𝑦 = 0  

𝑥(0) = 3,   𝑥′(0) = 0   , 𝑦(0) = 1  , 𝑦′(0) = 0  
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𝐸(𝑥)

𝑣2
− 3 + 5𝐸(𝑥) − 2𝐸(𝑦) = 0  

𝐸(𝑦)

𝑣2
− 1 − 2𝐸(𝑥) + 2𝐸(𝑦) = 0  

𝐸(𝑥) =
3𝑣2+8𝑣4

(1+6𝑣2)(1+𝑣2)
  

𝐸(𝑦) =
𝑣2+11𝑣4

(1+6𝑣2)(1+𝑣2)
  

𝑥(𝑡) = cos 𝑡 + 2 cos √6𝑡        ,      𝑦(𝑡) = 2 cos 𝑡 − cos √6 𝑡  

 

 ( يوضح بيان دالتي الحل6الشكل )
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𝐸[𝑓(𝑡)]  𝑓(𝑡)  
𝑣2  1 

𝑣3   𝑡  

𝑛! 𝑣𝑛+2  𝑡𝑛  
𝑣3

1−𝑎𝑣
  𝑒𝑎𝑡  

𝑣𝑛+1

(1−𝑎𝑛)𝑛
  

𝑡𝑛−1𝑒𝑎𝑡

(𝑛−1)!
   , 𝑛 = 1,2, …  

𝑎𝑣3

1+𝑎2𝑣2
  sin 𝑎𝑡  

𝑣2

1+𝑎2𝑣2
  cos 𝑎𝑡  

𝑎𝑣3

1−𝑎2𝑣2
  sinh 𝑎𝑡  

𝑣2

1−𝑎2𝑣2
  cosh 𝑎𝑡  

𝑏𝑣3

(1−𝑎𝑣)2+𝑏2𝑣2
  𝑒𝑎𝑡 sin 𝑏𝑡  

(1−𝑎𝑣)𝑣2

(1−𝑎𝑣)2+𝑏2𝑣2
  

𝑒𝑎𝑡 cos 𝑏𝑡  
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,
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- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 
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- 

- 

- 

- 

- 
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Abstract  

The goal of this study is to determine the amount of ascorbic acid (the 

active integredient) in commercial products in Vitamin C tablets by using 

Redox titration. Aredox titration, involving an Iodometric method, has 

been used to do the analysis. The results of the amount of ascorbic acid in 

each table was measure in mg  ⁄ 100ml. The values of this study showed 

that Brands 01 ,02, 03, and 04 had 480 ,464,988,937 mg  ⁄ 100ml 

respectively. 

Key words: Vitamin C , active integredient ,Redox titration .   

Introduction  

Vitamins are a group of small molecular compounds, that are essential 

nutrients in many multi –cellular organisms, and humans in particular [1]. 

Among the vitamins, vitamin C (also called ascorbic acid) is an essential 

micronutrient required for normal metabolic function of the body [2]. 

Human and other primates have lost the ability to synthesize Vitamin C 

as a result of a mutation in the gene coding for L – gluconolactone 

oxidase, an enzyme required for the biosynthesis of Vitamin C via the 

glucuronic   acid pathway [3]. Thus, vitamin C must be obtained through 

the diet. Vitamin C plays an important role as a component of enzymes 

involved in the synthesis of collagens and carnitine.  Vitamin C is the 

major water – soluble antioxidant within the body [4,5,6]. It lowers 

cholesterol level and blood pressure [7]. Not only does a Vitamin C 

intake markedly reduce the severity of a cold, it also effectively prevents 

secondary viral or bacterial complications many studies have shown that 

an adequate intake of Vitamin C is effective in lowering the risk of 

developing breast cancer, cervix, rectum, mouth, prostate and stomach 

[8,6,9]. A lack of Vitamin C in the diet causes the deficiency disease 

scurvy [5]. This potentially fatal disease can be Prevented with as little as 

10 mg Vitamin C per day [10]. 
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An amount easily obtained through consumption of fresh fruit and 

vegetables. Some recommended dietary allowances for Vitamin C are 

listed in Table 1 . 

Lactation Pregnancy Female Male Age 

  40 mg 40 mg 0 -6  months 

  50 mg 50 mg 7 -12 months 

  15 mg 15 mg 1 -3 years 

  25 mg 25 mg 4 -8 years 

  45mg 45 mg 9 -13 years 

115 mg 80 mg 65mg 75 mg 14 -18 years 

120 mg 85 mg 75mg 90 mg 19+ years 

Individuals who smoke require 35 mg  ⁄ day more 

Vitamin C  than nonsmokers 

Smokers 

Table 1. Recommended Dietary Allowances (RDAS) for vitamin C . 

The chemical formula of Vitamin C is (R) -5-((S) -1 ,2 –  

dihydroxyethyl) -3,4 – dihydroxyfuran -2 (5H ) – one ,molar mass 176.12 

g  ⁄  mol ,Density 1.65 g  ⁄ cm3  ,Melting point 190 -192 c⁰ , with solubility 

in water about 33g  ⁄ 100 ml [11] . 

 

 

 

Figure 1. The structure of ascorbic acid, C6H8H6 

(MW = 176.12 g/mol) Ascorbic acid is a mild reducing agent. for this 

reason, it degrades upon exposure to oxygen, especially in the presence of 

metal ions and light. It can be oxidized by one electron to a radical state 

or doubly oxidized to the stable form called  dehydroascorbic acid [12] 

.The following equation shows oxidation of reduced form of ascorbic 

acid [13]. 
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There are numerous methods for the determination of Vitamin C in a 

variety of natural samples, biological fluids and pharmaceutical 

formulations. These method are spectrophotometric methods and non – 

spectrophotometric methods [14]. For non – spectrophotomtric methods 

are such as high - performance liquid chromatography (HPLC), direct 

titration with iodine solution, enzymatic method [15]. In the present 

research, the amount of ascorbic acid (the active ingredient) in 

commercial Vitamin C tablets were determined by using Redox Back 

Titration. 

Materials and Methods 

Determination of ascorbic acid by redox titration Vitamin C (ascorbic 

acid), is a mild reducing agent (it accepts electrons from an electron 

donor, leaving the oxidation  state of the donor at a  value less than 

original (reduced) . 

The ascorbic acid itself is oxidized to a higher oxidation state. This class 

of reactions is known as reduction oxidation reaction or simply, a redox 

reaction. One such redox reaction is the reduction of the aqueous Iodine 

molecule (I2(aq)  ) with ascorbic acid , as shown below. 

KIO3(aq) +6H+
(aq) + 5I-

(aq)→3I2(aq) +3H2O(L)+ K+
(aq)  generation of I2 (Eq . 1) 

C6H8O6(aq) + I2(aq) →  C6H6O6(aq) +2I-
(aq)+ 2H+ 

(aq)  oxidation of vitamin C 

(Eq .2)  

Reaction one generates aqueous iodine, I2(aq) This is then used to oxidize 

Vitamin C (ascorbic acid C6H8O6) in reaction two. Both of these reactions 

require acidic conditions and so dilute sulfuric acid, H2SO4(aq) , will be 

added to the reaction mixture . Reaction one also requires a source of this 

dissolved iodide ions, I-
(aq). This will be provided by adding solid 

potassium iodide, KI(s) , to the reaction mixture . 
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Reagents 

All reagents were of analytical – reagent grade. and all solutions were 

prepared using distilled –deionized water. Reagents required 0.02M 

standard potassium Iodate, 0.1M sodium Thiosulfate ,0.5 M Sulphur acid 

, %0.5 starch solution . 

Sample collection  

The samples (vitamin C tablets) were collected from local pharmacy 

stores of AL – Khoms city of Libya . The strength of each Brand is 

shown below: 

Brand 01 : Strength    500 mg 

Brand 02 : strength    500 mg 

Brand 03 : strength    1000 mg 

Brand 04 : strength   1000 mg 

Experimental   Procedure  

Standardization of sodium Thiosulfate Solution pipette 5 ml of the KIO3 

Solution into a 250 ml Erlenmeyer flask. Add 0.5gram of solid KI and 10 

ml of (0.5M) Sulfuric acid to the conical flask. Titrate the liberated iodine 

with Sodium thiosulfate solution from a burette until a faint yellow color 

is reached. Add 2 ml of starch indicator and continue the titration until the 

blue – black color of Starch triiodide complex Just disappears. Repeat 

these Steps for three times and record the mean of sodium Thiosulfate 

volume for calibration process. 

Determination of Vitamin C in a Tablet 

The Vitamin C Tablets were crushed into powder by using mortar and 

pestle. Appropriate amount of    powder was taken in a volumetric flask. 

Treat each Tablet individually as follows: 

Into Erlenmeyer flask, pipet 10 ml of 0.5 M H2SO4 and 0.5 g of KI and 

10ml deionized water. Titrate with (0.1M) Sodium Thiosulfate Solution 

as before. Add 7 drops of starch indicator Just prior to the end  point 

.Record the volume of titrant used . 
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Results and Discussion  

The amount of a ascorbic acid for four Brands of Vitamin C Tablet is 

calculated from the expression : 

(meq KIO3 –meq Na2S2O3 ) =meq ascorbic acid. 

 To convert to g of ascorbic acid per ml of each Tablet use.  

 mass (ascorbic acid) = meq a scorbic acid × Am  

Where                                              

Am is molecular mass of a scorbic acid. 

All results of all four Brands of Vitamin C of local Libyan markets is 

given in Table 1. 

Table 1: Amoun of Vitamin C for calculated and labeled in mg ⁄ 100ml 

for four commercial Brands. 

Purity% Amount of calculated (mg ⁄ 

100ml) 

Commercial Brands 

96 480 Brand 01 

93 464 Brand 02 

99 988 Brand 03 

94 937 Brand 04 

 

From the Table 1, the Vitamin C contents in each sample which  is 

determined using redox titration  do not have much different compared  to 

the lable value. The difference between label value and analysis results 

Could be caused by errors in judging the end point. The action of light, 

dust particles or oxygen on standard solution may raise errors . All these 

factors can be minimized by taking the average of results  of more three 

times or use of coloured glass bottles . Also period storage can be a effect 

on practical  results as in Brand 02, 04 . 

Conclusion  

The very simple and rapid procedures described in this paper can be an 

alternative to the more complex and expensive methods for assay of 

ascorbic acid content in Vitamin C Tablet. The great amount of ascorbic 

acid recorded in Brand 01 and Brand 03 were 480 and 988 mg ⁄ ml 

respectively. 
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ABSTRACT 

 

Abstract—A study on the physicochemical properties of Flax seed oil for 

industrial applications were carried out. Physicochemical properties of Flax seed 

oil (39%  lipids) showed high content of iodine value (141mg/100g)  and  

saponification value (198.45 mg/100g). The present  study  shows  that,  Flax  

seed oil is rich in linolenic  and oleic acids. The  Flax  seed oil with the highest 

amount of polyunsaturated fatty acids (linolenic acid) can find an application in 

surface coating industries and biolubricant base oil applications, whereas the 

high amount of monounsaturated fatty acid can find an application as a biodiesel 

feed stock. Flax  seed oil contains major TAG of  monounsaturated OLL, 

POL,PPS, PLnLn , POLn, LnLnLn ,OLnLn , OLLn , LLLn and  POLn. Flax 

seed oil can be classified as unsaturated oil with an unsaturated fat level of 

89.5%. Hence the Flax seed oil has great potential for industrial applications 

such as in paint and surface coatings, production of  biodiesel and biolubricant. 

Therefore, it is crucial to have more research on Flax seed oil in the future to 

explore its potential as a future industrial oilseed crop.  

Keywords-  Physical, Chemical, Industrial applications, Flax  seed oil 

 

INTRODUCTION I-   

Flax  seed, which is also called linseed, is important seed oil in the world. 

It is mainly grown in Canada, Argentina, America, China and India. Flax seed 

contains about 40%oil, 30% dietary fiber, 20% protein, 4% ash, and 6% 

moisture. The nutritional components  of  Flax seed are oil, protein, lignans, 

soluble fiber, minerals and vitamin, etc. 

Flax (Linum usitatissimum L.)  is a multi-purpose crop. Its production goes back 

to ancient  history. Its remnants were found in Stone Age dwellings in 

Switzerland and ancient Egyptians made fine from flax fiber. Two types of flax 

are grown, seed  Flax for  the oil in its seed and fiber Flax for the fiber in its 

stem. It is mainly grown in Canada, Argentina, America, China and India 

(Wang, et al. 2007). The plants range in height from 30 to 100 cm and have 

narrow leaves flowers that are in different shades of blue. Its seeds containing 

about 36 to 40% of oil have long been used in human and animal diets and in 

industry as a source of oil and as the basic component or additive of various 

paints or polymers (El-Beltagi, 2007). 
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There has been considerable research on the  physicochemical  properties of  

Flax seed oil. The  composition of  Flax  seed oil from Canada   consists of  

mainly fatty acids such as palmitic acid (13%), stearic acid (2.53%), oleic acid 

(48.8%) and linoleic acid (34.6%) (Ooi, Jumat, 2006)  . Flax  seed oil contains a 

high percentage of unsaturated fatty acid, which is about 89.5- 90%. This makes 

the oils suitable for  biodiesel production. However, the chemical compositions 

of  the oil vary according to the climate and locality . Nowadays, the Flax  

plantation is receiving considerable  attention in many parts of the world due to 

the advantages,  including higher yield than other plant oils, such as soya,  

rapeseed, etc., easy to cultivate and reclamation of waste land ( Lerma and 

Garcia. 2010) .The objective of this study is to evaluate the  physicochemical 

characteristics of the seed oil extracted from the Flax  seeds collected  from 

Libya. 

II. EXPERIMENTAL AND METHODOLOGY 
 

A. The seed sample 
 

The Flax  seed (Linum usitatissimum) is obtained from a farm in the region 

of Misrata, east of  Tripoli and the  Flax is grown in winter and kept below-20 

C0  until being used. 

B. Oil Extraction 
 

Flax seed oil extraction was determined in accordance with [Abdullah, B.M. 

& Salimon, J. 2009 ]. About 600g milled Flax  seeds were weighed and placed 

in a thimble. The thimble was then placed in the Soxhlet chamber, which was 

suspended above a boiling flask containing 2500 mL hexane. The hexane was 

heated under 60°C for 8 hours. The chamber containing the milled Flax seeds 

was slowly filled with warm hexane, until the warm hexane exceeded a certain 

temperature level when it overflowed and spilled over into the boiling flask. This 

cycle was repeated many times. After extraction for 8 hours, the hexane was 

evaporated by a rotary evaporator in water bath at 50°C for 60min. 

C. Colour 

 

Colorimetric measurements, according to [Siew, W.L., Tang, T.S. and Tan, Y.A. 

1995], were carried out using a manual colorimeter Orbeco-Hellige, equipped 

with  glass colour standards and a glass cuvette of  3.3-cm optical Path.  

 D . Lipid Content 

 

The weight of the oil extracted from 600g of seed powder  was determined 

to calculate the lipid content. The result was expressed as the percentage of 

lipids in the composition of the  dry seed powder. 
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E. Acidity 

Free fatty acid (FFA %) and acid value (as oleic) were determined according 

to [Abdullah, B.M. & Salimon, J. 2009]. Approximately 50mL of  isopropanol 

was placed into the flask, and about 0.5mL phenolphthalein was added and was 

neutralized by addition of  sodium hydroxide (NaOH, 0.02 N) until a permanent 

pink colour was obtained. The neutralized isopropanol was added to the 5g of  

Flax seed oil, which was placed into an Erlenmeyer flask, and about 0.5mL of 

phenolphthalein was added. After shaking the mixture gently, the mixture was 

neutralized by the addition of  (NaOH, 0.02 N)  until the first permanent pink 

colour was obtained. 

 

  E. Iodine Value 

The iodine value was determined according to  [Abdullah, B.M. and  

Salimon, J 

. 2009 ]. About 0.3g of Flax seed oil was placed in a 500mL flask. Then 15mL 

of carbon tetrachloride (CCl4) was added to dissolve the oil, and 25mL of the 

wijs solution was added into the flask and the stopper was inserted. After 

shaking the mixture gently, the flask was placed in the dark for 1 hour. After 

standing for 1 hour, 20mL of potassium iodide ( KI, 10% v/v) solution and 

150mL of water were added, the mixture was titrated with the sodium 

thiosulphate  (Na2S2O3, 0.1 N) solution until the yellow colour due to the iodine 

had almost disappeared, 1mL of the (starch, 1% v/v) indicator solution was 

added, and the titration was continued until the blue colour just disappeared after 

very vigorous shaking. The blank test was carried out under the same conditions. 

 

G. Saponification Value 

The saponification value (SV) was determined according to [Abdullah, 

B.M. and Salimon, J. 2009]. About 2g of  Flax  seed oil was placed into conical 

flask, and 25mL ethanolic potassium hydroxide ( KOH, 0.5 N) was added with 

some boiling stones. The boiling flask was connected to the condenser and the 

mixture was boiled gently for 1 hour. After the boiling, the mixture was cooled 

and 1ml of phenolphthalein, (1% v/v) was added, the mixture was titrated with 

hydrochloride acid (HCl, 0.5N) until the pink colour of  the indicator just 

disappeared. The blank test was carried out under the same conditions. 

 

H. Unsaponifiable Matter 

Unsaponifiable matter  was determined according to [Abdullah, B.M. & 

Salimon, J. 2009]. About 10g of Flax seed oil was placed into a round  bottomed 

flask and 30mL ethanol and 5mL of aqueous KOH solution were added with 

some boiling stones into the  round  bottomed  flask. The round-bottomed flask 
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was connected to a condenser, and the mixture was boiled gently for 1 hour. 

After the boiling, the heating was stopped and the reaction  mixture was 

transferred into the separating funnel. The flask was rinsed  with 10mL ethanol 

followed by 20mL warm distilled water  and then 20mL cold distilled water, and 

all the washings were  transferred into the separating funnel. The contents of the 

separating funnel were left to cool at room temperature, after that 50mL of 

hexane was added into the separating funnel. After shaking the mixture 

vigorously for 1min, the mixture was left a few minutes to get two phases.  The 

soap solution phase was converted completely into the second separation funnel, 

and 50mL of hexane was added into the separating funnel. After shaking the 

mixture vigorously for 1 minute, the mixture was left a few minutes to get two 

phases. The extractions using 50mL of hexane were repeated five times. 

The combined extracts in the separating funnel were washed three times 

with 25mL of 10% (v/v) ethanol, after shaking the separating funnel vigorously; 

the ethanol layer was drawn off  after each wash. The hexane was evaporated to 

dryness under the vacuum using a rotary evaporator, the drying was completed 

in a vacuum oven at 75-80°C, and was cooled in a desiccator and was weighed 

(Wr). The residue was dissolved in 50mL 95% ethanol, and was titrated with 

0.02 N NaOH solution using  phenolphthalein indicators to a faint pink colour. 

 

I .Viscosity 

The viscosity of  the Flax  seed oil was measured using chemistry  Labs. 

Inc. Viscometer [ Siew, W.L., Tang, T.S. and  Tan, Y.A. 1995]. The  spindle 

size S05 was used at 100 rpm for 1min in room temperature. 

 

J.  Gas Chromatography Method 

Gas chromatography method (GC) analysis was performed using 

Shimadzu Gas chromatography (GC) equipped with a flame ionisation detector 

and capillary column (30m × 0.25mm × 0.25mm film). The parameters of GC 

have been carried out  according to [ Abdullah, B.M. and Salimon, J. 2009 ]. The 

fatty acids were determined using their fatty acid methyl esters and were injected  

into gas-chromatography for analysis. The identification of the peaks was carried 

out by retention times by means of comparing them with genuine  standards 

analyzed under the same conditions. 

 

J. High Performance Liquid Chromatography Method 

High performance liquid chromatography (HPLC) analysis was performed 

using a Waters model 1515 equipped with refractive index detector and 

Spherisorb C18 column (250mm × 4.8mm × 3mm), which was used for analysis 

of the TAG. The parameters of HPLC were carried out according to [ Abdullah, 
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B.M. and  Salimon, J. 2009 ]. Triacylglycerol of Flax seed oil and FFA were 

determined by using HPLC. Flax seed oil and the FFA were dissolved in 10mL 

of the mixture acetone: acetonitrile before 20mL of the sample being into HPLC. 

 

III. RESULTS AND DISCUSSION 

         In determining the colour of the Flax seed oil, Cielab coordinates were 

used. In this coordinate system the R* value is a measure of redness. The Y* 

value is a measure of yellowness Flax seed oil colour comes from the presence 

of highly coloured material and carotene extracted from the  seed, however, 

most of the colour is due to a low residual  level of gossypol, which is a yellow 

pigment, and its derivatives [O’Brien, R.D.2009]. Some of the pigments can be 

removed by adsorption bleaching; gossypol can only be removed by alkalire 

fining. The higher Y* is a measure of 5, which makes Flax seed oil darker in 

colour.  At  room temperature, the  colour of the Libyan Flax  seed oil appeared  

as golden yellow oil (Table I). 

 

         Table I … shows the physicochemical properties of the  Flax seed oil  

compared to Canadian  Flax seed oil . The Flax seed oil in this study contained a 

relatively high percentage of total lipid content 39% compared to the canadian 

seed oil, which was 37% . The  high lipid content of  Flax seed indicates that  

Flax  seeds are suitable as non-edible plant oil feed stock in oleochemical 

industrie (biolubricants, biodiesel, fatty acids, soap, fatty nitrogenous 

derivatives, surfactants and detergents). The FFA% and acid value of flax seed 

oil are 4.37(mg KOH/g), 2.2% respectively. Otherwise, a high free fatty acid 

content would be nutritionally desirable by its enhancement of the availability of  

fatty acids (especially the unsaturated ones), which normally  esterifies to the 

glycerol moiety of the triacylglycerol [ Ukhun, M.E. and Uwatse, G.M. 1988]. 

The iodine value is a measure of the unsaturation of  fats and oils. A higher 

iodine value indicates higher unsaturation of  fats and oils [ Ukhun, M.E. and  

Uwatse, G.M. 1988]. The iodine value of  Flax seed oil in this  study is 141 

mg/g , which is lower than Canadian flax seed oil 170 mg/g . The present 

saponification value of the Flax seed oil 198 mg/g is higher than the Canadian  

Flax seed oil 187 mg/g.The average molecula  weights of  TAG of  Flax  seed oil 

is 848 g/mol .The unsaponifiable  matter is important in  determining  the  total 

quantity  of substances present in oil or fat, and after saponification with an 

alkaline  hydroxide, it is insoluble in  water but soluble in the solvent used. The 

Flax seed oil was saponified by an ethanolic alkaline hydroxide solution, 

followed by dilution. The unsaponifiable matter was extracted with hexane. The 

total  quantity of unsaponifiable matter of  Flax  seed oil is 1.8%  as shown in 

Table I. 
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TABLE I: PHYSICOCHEMICAL PROPERTIES OF  FLAX  SEED OIL 

 

Canada Libya Properties 

/ = 5* Y Color 

 

 %37 

 

 %39 Oil  content (%) 

 

% 2 – 0.1 

 

 %2.2 
Free fatty acid as (oleic acid) (%) 

3.3 (mg KOH/g) (mg KOH/g) 4.37 Acid  value (mg KOH/g) 

170 mg/g 

 

mg/g141 

 

Iodine value (wijs) 

 

mg/g  187 mg/g 198 
Saponification value( mg/g) 

 

875 g/mol 

 

848 g/mol 

 

Average  molecular weight 

 

 %2.0 % 1.8 
Unsaponification matter (%) 

 

/ 
cp104 

 

Viscosity 

 

Source:  Akintayo. 2004                                             

At  room temperature, kinematic viscosity of the  Flax  seed oil  was detected at 

104cp. This is a comparable value with that  reported  elsewhere 

(Akintayo,2004). The viscosities of  Flax  seed oil  must be increase  for 

biodiesel application since the kinematic  viscosity of  biodiesel is very high  

compared to plant oils. The determination of  fatty acid composition of the  flax  

seed oil reveals important characteristics, as shown in Table II. Three major 

long chain fatty acids were detected in the  Flax  seed oil, which are oleic 17.8%, 

linolenic  55.7%,  and  linoleic 15.9 % acids. Other  fatty acid compositions were  

less than 10% and  comprised  stearic  4.4% and  Palmitc  5.3%  Beheric  0.2%  

acids. 
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TABLE II FATTY ACIDS COMPOSITION OF FLAX  SEED OIL 

 

Fatty acid composition                      Libya (%)                  Canada (%) 

Palmitic                                              5.3   5.3 

Stearic                                                4.4   3.3 

Beheric                                               0.2   / 

Lignoceric                                          0.1   / 

Arachidic                                           0.1   / 

Oleic                                                  17.8   17.9 

Linoleic                                              15.9   14.7 

Linolenic                                            55.7   58.7 

Σ  Saturated  Fatty  acid                     10.1   8.6 

Σ  Unsaturated  Fatty  acid                 89.5   91.3 

Source: Salimon, et al.2011 

          In general, the Flax  seed oil in this study contained unsaturated fatty acids 

89.5% less than Canadian  Flax  seed oil 91.3%  (Salimon, J, Abdullah, B.M. 

and Salih, N. 2011) . Medium fatty acids such as capric, lauric and myristic were 

not detected.  As a comparison, the  Flax  seed oil in  this study and Canadian 

Flax seed oil contain less  palmitic. Plant oils that  are  rich   in polyunsaturated 

fatty acids such as linoleic acid, include soybean 53.2% and sunflower 66.2%, 

which tend to give methyl ester fuels with oxidation stability. Plant oils with 

high degree unsaturation tend to have a high freezing point. Due to its industrial 

potential, it is crucial to determine the  triacylglycerol (TAG) profile for the  

Flax seed oil. The results  from the reversed  phase  HPLC  show that the oil is  

composed  of  at  less ten  important TAGs  (Fig. 1) in which the  mechanism of  

separating the TAGs  involves  the  chain  length and degree of unsaturation of  

the fatty acids [Gutierrez, V.R. and  Barron, L.J.R. 1995.]. 
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Fig. 1  .HPLC chromatogram of  TAGs composition of  Flax seed oil 

 

            The  TAGs  composition in  Flax  seed oil was  identified  according to 

the   equivalent  carbon  number (ECN)  compared  with  standard  (Table III). 

 

TABLE III TAG COMPOSITION OF FLAX  SEED OIL 

 

TAGs                      ECNs Libya( %)                       Canada (%) 

  PLnLn                    42                           7.9              7.9 

  PLLn                     44      6.7              6.7 

  LnLnLn                 36    20- 21.4              20.9 

  OLnLn                  44    8- 8.8               8.4 

  POLn                    46      4.3               4.0 

  POL                      48     1.9               1.5 

  OLL                      38     17.4                 / 

  LLLn                    40     0.6                 / 

  PPS                       50     0.5                  / 

  POL                      46     0.17                  / 

  OOL                      38  0.1                                       3.4 

 

                           Source: Schorno et al.2003& Ku, et al.2007  
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The  Flax  seed oil is rich in  triacylglycerol, containing  (98.8%), depending  on  

the  FFA% [ Ku, C.S. & Mun, S.P. 2007 ].  The TAG exists in the  solid or  

liquid form depending on the nature  of  the constituent  fatty acids.  Most plant 

triacylglycerols  have  low melting  points and  are  liquid  at  room temperature. 

They contain a large  proportion of  unsaturated  fatty  acids, such as oleic,  

linoleic, and  linolenic. 

IV. CONCLUSION 

           The present study shows that , Flax  seed oil is rich in oleic, linoleic and 

linolenic acids. The  Flax  seed oil with the  highest  amount of  polyunsaturated  

fatty acids (linolenic acid) can find an application in surface coating  industries 

and  biolubricant  base oil applications, whereas the high amount of  

monounsaturated fatty acid can find an application as a biodiesel feed stock. 
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Abstract 

The objective of Catalytic cracking is a process which breaks down the larger, 

heavier, and more complex hydrocarbon molecules into simpler and lighter 

molecules by the action of heat and aided by the presence of a catalyst but without 

the addition of hydrogen. Heavy Gas Oil (HGO) was chosen as a feedstock to 

investigate in by catalytic cracking process on three different of zeolite catalysts 

(H-Beta, ZSM-5, and Mordinite) at different reaction temperatures (400, 425, 450 
oC) using autoclave batch reactor. The results showed that the catalytic cracking 

of HGO over H-Beta, H-ZSM5, and Mordinite catalysts was successfully 

catalytically cracked into gases, gasoline and distillate products. Simulated 

Distillation (SIMDIST), Gas Chromatograph (GC) and Thermal Gravimetric 

Analysis (TGA) techniques were used to analysis the feedstock and reaction 

products. Catalytic cracking of HGO was studied increase, the yield of gases; 

gasoline and coke are increases, whilst the yields of distillate (207+ oC) are 

decreases. Catalytic cracking of HGO in the present of H-ZSM-5 catalyst at 450oC 

cracking temperature shows the most interesting results with high Selectivity 

toward gasoline range (33.9 wt%), and the reaction products formed during the 

catalytic cracking of HGO are formed to be within the carbon distribution ranging 

from (C5-C12). It has been found that the cracking temperature has strong influence 

on the conversion and product distribution. When H-Beta, H-ZSM5, and Mordinite 

catalysts were used as a catalyst, it was noted that as the cracking temperature 

increase from 400-450 oC, the liquid yield was decreased from 76 to 69%, 73 to 

68%, and 80 to 72% by weight ,respectively. TGA was used in this research to 

quantify the coke deposited on the surface of the catalysts tested. The percentage 

weight loss of coked catalysts resulting from catalytic cracking of HGO over H-

Beta, H-ZSM5, and Mordinite catalysts are 28.6%, 30.6%, and 30% ,respectively. 

Keywords: Catalytic Cracking; Heavy Gas Oil; Zeolite Catalysts (H-Beta, H-

ZSM5 and Mordinite ). 

Introduction  

In this way, heavy oils (fuel oil components) can be converted into lighter and 

more valuable products (notably LPG, gasoline and middle distillate components). 

mailto:osama0602@gmail.com
mailto:ahmad.eldabah@gmail.com
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The catalytic cracking unit is known as the Fluidized Catalytic Cracking (FCC). 

The FCC is the most widely used secondary conversion process in the refinery 

industry. 

The development of fluid catalytic cracking processes for the production of 

high octane gasoline is considered as one of the outstanding technological 

achievements of the oil industry in recent years. Through the advantages of the 

new technique, the oil industry has been able to meet the vital demands of the war 

effort for an unlimited supply of high-octane gasoline. The product so produced 

is of such strength that it must be cut with gasoline of lower octane rating in order 

to be used as fuel in combustion engines of present-day design. It is truly a super 

fuel. The FCC process upgrades a variety of heavy feedstocks to lighter products. 

The use of catalysts in chemical reactions has been regarded as common 

practice by chemical operators for many years, yet knowledge of exact catalytic 

mechanism is not great. A catalyst is a substance which takes part in a chemical 

reaction without itself being altered or consumed. When properly chosen its 

presence will cause a reaction which normally proceeds at a low rate to accelerate 

tremendously. Catalysts, therefore, do not sponsor impossible reactions but 

instead select a low speed reaction and hasten the attainment of its equilibrium. 

By correct application of these catalytic principles, the oil industry is able to 

convert low grade furnace oil into super-octane gasoline, and conversion takes 

place readily at low temperature and atmospheric pressures. Such a conversion is 

known as a cracking process. Solid materials are usually used as catalysts in 

cracking processes. Since experimental data have indicated that reaction 

stimulation takes place on the surface of a catalyst, industrial research has 

commissioned many projects concerned with the study of cracking reactions in 

relation to catalytic surface variables.  

1. Experimental Work 

     The feedstock used in the current experimental work was gas oil fraction. 

Gas oil is a middle distillate of crude oil distillation that boils in the range of 275-

375 oC and contains a mixture of paraffins, naphthenes, aromatics and olefins. 

Libyan gas oil derived from the Hamada, Feil and Shrara fields supplied by the 

Zawia Oil Refinery Company were used as a feedstock in this research.. Three 

different types of zeolite catalysts namely H-beta, H-ZSM-5, and Mordinite were 

used as a catalytic material in the present work. The Batch autoclave reactor used 

in this research. 
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1.1. Experimental Procedures: 

     The reactor with 130 g feed was gradually heated at the rate of 10 oC/min 

and temperature was kept at 400 oC for 1 h under the nitrogen blanket. All runs 

were made at reaction time of 1 h and at temperatures of 400, 425, and 450 oC. 

1.2. Feedstock and Reaction Products Analysis.  

     The reaction products collected from the outlet of the batch reactor were 

classified into gases, liquid hydrocarbons, and coke deposited on the catalyst 

surface. The feedstock (heavy gas oil) and liquid reaction products were subjected 

to detail analysis using GC, and SIMDIST techniques whilst, gas products were 

identified using GC technique. Thermal gravimetric analysis (TGA) was used to 

quantify the carbon deposited on the catalyst.  

2. Results and Discussion 

      In this study, the results of catalytic cracking of HGO over H-Beta, H-

ZSM5, and Mordinite catalysts are presented.  GC and SIMDIST techniques were 

used to identify the hydrocarbon and boiling point distribution of feedstock (gas 

oil) and reaction product respectively.   

2.1. Catalytic Cracking of Heavy Gas Oil (HGO). 

     The Catalytic cracking of HGO over H-BETA, H-ZSM5, and Mordinite 

catalysts was investigated. The cracking temperature was fixed at 400, 425 and 

450 oC for all experiments with reaction time 1 hour. Gases, liquid and coke 

products were collected after completion each run.  GC and SIMDIST techniques 

have been used to identify the hydrocarbons present in the reaction products, 

whilst TGA technique was used to quantify the coke deposited on the catalyst. 

2.2.  Yields and Conversion: 

     The yields of reaction product gases, liquids and coke obtained from the 

catalytic cracking of HGO at 400, 425 and 450 oC are given in Table (1). It is clear 

from this table that both reaction temperature and catalyst type have strong 

influence on the reaction products. Table 1 shows the results of conversion and 

yield of gases (C1-C4), gasoline (IBP-207), condensate 207+ oC and coke over H-

BETA, H-ZSM5, and Mordinite catalysts. It has been found that the yield of liquid 

produced from the catalytic cracking of HGO decreases as the reaction 

temperature increases whereas the yield of gases increase with decrease in 

reaction temperature. 
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Table 1: Yields of gases, liquid and coke from catalytic cracking of HGO. 

 

2.3.    GC Results. 

     As stated earlier that GC has been used to identify the hydrocarbon present 

in feedstock (HGO) and reaction products. Carbon distribution of feedstock 

(HGO) and reaction products at different cracking temperature using H-Beta, H-

ZSM5, and Mordinite catalysts are shown in Figures 1, 2, and 3 . As it is clear 

from Figure 1  that it is obvious from the mentioned figures that as the cracking 

temperature increase, the yield of light products increases. The most dominated 

hydrocarbon present in feedstock is C20, as the cracking temperature increase the 

light products formed during the reaction.  

 

Catalyst/Feedstock 

 

H-ZSM5 

HGO 

 

Mordinite 

HGO 

 

H-BETA 

HGO 

 

Reaction temperature, 400oC 

Yields, wt% 
  

Gas 

Liquid 

Coke 

26.30 19.69 23.45 

73.54 80.20 76.43 

0.16 0.11 0.12 

Reaction temperature,425oC 

Yields, wt% 

Gas 

Liquid 

Coke 

29.86 23.72 25.43 

69.93 76.13 74.38 

0.21 0.15 0.19 

Reaction temperature,450oC 

Yields, wt% 

Gas 

Liquid 

Coke 

31.03 27.57 30.17 

68.69 72.19 69.6 

0.28 0.24 0.23 
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Figure 1: Carbon distribution of feedstock (HGO) and reaction products at 

different temperatures, and 1 hr reaction time using H- Beta catalyst. 

 

 
Figure 2: Carbon distribution of feedstock (HGO) and reaction products at 

different temperatures, and 1 hr reaction time using H-ZSM5 catalyst. 
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Figure 3: Carbon distribution of feedstock (HGO) and reaction products at 

different temperatures, and 1 hr reaction time using Mordinite catalyst. 

 

3.4.  Simulated Distillation (SIMDIST) Results: 

      As mentioned earlier that SIMDIST technique was used in the current 

research to identify the boiling point distribution of the feedstock (HGO) and 

cracking products at different cracking temperature using H-Beta, H-ZSM5, and 

Mordinite catalysts. 

The results of this test are presented in Figures 4, 5, and 6. In case of H-Beta 

catalyst, during the cracking reaction the I.B.P was reduced to 64, 70.6 and 50.6oC 

at cracking temperature varies from 400-450 oC. The gasoline fraction obtained 

from the cracking reaction was ranged from (16.06% to 54.88%) at the same 

cracking temperature. When was used H-ZSM5 as a catalyst, the I.B.P was 

reduced to 65.3, 56.3 and 50.8 oC at cracking temperature varies from 400-450 oC. 

The gasoline fraction obtained from the cracking reaction was ranged from 

(24.12% to 51.98%) at the same cracking temperature.  When was used Mordinite 

as a catalyst, the I.B.P was reduced to 73, 53.9 and 50.6 oC at cracking temperature 

ranging from 400-450oC. The gasoline fraction obtained from the cracking 

reaction was ranged from (9.68% to 53.98%) at the same cracking temperature.  

However, at 450oC, which is the highest cracking temperature used in this 

study, the gasoline yields were found 54.88% for HGO/H-Beta, 51.98% for 

HGO/H-ZSM5, and 53.98% for HGO/Mordinite. It has been found that the 
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catalysts type have slightly effect on the boiling point distribution of the reaction 

product whereas the cracking temperature has strong influence on the boiling 

point distribution. 

At 400 and 425oC, catalytic cracking of HGO/H-ZSM5 gave the highest liquid 

containing 24.12% and 45.8% gasoline (bp<207oC), respectively, in case of 

catalytic cracking of HGO/H-BETA, gasoline yields were 16.06% and 42.23%, at 

the above mentioned temperatures whilst in case of catalytic cracking of HGO/ 

Mordinite, gasoline yields were 9.68% and 36.34%, respectively. 

HGO/H-ZSM5 produced a much greater amount of material boiling below 

450oC. HGO/H-BETA had less recovery of material boiling below 450oC than 

HGO/H-ZSM5, and HGO/ Mordinite. In general, as the temperature increased 

from 400 to 425oC, light fractions (bp<180oC) obtained from cracking increased. 

 
Figure 4: The effect of cracking temperature on the boiling point distribution 

range of liquid products from HGO cracking using H-Beta catalyst. 
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Figure 5: The effect of cracking temperature on the boiling point distribution 

range of liquid products from HGO cracking using   H-ZSM5 catalyst. 

 

 
Figure 6: The effect of cracking temperature on the boiling point distribution 

range of liquid products from HGO cracking using Mordinite catalyst. 
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of H-Beta (Figure 7) and Mordinite (Figure 9) catalysts.  Both cracking 

temperature and catalyst type were found to have strong effect on the composition 

of gases produced from catalytic cracking of heavy gas oil. C3, C4 hydrocarbons 

increased with decreasing temperature. 

 

 
Figure 7: Composition of the gas produced from catalytic cracking of HGO 

using  H-Beta as a catalyst at different cracking temperatures. 

 

 
Figure 8: Composition of the gas produced from catalytic cracking of HGO 

using   H-ZSM5 as a catalyst at different cracking temperatures. 
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Figure 9: Composition of the gas produced from catalytic cracking of HGO 

using Mordinite as a catalyst at different cracking temperatures. 

 

3.6.  Effects of Cracking Temperature and Catalyst Type on the Product 

Distribution: 

     The influence of cracking temperature on the yield of gases, gasoline, 207+ 

distillate and coke are investigated using H-Beta, H-ZSM5, and Mordinite 

catalysts.  

 

Table 2: Products distribution of catalytic cracking experiments of HGO. 

Conversion Coke 207+ Gasoline Gas Temperature Catalysts 

45.35 0.12 54.53 21.90 23.45 
400oC 

 

 

 

H-BETA 

 
52.88 0.19 46.93 27.45 25.43 

425oC 

 

60.62 0.23 39.15 30.45 30.17 450oC 

49.24 0.16 50.60 22.94 26.30 
400oC 

 

 

 

H-ZSM5 

 
58.80 0.21 40.99 28.94 29.86 

425oC 

 

61.95 0.28 37.77 30.92 31.03 450oC 

41.29 0.11 58.60 21.60 19.69 
400oC 

 

 

 

Mordinite 
49.38 0.15 50.47 25.66 23.72 
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56.79 0.24 42.97 29.22 27.57 450oC 
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Figures 10 and 11 show the effect of cracking temperature on the yield of 

gases, gasoline, distillate and coke using H-Beta catalyst. It is obvious that as the 

cracking temperature increase, the yield of gas and gasoline increase but the 

distillate decrease. The coke obtained from the cracking reaction in Figure 11 was 

ranged from (0.12% to 0.23%) at the same cracking temperature. 

 
Figure 10: Effect of cracking temperature on the yields from catalytic 

cracking of HGO over H-Beta catalyst. 

 

 
 

Figure 11: Effect of cracking temperature on percent of coke formed during 

catalytic cracking of HGO over H-Beta catalyst. 
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distillate yield (207+ oC) decrease. The coke obtained from the cracking reaction 

in figure 13 was ranged from (0.16% to 0.28%) at the same cracking temperature. 

 
Figure 12: Effect of cracking temperature on the yields from catalytic 

cracking of HGO over H-ZSM5 catalyst. 

 
 

Figure 13: Effect of cracking temperature on percent of coke formed during 

catalytic cracking of HGO over H-ZSM-5 catalyst. 
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the cracking temperature increase, the yield of gas and gasoline increase but the 

distillate yield (207+ oC) decrease. The coke obtained from the cracking reaction 

in figure 15  was ranged from (0.11% to 0.24%) at the same cracking temperature. 

 

 
Figure 14: Effect of cracking temperature on the yields from catalytic 

cracking of HGO   over Mordinite catalyst. 

 

 
Figure 15: Effect of cracking temperature on percent of coke formed during 

catalytic cracking of HGO over Mordinite catalyst. 
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from the above mentioned figures that H-ZSM5 gives higher yield of gasoline, 

and gas than H-Beta, and Mordinite catalysts. 

 
Figure 16: The effect of cracking temperature on the gas yield using H-Beta, 

H-ZSM5 and Mordinite catalysts. 

 

 
Figure 17: The effect of cracking temperature on the gasoline yield using H-

Beta, H-ZSM5, and Mordinite catalysts. 
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Figure 18 shows the effect of cracking temperature on the yield of 207+ oC 

using H-Beta, H-ZSM5, and Mordinite catalysts, it is obvious from this figure that 

the yield of 207+  using tested catalysts are identical. 

 

 
Figure 18: The effect of cracking temperature on the yield of 207+ 0C at 

different cracking temperature using H-ZSM5, H-Beta, and Mordinite catalysts. 
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Figure 19: The effect of cracking temperature on the coke using H-Beta, H-

ZSM5, and Mordinite catalysts. 

 

 
Figure 20: The conversion for catalytic cracking of HGO over H-Beta, H-

ZSM5, and Mordinite catalysts. 
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curves for H-Beta at 450oC cracking temperature with percentage of coke is 30% 

Figure 23 shows the TGA curves for fresh H-ZSM5and Figure 24 shows the TGA 

curves for used H-ZSM5 at 450oC cracking temperature with percentage of coke 

is 28.6%. Figure 25 shows the TGA curves for fresh Mordinite and figure 26 

shows the TGA curves for used Mordinite at 450oC cracking temperature with 

percentage of coke is 30.6. The coke deposited on the surface of the catalysts has 

been calculated based on heat flow chart and mass loss curve ranged from 450 to 

550oC at exothermic reaction.  

The combustion of coke deposits in the zeolites shows that the Mordinite zeolite 

produces more coke than H-Beta, and H-ZSM5. This fact has been attributed to 

the different pore structure. Table 3 presented coke deposited on the surface of the 

tested catalyst in this research.  

 

Table 3: The coke deposited on the surface of tested catalysts. 

 

Catalyst Coke (Wt%) 

H-ZSM5 30.6 

Mordinite 30.0 

H-BETA 28.6 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 21: TGA curves of fresh H-Beta. 
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Figure 22: TGA curves of used H-Beta catalyst, 

cracking temperature (450 oC). 

 

 

 

 
Figure 23: TGA curves of fresh H-ZSM5. 
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Figure 24:    TGA curves of used H-ZSM5 catalyst, 

cracking temperature (450 oC) 

 

 

 
 

Figure 25: TGA curves of fresh Mordinite. 
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Figure 26: TGA curves of used Mordinite catalyst, 

Cracking temperature (450 oC). 

 

4.  Conclusions: 

In the present study, catalytic cracking of HGO over H-Beta, H-                 

ZSM5, and Mordinite catalysts were investigated. 

1. Catalytic cracking of HGO over H-Beta, H-ZSM5, and Mordinite catalysts was 

successfully catalytically cracked into gases, gasoline and distillate products. 

SIMDIST, GC and TGA techniques were used to analysis the feedstock and 

reaction products. 

2. Catalytic cracking of HGO in the present of H-ZSM-5 catalyst at 450oC 

cracking temperature shows the most interesting results with high Selectivity 

toward gasoline range (33.92 wt%). And the reaction products formed during the 

catalytic cracking of HGO are formed to be within the carbon distribution ranging 

from (C5-C12). 

3. Catalytic cracking of HGO was studied increase, the yield of gases; gasoline 

and coke are increases, whilst the yields of distillate (207+ oC) are decreases. 

4. It has been found that the cracking temperature has strong influence on the 

conversion and product distribution. When H-Beta was used as a catalyst, it was 

noted that as the cracking temperature increase from 400-450oC, the liquid yield 

was decreased from 76 to 69% by weight. On when H-ZSM5 was used as a 
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catalyst, it was noted that as the cracking temperature increase from 400-450oC, 

the liquid yield was decreased from 73 to 68% by weight. On when Mordinite was 

used as a catalyst, it was noted that as the cracking temperature increase from 400-

450oC, the liquid yield was decreased from 80 to 72% by weight. 

5. The results show gas contains the highest percentage of C3, C4 when H-ZSM5 

was used as a catalyst, with comparison in case of H-Beta and Mordinite catalysts. 

Both cracking temperature and catalyst type were found to have strong effect on 

the composition of gases produced from catalytic cracking of heavy gas oil. 

6. TGA technique was used to quantify the coke deposited on the surface of H-

ZSM5, H-Beta, and Mordinite catalysts. The combustion of coke deposits on the 

surface of catalyst showed that the H-ZSM-5 catalyst produces more coke than H-

Beta, and Mordinite catalysts. This fact has been attributed to the different pore 

structure.  
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Abstract: 

 Canned tuna fish is one of the most distributed foods in the Libyan market. 

There are many kinds of canned tuna fish imported from different countries while 

others have been canned in the country. The validity of canned tuna fish these 

kinds and their conformity with the Libyan and the international standards is 

questionable. This is what leads us to conduct this study in order to find a 

confirmation or deny of these suspicions. Eight samples of common canned tuna 

fish in the Libyan market have been chosen to investigate two of the common 

heavy metals that are widespread in water and many types of food and have 

negative impacts on human health. Mercury and cadmium have been investigated 

in 24 repeated samples for each metal to know the concentration of these metals in 

the samples that have been chosen. The results have revealed that all the kinds of 

canned tuna contain different amounts of these two metals. In addition, the results 

reveal that the concentrations of these metals are below the limits that the Libyan 

and the international standards require. 

Key words: canned tuna fish, Heavy metals, Human Health, Standards, Cadmium, 

Mercury. 

Introduction: 

Health is everyone’s main objective while the nations’ wealth is measured by the 

health of their people. Water, Air, and Food are necessary for lives continuation. In 

general, we can consider that all hazards which target humans take one of the 

previous paths in what is known as food contamination. Therefore, food 

contamination is the existence of microbes or any unwanted objects in food and 

cause food poisoning. Food contamination takes many forms that make this food 

unusable or undesirable for human consumption. These forms might be microbial, 

chemical, or radioactive contamination (Abua et al, 2005). Red and white meats 

are from the most usable substances because of their containment of many 

important nutrients such as proteins, essential amino acids, vitamins, and minerals 

that are needed for growth and the body’s natural operations. Fish, which is 

considered as white meat, with its nutrients is an important food for humans. It is 

widely consumed in many parts of the world. It is a source of complete proteins, 

which are easily digested. This source of fish also contains the essential minerals 

such as phosphorous, magnesium, and calcium. It also contains omega three (Abua 

et al, 2005). for instance, it carries high content of two kinds of omega three 

polyunsaturated fatty acids: eicosapentaenoic acid (EPA) and docosahexaenoic 

acid (DHA) that have protective effects in preventing coronary heart disease. Fish 

contains some metals such as copper and zinc which are essential in human 

nutrition and the increase of them over the limits can cause health problems for the 

short and long terms. In addition, the fish meat contains some other metals such as 
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lead, cadmium, mercury, and arsenic. These metals known as the heavy metals, 

which are their density more than 5 g/cm3, do not have any nutrition value, and 

they are toxic (P. Sivaperumal et al, 2006; M. Al-Busaidi et al, 2011).  The danger 

of these metals comes from their impact on the natural balance and their 

concentration is magnified through the food chain (Quratulan Ahmed et al, 2015; 

AyubEbadi Fathabad et al, 2015). These metals considered as dangerous metal 

contaminants, which carry pathogens satisfactory by one way or other that affect 

human health and safety. These metals are considered as the most important 

aquatic contaminants (Ashraf et al, 2006). These metals present in organs and 

tissues of tuna fish due to the emergence of the industrial and agricultural 

contamination. This presence accompanies the development in the recent centuries 

which reach the sea, the natural habitat of the tuna fish (Ebrahim Rahimi et al, 

2010; Boadi, et al, 2011). Therefore, many poisoning cases have emerged in many 

places around the world. Heavy metals are not necessary or valuable for humans 

but they have negative impact on the metabolism especially with high 

concentrations. However, all elements might be toxic with high doses. Sometimes 

it is difficult to distinguish between the toxicity and the lack of the element 

because the smallness of the difference between them. Also, it is difficult to 

separate the element toxicity because in reality elements react with each other in 

varying degrees and according to the functional impact of the metal. For instance, 

cadmium toxicity depends on the amount of zinc that exists in the body. Iron 

functions in the cells affected by copper and cobalt and less on zinc. Therefore, it is 

important to distinguish between essential, nonessential elements, and the most 

toxic elements. In fact, elements toxicity depends on their concentrations that are 

in the taken substance (P. Sivaperumal et al, 2006; Al-Busaidi et al, 2011; 

Quratulan Ahmed et al, 2015). Contamination by heavy metals considers as a 

dangerous problem because of the trend of these compounds to gather and 

accumulate inside the living organisms’ bodies that live in different ecosystems. 

The reason behind that is their complicated chemical reactions (M. Safiur Rahman 

et al, 2002). The technological development accompanies the tremendous use of 

these compounds make the international organizations care about the limitations of 

their use and find the ways to get rid of them and control their existence. The most 

dangerous heavy metals are lead, mercury, arsenic, and cadmium (Voegborlo et al 

1999; Mahalakshmi et al 2011). In this study, we will focus on two of them, which 

are mercury and cadmium because they are the most important heavy metals that 

find in aquatic systems and have negative impacts on the human health. Cadmium 

occurs naturally in ores together with zinc, lead, and copper. Cadmium compounds 

are used as stabilizers in PVC products, color pigments, several alloys and, now 

most commonly, in re-chargeable nickel–cadmium batteries. Metallic cadmium has 

mostly been used as an anticorrosion agent (cadmiation). Cadmium is also present 

as a pollutant in phosphate fertilizers. EU cadmium usage has decreased 
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considerably during the 1990s, mainly due to the gradual phase-out of cadmium 

products other than Ni-Cd batteries and the implementation of more stringent EU 

environmental legislation (Directive 91/338/ECC). Notwithstanding these 

reductions in Europe, however, cadmium production, consumption, and emissions 

to the environment worldwide have increased dramatically during the 20th century. 

Cadmium containing products are rarely re-cycled, but frequently dumped together 

with household waste, thereby contaminating the environment, especially if the 

waste is incinerated. Natural as well as anthropogenic sources of cadmium, 

including industrial emissions and the application of fertilizer and sewage sludge 

to farm land, may lead to contamination of soils, and to increase cadmium uptake 

by crops and vegetables, grown for human consumption. The uptake process of 

soil cadmium by plants is enhanced at low pH (Lars et al, 1998). Cigarette 

smoking is a major source of cadmium exposure. Biological monitoring of 

cadmium in the general population has shown that cigarette smoking may cause 

significant increases in blood cadmium (B-Cd) levels (Nnorom et al 2005). The 

concentrations in smokers being on average 4–5 times higher than those in non-

smokers. Despite the evidence of exposure from environmental tobacco smoke, 

however, this is probably contributing little to total cadmium body burden. Food is 

the most important source of cadmium exposure in the general non-smoking 

population in most countries (Lars Järup, 2003). Cadmium is present in most food 

types, but concentrations vary greatly, and individual intake also varies 

considerably due to differences in dietary habits (Lars et al, 1998). Women usually 

have lower daily cadmium intakes, because of lower energy consumption than 

men. Gastrointestinal absorption of cadmium may be influenced by nutritional 

factors, such as iron status (Flanagan et al,1978). B-Cd generally reflects current 

exposure, but partly also lifetime body burden (Lars et al, 1983). The cadmium 

concentration in urine (U-Cd) is mainly influenced by the body burden, U-Cd 

being proportional to the kidney concentration. Smokers and people living in 

contaminated areas have higher urinary cadmium concentrations, smokers have 

about twice as high concentrations as non-smokers (Lars et al, 2003).  

Inhalation of cadmium fumes or particles can be life threatening. Although acute 

pulmonary effects and deaths are uncommon, sporadic cases still occur (Seidal et 

al, 1993; Barbee et al, 1999). Cadmium exposure may cause kidney damage. The 

first sign of the renal lesion is usually a tubular dysfunction, evidenced by an 

increased excretion of low molecular weight proteins such as β2-microglobulin and 

α1-microglobulin (protein HC) or enzymes such as N-Acetyl-β-D-glucosaminidase 

(NAG) (Lars et al, 2003; Who, 1992). It has been suggested that the tubular 

damage is reversible (Hotz et al, 1999), but there is overwhelming evidence that 

the cadmium induced tubular damage is indeed irreversible (Lars et al, 2003). 

WHO in its 1992 cadmium review estimated that a urinary excretion of 10 

nmol/mmol creatinine (corresponding to circa 200 mg Cd/kg kidney cortex) would 

constitute a ‘critical limit’ below which kidney damage would not occur. However, 
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WHO calculated that circa 10% of individuals with this kidney concentration 

would be affected by tubular damage. Several reports have shown that kidney 

damage and/or bone effects are likely to occur at lower kidney cadmium levels. 

European studies have shown signs of cadmium induced kidney damage in the 

general population at urinary cadmium levels around 2–3 μg Cd/g creatinine 

(Buchet et al, 1990; lars et al, 2000). The initial tubular damage may progress to 

more severe kidney damage, and already in 1950 it was reported that some 

cadmium exposed workers had developed decreased glomerular filtration rate 

(GFR) (Friberg, 1950). This has been confirmed in later studies of occupationally 

exposed workers (Bernard et al,1992; Lars et al, 1995). An excess risk of kidney 

stones, possibly related to an increased excretion of calcium in urine following the 

tubular damage, has been shown in several studies (Lars et al, 2003). Recently, an 

association between cadmium exposure and chronic renal failure [end stage renal 

disease (ESRD)] was shown (Hellstrom et al, 2001). Using a registry of patients, 

who had been treated for uraemia, the investigators found a double risk of ESRD 

in persons living close to (<2 km) industrial cadmium emitting plants as well as in 

occupationally exposed workers. Long-term high cadmium exposure may cause 

skeletal damage, first reported from Japan, where the itai-itai (ouch-ouch) disease 

(a combination of osteomalacia and osteoporosis) was discovered in the 1950s 

(Bernard, 2008). The exposure was caused by cadmium-contaminated water used 

for irrigation of local rice fields. A few studies outside Japan have reported similar 

findings (Lars et al, 2003). During recent years, new data have emerged suggesting 

that also relatively low cadmium exposure may give rise to skeletal damage, 

evidenced by low bone mineral density (osteoporosis) and fractures (Staessen et al, 

1999; Alfven et al,2000; Nordberg et al, 2002). Animal experiments have 

suggested that cadmium may be a risk factor for cardiovascular disease, but studies 

of humans have not been able to confirm this (Jarup et al, 1998). However, a 

Japanese study showed an excess risk of cardiovascular mortality in cadmium-

exposed persons with signs of tubular kidney damage compared to individuals 

without kidney damage (Nishijo et al, 1995). The IARC has classified cadmium as 

a human carcinogen (group I) on the basis of sufficient evidence in both humans 

and experimental animals (IARC, 1995). IARC, however, noted that the 

assessment was based on few studies of lung cancer in occupationally exposed 

populations, often with imperfect exposure data, and without the capability to 

consider possible confounding by smoking and other associated exposures (such as 

nickel and arsenic). Cadmium has been associated with prostate cancer (Tabari et 

al, 2010), but both positive and negative studies have been published. Early data 

indicated an association between cadmium exposure and kidney cancer (Kolonel, 

1976). Later studies have not been able clearly to confirm this, but a large multi-

center study showed a (borderline) significant over-all excess risk of renal-cell 

cancer, although a negative dose–response relationship did not support a causal 

relation (Mandel et al, 1995). Furthermore, a population-based multicenter-study 
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of renal cell carcinoma found an excess risk in occupationally exposed persons 

(Pesch et al, 2000). In summary, the evidence for cadmium as a human carcinogen 

is rather weak, in particular after oral exposure. Therefore, a classification of 

cadmium as ‘probably carcinogenic to humans’ (IARC group 2A) would be more 

appropriate. This conclusion also complies with the EC classification of some 

cadmium compounds (Carcinogen Category 2; Annex 1 to the directive 

67/548/EEC) (Lars Jarup, 2003).  

The mercury compound cinnabar (HgS), was used in pre-historic cave paintings 

for red colors, and metallic mercury was known in ancient Greece where it (as well 

as white lead) was used as a cosmetic to lighten the skin. In medicine, apart from 

the previously mentioned use of mercury as a cure for syphilis, mercury 

compounds have also been used as diuretics [calomel (Hg2Cl2)], and mercury 

amalgam is still used for filling teeth in many countries (WHO, 1991). Metallic 

mercury is used in thermometers, barometers and instruments for measuring blood 

pressure. A major use of mercury is in the chloralkali industry, in the 

electrochemical process of manufacturing chlorine, where mercury is used as an 

electrode. The largest occupational group exposed to mercury is dental care staff. 

During the 1970s, air concentrations in some dental surgeries reached 20 μg/m3, 

but since then levels have generally fallen to about one-tenth of those 

concentrations. Inorganic mercury is converted to organic compounds, such as 

methyl mercury, which is very stable and accumulates in the food chain. Until the 

1970s, methyl mercury was commonly used for control of fungi on seed grain. The 

general population is primarily exposed to mercury via food, fish being a major 

source of methyl mercury exposure (WHO, 1990), and dental amalgam. Several 

experimental studies have shown that mercury vapor is released from amalgam 

fillings, and that the release rate may increase by chewing (Sallsten et al, 1996). 

Mercury in urine is primarily related to (relatively recent) exposure to inorganic 

compounds, whereas blood mercury may be used to identify exposure to methyl 

mercury. A number of studies have correlated the number of dental amalgam 

fillings or amalgam surfaces with the mercury content in tissues from human 

autopsy, as well as in samples of blood, urine and plasma (WHO, 1991). Mercury 

in hair may be used to estimate long-term exposure, but potential contamination 

may make interpretation difficult. Health effects Inorganic Mercury. Acute 

mercury exposure may give rise to lung damage. Chronic poisoning is 

characterized by neurological and psychological symptoms, such as tremor, 

changes in personality, restlessness, anxiety, sleep disturbance and depression. The 

symptoms are reversible after cessation of exposure. Because of the blood–brain 

barrier there is no central nervous involvement related to inorganic mercury 

exposure. Metallic mercury may cause kidney damage, which is reversible after 

exposure has stopped. It has also been possible to detect proteinuria at relatively 

low levels of occupational exposure. Metallic mercury is an allergen, which may 

cause contact eczema, and mercury from amalgam fillings may give rise to oral 
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lichen. It has been feared that mercury in amalgam may cause a variety of 

symptoms. This so-called ‘amalgam disease’ is, however, controversial, and 

although some authors claim proof of symptom relief after removal of dental 

amalgam fillings (Lindh et al, 2002), there is no scientific evidence of this 

(Langworth et al, 2002). Organic mercury Methyl mercury poisoning has a latency 

of 1 month or longer after acute exposure, and the main symptoms relate to 

nervous system damage (Weiss et al, 2002). The earliest symptoms are paresthesia 

and numbness in the hands and feet. Later, coordination difficulties and concentric 

constriction of the visual field may develop as well as auditory symptoms. High 

doses may lead to death, usually 2–4 weeks after onset of symptoms. The 

Minamata catastrophe in Japan in the 1950s was caused by methyl mercury 

poisoning from fish contaminated by mercury discharges to the surrounding sea. In 

the early 1970s, more than 10,000 persons in Iraq were poisoned by eating bread 

baked from mercury-polluted grain, and several thousand-people died as a 

consequence of the poisoning. However, the general population does not face 

significant health risks from methyl mercury exposure with the exception of certain 

groups with high fish consumption. A high dietary intake of mercury from 

consumption of fish has been hypothesized to increase the risk of coronary heart 

disease (Salonen et al, 1995). In a recent case-control study, the joint association of 

mercury levels in toenail clippings and docosahexaenoic acid levels in adipose 

tissue with the risk of a first myocardial infarction in men was evaluated (Guallar 

et al, 2002). Mercury levels in the patients were 15% higher than those in controls 

(95% CI, 5–25%), and the adjusted odds ratio for myocardial infarction associated 

with the highest compared with the lowest quintile of mercury was 2.16 (95% CI, 

1.09–4.29; P for trend = 0.006). Another recent case-control study investigated the 

association between mercury levels in toenails and the risk of coronary heart 

disease among male health professionals with no previous history of 

cardiovascular disease. Mercury levels were significantly correlated with fish 

consumption, and the mean mercury level was higher in dentists than in non-

dentists. When other risk factors for coronary heart disease had been controlled for, 

mercury levels were not significantly associated with the risk of coronary heart 

disease (Yoshizawa et al, 2002). These intriguing contradictory findings need to be 

followed up by more studies of other similarly exposed populations (Lars Järup, 

2003).  

In Libya, canned tuna fish is one of the common foods. Companies and traders 

compete to find a chance and a place in the market to distribute their types that 

they import from different world countries or produce in their factories in the 

country. 

Materials and Methods: 

Sampling:  

 We collected randomly eight different brands of light solid 200 grams in salt 

solution and plant oil canned tuna fish with three repeats for each brand from 
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Khoms, Libya market to investigate two heavy metals which are mercury and 

cadmium.  

Reagents:  

- Nitric acid HNO3 65%. 

- De-ionized water H2O2 35%. 

- Distilled water.  

Tools: 

- 250 ml volumetric flask. 

- Litmus paper No 6. 

Apparatuses: 

- Atomic absorption spectrophotometer (AAS). 

- Direct Mercury Instrument (DMI). 

- Benzes Burner. 

- Thermal condenser. 

The chemical analysis: 

- Mercury: 

0.2 g from each sample was put in crucible and put into DMI then get the reading. 

- Cadmium: 

Samples preparation and digestion:  

- Put 5 g of a sample in 250 ml conical flask. 

- Add 10 ml HNO3 and 5 ml H2O2 to the sample and leave it 

for an hour in a cool place. 

- Put the sample for two hours under a condenser with 90 Co. 

- Evaporate the sample to reach 2 ml. 

- Leave the sample to cool. 

- Filter the sample with No 6-litmus paper. 

- Add water to the flask until 25 ml.   

The chemical analysis: 

Put the samples in AAS and get the reading. 

Results and Discussion: 

From the chemical analysis, we have gotten the results that are shown in table (1). 

 

Table (1) the average concentration of Hg and Cd in the samples 

S. 
No 

Name  Cd 
ppm 

Hg ppm  

1 Italian 
Marlebu 

0.1677 0.0757 

2 Portuguese 0.2354 0.1991 
3 Sun 1 Thailand 0.1410 0.3127 

4 skipjack 
Thailand 

0.1963 0.0442 
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5 Italian 0.1519 0.2942 
6 Janzor (Libya) 0.1657 0.0372 

7 Omanian 0.1697 0.0311 

8 Alwafa (Libya) 0.1324 0.0521 
The results of the study of mercury reveal and as shown in table (1) and chart (1) 

that the highest concentration is 0.31 ppm in sample number (3) and the lowest 

concentration is 0.03 ppm in sample number (7). 

 

 
The results of cadmium reveal as shown in table (1) and chart (2) that sample (2) is 

the highest concentration with 0.23 ppm and sample (8) is the lowest concentration 

with 0.13 ppm. 



 مجلة التربوي

Monitoring the concentration (Contamination)of Mercury and cadmium in 

Canned Tuna Fish in Khoms, Libyan Market                                               12العدد 

314 

 

 
Discussion:  

From the results, all the samples contain amounts of mercury and cadmium. These 

amounts are under the concentration limits of mercury and cadmium as the Libyan 

and the international standards. However, the concentrations of these heavy metals 

can cause problems to the consumers in the long run because of the 

bioaccumulation properties of these metals. These metals and from the continual 

use of the contaminated source such as the tuna fish accumulated in the human 

bodies to reach the effective levels. Whole finfishes in general contain Cd 0.1 - 0.3 

mg/kg ww, whereas fish muscle usually contains Cd less than 0.1 mg/kg ww and 

fish liver Cd concentration is greater and reaches up to 24.7 mg mg/kg ww (Eisler, 

2010). High Cd concentration in the water sediments is reflected in Cd content of 

prey (Eisler, 2010). To safeguard human consumers of tuna fish, the European 

Union recommends less than 0.1 mg/kg ww; the same level of protection is 

recommended in Turkey, and China (European-Commission, 2006; Eisler, 2010). 

Regular monitoring the Hg contamination in fish and fishery products is essential 

to protect vulnerable population such as children (Yang et al, 2015). The Hg body 

burden in fishes caught off Atlantic Ocean is higher than conspecific species of 

equal size caught off Mediterranean Sea. It is possible that the higher Hg body 

burdens were due to the greater natural geochemical Hg levels in the 

Mediterranean Sea (Eisler, 2010). Data on Hg accumulations in several types of 

tuna fish are particularly abundant. The variation in Hg concentration in tuna 

represents a critical point during risk analysis for consumers (Storelli et al, 2010). 

Elevated Hg levels can be harmful, especially if excess quantities of tuna are 

consumed by pregnant women and young children, as bioaccumulation of Hg can 
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damage the developing brain of a fetus or a child (Bratt, 2010). Geographical areas 

of concern where Hg concentrations in marine fish muscle exceed current 

regulations for human consumers include Italy, Spain, Taiwan, Florida, and 

Oregon (Eisler, 2010). After different culinary treatments, no significant Hg loss 

was observed for uncooked and boiled fish. However, 4 to 25% Hg loss was 

observed in yellowfin tuna after roasting (175 °C for 20 min) or frying (180 °C for 

5 min) (Schmidt et al, 2015). Canned tuna fish from the Mediterranean coast of 

Libya had Hg levels. Current study revealed that Hg had the highest concentrations 

among tested trace elements, followed by Pb and Cd either in fresh little tunny or 

canned skipjack and yellowfin tuna. This order of measured trace elements 

concentrations is in agreement with occurrence of such toxic metals in Italian fresh 

and canned tuna (Storelli et al, 2010). On the other hand, Cd and Pb concentrations 

either in fresh little tunny caught off Libya or canned tuna sold in Tripoli city did 

not surpass the toxicological standard levels (European- Commission, 2006), and 

accordingly there was minor food safety concerns of Cd or Pb toxicity from eating 

tuna therein. Different amounts of Cd, Hg in the samples. Hg from 0.03 ppm in the 

Omanian tuna to 0.31 ppm in Sun 1 Thailand. This indicates that the concentration 

of Hg under Libyan and international limits which put 0.5 ppm as the maximum 

safe concentration of this metal in tuna fish that used for human food. The other 

brands have different amounts of this metal. For example, the two Italian brands 

contain different amounts. Marlebu contains 0.0757 ppm and Italian contains 

0.2942 ppm. This means that every source has different characteristics and one 

country of importation can deliver different food qualities. This probability 

indicates that the Italian brand uses tuna fish from out the Mediterranean Sea 

which according to Abolghait (2015) that Hg body burden in fishes caught off 

Atlantic Ocean is higher than that which caught off Mediterranean Sea. Canned 

tuna fish from the Mediterranean coast of Libya has Hg levels well below the 

permissible limits at range from 0.20 to 0.66 with an average value of 0.29 mg/kg 

ww. (Voegborlo et al, 1999).  

Cd concentration results from 0.1324 ppm in Alwafa brand to 0.2354 ppm in 

Portuguese brand. This also indicates that all the brands burden under Libyan and 

international limits. As in Hg, Cd is different in brands that import from the same 

country. For example, Sun 1 and Skipjak from Thailand have different 

concentration of Cd. Sun 1 has 0.1410 ppm while Skipjak has a concentration of 

0.1963 ppm. This indicates that different brands have different sources of fish 

which has different burden of Cd. 

The other important issue related to canned tuna fish is the human daily intake of 

these metals with this tuna fish. The daily intake plays a big role in heavy metal 

bioaccumulation and bio magnification in human bodies and the appearance of 

toxicity in these bodies because most of the fish that eaten by public comes from 

commercial sources. This issue needs more focus and investigation by scientists 

and researchers to identify the influence of these brands and many others that are 
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distributed in the Libyan market and highly consumed in the daily meals and 

dishes by the majority of the residents in the country. 
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ABSTRACT 

Background & Aims: Curcumin (CCM), a plant phenolic compound, is 

widely used as a spice and coloring agent in food. Recently, CCM, had 

been considered to possess antioxidant activities. This study aimed to 

investigate whether CCM, protect against trichloroethylene (TCE)-

induced hepatotoxicity and to demonstrate its possible mode of action. 

Methods: A group of male rats were treated with TCE (5mg/1000 ml of 

drinking water) to induce liver injury.  The CCM group was fed 25 g 

mixed with the diet (2.5Kg) concomitantly with 5 mg TCE/1000ml 

drinking water, for 8 weeks. The rat were killed after treatment period of 

8 weeks, and samples of livers tissue were fixed immediately in 10% 

formalin.  

Results: Histopathological changes 

It was obviose that TCE administration has shown dramatic injures 

in the liver tissues, and the treatment with curcumin can activate these 

injures to advanced level.  

Introduction 

Nowadays, there is an increasing interest in the protective function 

of dietary antioxidants, which play important role in the protection 

against oxidative stress. CCM (diferuloyl methane) is a phenolic 

compound present in large quantities in the root of plant curcuma longa. 

It has been widely used as a spice and coloring agent in food. Recently, 

CCM has been considered to possess anti-inflammatory and antioxidant 

activities ( Anto et al., 2000). The ability of CCM to prevent tumor 

formation in the skin , forestomach, duodenum, and colon of mice and in 

the tongue, colon, mammary glands, and sebaceous glands of rats had 

been well documented (sharma et al., 2001).  

CCM has been also shown to inhibit lipid peroxidation caused by 

many toxic agents in hepatocytes either in vitro or in vivo (Ramirez 

Bosca et al.,1995; Devasena et al., 2002). On the other hand, no 

treatment-related toxicity was observed up to an oral dose of 8000 

mg/day for 3 months in mice (Chuang et al., 2000). This non-toxic nature 

of CCM, as well as its multiple beneficial clinical effects, has made it one 

of the most attractive antioxidants.  

TCE is a major environmental contaminant, especially in drinking 

water, which provokes occupational and general concern for the 

population because of its widespread use and designation as a probable 
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human carcinogen (IARC, 1995). TCE induces free radical-mediated 

oxidative tissue damage that eventually leads to a high incidence of acute 

toxicity or tumors in the liver and kidney of humans and rodents (Lash 

and parker, 2001). It has been shown that the amount of TCE and the 

period needed for the occurrence of hepatic injury in mice were 600-

2400mg/kg/day, via gavage, for 4 weeks (Merrick et al., 1989),500-

2000mg/kg/day orally for 28 days (Goel et al., 1992), and 2.5-5.0 mg/ml 

of drinking water for 4-8 weeks (Griffin et al., 2000). 

The present study was thus designed to investigate the protective 

activity of CCM, against TCE-induced liver injury.  

 

Materials and methods 

 

Chemicals: Pure TCE was purchased from Sigma Chem. Co.(St. 

Louis, MO, USA). Powdered CCM, was purchased from Libya spice 

market. Hiistopathological examinations and microscopical pathology 

have been carried out in Zoology Department, Damietta Faculty of 

Science, Mansoura University.  

Diets: Standard diet was prepared form Casein(20%), Starch  (32%), 

Sucrose  (33%), Cellulose (5%), Corn oil  (5%), and Vitamin /  Mineral  

    (5%),  (Abd-Allah ,2003).   

 

Animals and Treatments: 

15 males albino Wistar rats ( weight range 58 – 160 g ) were used for 

the experimental study. Animals were obtained from Helwan animal 

station, Ministry of Heath, Egypt . The experimental rats were housed in 

the animal house in zoology Department, Faculty of Science, Damietta 

Branch, Mansoura University, New Damietta, Egypt . They were housed 

in plastic cages under controlled temperature. 

- Experimental animals were divided into 3 groups of 5 rats each. 

Group 1 : ( Normal) rats were given basal diet and water for 8 weeks. 

Group 2 : ( Trichloroethylene) rats were given 5% TCE in drinking water 

for 8 weeks. 

Group 3 : ( Trichloroethylene + Curcumin) rats were given 5% 

Trichloroethylene in drinking water and Curcumin at 25 g mixed with the 

diet (2.5Kg) for 8 weeks. 

 

histopathological examination 

 After 8 weeks of treatments, rats were killed by Anesthesia and  

Liver was fixed in 10 % formalin for histopathological examination and 

the routine heamatoxylin and eosin staining technique. The specimens 
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were washed under running tap water over night to remove the formalin. 

They were dehydrated in ascending series of alcohol, processed through 

xylene-alcohol and then cleared in two changes of xylem, 30 minutes 

each. They were transferred into a mixture of xylene and melted paraffin 

for 1 hour and then into two pure paraffin changes, 30 minutes each for 

infiltration. The specimens were embedded in pure paraffin to form 

blocks. Serial sections were cut at a thickness of 5 microns using rotary 

microtome. Sections were stained in haematoxylin and eosin according to 

Drury and Wallington (1967). Hiistopathological examinations and 

microscopical pathology have been carried out in Zoology Department, 

Damietta Faculty of Science, Mansoura University. 

RESLTS 

Liver histopathology: 

Histopathological changes in the liver of rats treated with curcumin, and 

Trichloroethylene were studied after 8 weeks of treatment. 

A - Normal liver:      

Section of normal rats showed the normal structure of the liver tissue. 

The main structural component of the liver is hepatocyte. These 

hepatocytes are disposed in plates that are interconnected in such a way to 

show, in the light microscope sections, structural units, the liver lobules. 

The liver lobule is formed of a polygonal mass of tissue with centrally 

located central vein and some portal spaces at the periphery of the lobule, 

each containing a veinule ( a branch of the portal vein);  an arteriole 

(abranch of the hepatic artery); and ductile (part of a bile duct system 

(figures 1,2).  

B. Liver of treated rats: 

The following are demonstrated in liver of treated rats. 

1. Histopathological finding in the liver of TCE- treated rats: 

Histopathological examination of the liver sections of Trichloroethylene 

treated rats showed   necrosis , fibrosis and hyperplasia in most of the 

portal areas is seen in all examined livers (figure3). Also, lymphatic 

infiltration, in most of the portal areas is seen in all examined livers           

( figure4).  

 2. Histopathological findings in the liver of CCM- treated rats: 

Administration of curcumin to TCE treated rats showed marked 

improvement in liver tissue structure as can be observed by decreased the 

degree of necrosis . The sections of the liver from rats treated CCM to 

TCE showed inflammation (figure5) Also Dilatation (figure 6). 
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Fig. 1 :  A photomicrograph of the liver of normal rats showing 

normal structure. Note: Pa, Portal artery and pv, portal vein. 

(Haematoxylene and eosin stain, Magnification X20). 

 

 
Fig.  2 : A photomicrograph of the liver of normal rats showing 

normal structure. Note: Bd, Bile duct and pa, Portal artery. 

(Haematoxylene and eosin stain, Magnification X40). 

 



 مجلة التربوي

EFFECT CURCUMIN PLANT ON LIVER OF RATS TREATED 

WITH TRICHLOROETHYLENE                                                العدد 
 

325 

 

 
Fig.  3 : A photomicrograph of the liver of TCE-treated rats 

showing focal necrosis of hepatocytes (N), the presence of fibrotic tissues 

(F) and hayperplasia (ha). (Haematoxylene and eosin stain, Magnification 

X40). 

 
Fig. 4:    A photomicrograph of the liver of TCE-treated rats 

showing focal necrosis of hepatocytes (N), the presence of fibrotic tissues 

(F) and lyedig cell hyperplasia (lyh). (Haematoxylene and eosin stain, 

Magnification X40). 
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Fig.  5 :  A photomicrograph of the liver of Curcumin and TCE-

treated rats showing collection of lymphocytic inflammatory cells.     

(Haematoxylene and eosin stain, Magnification X20). 

  

 
Fig. 6:     A photomicrograph of the liver of Curcumin and TCE 

treated rats showing dialated central veins. (Haematoxylene and eosin 

stain, Magnification X20). 

 

 

Discussion 

Many histopathological changes in the liver may be induced in rats 

treated with TCE. In the present study, TCE treated rats showed necrosis, 

fibrosis, hyperplasia and lymphocyts infiltration of the liver.                      

These results are in agreement with that of Stulnig et al. (2002) 

which showed necrosis, inflammatory infiltrations of the livers obtained 

from TCE. In addition of Elcombe et al. (2002) reported the liver cell 
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enlargement (hypertrophy) in the rat, but both hypertrophy and 

hyperplasia (cell proliferation) in the mouse (after TCE administration by 

gavage for 10 consecutive days, at doses of 500 to 1500 mg/kg body wt) 

were observed. Also, Melnick et al. (2004)  showed that individual cell 

necrosis in the liver, and hepatic microsomal NADPH cytochrome c 

reductase and peroxisomal palmitoyl-CoA oxidase and catalase activities 

were found in both the dosed-fed and gavage groups. When add 

Gelatinsorbitol microcapsules containing 44.1% trichloroethylene (TCE) 

were prepared and mixed in NIH-07 rodent meal diet and provided at 

microcapsule concentrations of 0 (untreated control group), 1.25, 2.5, 5.0, 

or 10% (equivalent to 0, 0.55, 1.10, 2.21, or 4.41% TCE, respectively) to 

groups of 10 males F344 rats for 14 days.                                                     

    After treatment with curcumin histopathological examination 

has revealed that there was only dilatation in portal central veins in liver 

fed with curcumin, concomitaully with TCE. 
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Abstract. Potential wireless applications will obtain advantage of deployable 

speed and self-configuring Ad-hoc networks. This research uses a simulation 

method to monitor the effectiveness of Ad-hoc On-demand Distance Vector 

(AODV), Dynamic Source Routing (DSR), Gathering based Routing Protocol 

(GRP), Temporarily Ordered Routing Algorithm (TORA) and Optimized Link 

State Routing Protocol (OLSR) routing protocol in open space area such as a quay 

crane in port operation. The objective of this study is to examine and evaluate 

these variety of techniques to improving the precision of performance of the best 

protocol. The routing techniques AODV, DSR, GPR, TORA and OLSR are 

analysed and compared by using OPNET Modeller simulator on the basis of 

performance metrics such as network load, delay and throughput. This method 

used to increase the system utilities in such away to have further improves 

performance, and provide a qualitative estimation of the best applicable 

technique. The simulation results show that OLSR routing protocol has high 

throughput and lowest end-to-end delay compare to other cases that have the same 

packets size (1024bytes) and the number of packets to 50 packet per sec, on a 

scalable network environment, up to 139 nodes. 

Introduction 

Wide area Computer networks have made information sharing a very easy task 

and the demand is always for successful resource sharing portability. Routing 

protocols are liable for sending data packets over suitable routes that optimize 

performance procedures such as delay and throughput. The delay adjacent to a 

route depends on the traffic congestion, which depends on the external load. 

Accordingly, a routing protocol must supervise link delays and get used to its 

routes to change in link delay (Abolhasan et al. 2004). 

Wireless networks became more and more accepted and useful in the world 

which has no static network structure as required by infrastructure network. In 

wireless networks, the connection between nodes require routing paths over 

multi-hop between the source node and the destination node (Couto et al. 2005). 

The wireless network works in almost any environment and is highly beneficial 

in challenging terrains or in remote areas for various rescue and construction sites, 

military operations and in emergency operations, environmental monitoring and 

also for operating day to day activities in a civilian environment (Prabha et al. 
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2014). There are many differences in routing protocols in terms of performance 

like the end to end delay, throughput and data delivery system etc.  

A wireless network is a group of independent nodes that connect together by 

forming a radio network and maintaining connectivity in a proper approach. In 

wireless technology, a routing topology such as mesh, ring, and star are an 

extension to obtainable wireless networking technology to assist in discovery and 

multi-hop routing data packets through a network. The networks are composed 

from the area nodes, which all agree to act as routers for their fellow network 

associates. 

Since the group of wireless nodes, they have challenge with the effects of radio 

communication channel, such as noise, fading, and interference etc., which will 

reduce the data delivery i.e. throughput and increase the time delay for the data 

flow (Cheffena, 2012). In a wireless network node, each node also has dual 

functionality of being both host and router, and the group of nodes responsible to 

control the network. 

In various scenarios, the routing protecting itself may consume so much time 

in the way of resources that no bandwidth may remain for the transmission of data 

packets. The short lifetime of routing in sequence means that a part of the 

information may never be constructive any more, and thus the bandwidth that is 

used to distribute the routing update information could be wasted.  

One of the solutions is to create the best use of local information to update 

routing tables, avoiding the propagation of routing messages at the global network 

scale. The collective behaviour of information presents the property of self-

organization can get the optimal solutions at level may come into view from the 

local interaction of individuals that exhibit simple behaviour (Sohrabi et al. 2000). 

Literature review 

There is no so much previous work that comparing the ad hoc algorithms 

performance in an open space. There is previous work investigating some of this 

algorithm individually but not all of them together.  Here we will mention 

simulation and analytic approaches to compare these methods. This perspective 

of the problem motivated this work and to put into view as following research 

challenges. 

A wireless network is a group of independent nodes that connect together over 

a radio network and maintaining connectivity in a proper approach (Sohrbi et al, 

2000). In wireless technology, a routing topology such as mesh, ring, and star are 

an extension to obtainable Wireless networks technology to assist in discovery 

and multi-hop routing data packets through a network. The networks are 

composed from the area nodes, which all agree to act as routers for their fellow 

network associates (Couto, 2004). 
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Group of wireless nodes have challenges with the effects of radio 

communication channel, such as noise, fading, and interference etc, which will 

reduce the data throughput and increase the time delay for the data flow, each 

Wireless network node functions as a host and a router, and the group of nodes 

responsible for the control of the network. 

In various scenarios, the routing protecting itself may consume so much of time 

in the way of resources that no bandwidth may remain for the transmission of data 

packets. The short lifetime of routing in sequence means that a part of the 

information may never be constructive any more, and thus the bandwidth that is 

used to distribute the routing update information could be wasted. 

The first algorithm defined for MANET which is presented is a routing called 

ARA which is based on the principles of ant colony from Wisdom of Hive coupled 

with intelligence in routing in networks of telecommunication. This algorithm 

applied Efficient, Scalable and Secure Routing Framework for Mobile Ad-hoc 

Networks.  The algorithm is rooted in AntNet as well as ABC routing methods 

for fixed networks and is stimulated by the pheromone laying performance of ant 

colonies. The significance of this method lies in it using a less complicated 

architecture and utilizing a smaller measure of control in its use of corrupted 

packets, with a lesser energy consumption than other sophisticated methods it still 

provides a competing efficiency. (Wedde et al. 2005) 

Existing advance methods for query sensing and routing of data in 

heterogeneous ad hoc sensor networks characteristically involve subscription 

scheme (Huang et al. 2004), where publishers publicize the attributes of their data 

and subscribers forward their interested attributes for the system to match. 

Diffusion header (Intanagonwiwat et al. 2000) is an example of a scenario where 

the paths of routes are recognized using distance information in the middle of 

nodes in order to lessen count of hops in RF communication. 

Through extremely populated network it is found that the number of possible 

link associated between any two nodes is very less and for this reason the 

performance is poor. (Divecha et al. 2007) It is predictable that if the node density 

is increased, the throughput of the network shall enhance, however beyond in a 

certain level if the number of nodes is increased the performance degrades in some 

protocol (Venkateswaran 2005). When the nodes do not demonstrate total random 

movement, an analytical clustering scheme appreciably enhances the cluster 

stabilization if juxtaposed against non-predictive mobility-aware method. Even 

though, a transaction between clusters size and stability (Venkateswaran 2005). 

Methodology 

This section will present a detailed account of the research philosophy, strategy 

and methodology that was used and is best suitable for the research to achieve 
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project goals fulfilling its objectives, and as well as illustrating the weaknesses 

associated with earlier research. The method and performance described in this 

part is based on ad-hoc protocol and modelling techniques. The main extensively 

used ad hoc routing protocols are AODV, DSR, GRP, TORA and OLSR.  

As mentioned before there is not much previous work that compare the ad hoc 

algorithms performance in an open space.  This property provides efficiency in 

scalable maintenance of routing information of a topology with minimum 

resources. In this work, one of the general questions that will be asked is: how can 

the dependency mechanism be used to maximize the efficiency, scalability, and 

constancy of such a system using AODV, DSR, GRP, TORA and OLSR 

algorithm in mesh topology? 

Figure 1. Research Methodology 

 

Ad-hoc Network is a wireless infrastructure network where the progression of 

nodes are free towards any direction independently without any hindrances. These 

nodes do not involve any base station for communication between them. 

Development of efficient protocol and techniques are needed due to 

environmental effect for all nodes. 
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This research tried to study the packets lose reduction and other advantages of 

the three different protocols. The method is also planning to provide more 

knowledge and make the period and throughput as a target of the assessment 

between these protocols; it depends on hello messages that are sent on the 

network. Hello message and data flow method motivate periods for the control’s 

sending time. There is a gain in period time when no data is sent for Enhancement 

of hello message or period time is not within its optimal value, then it halts 

increasing. This code is implemented and simulated via OpNet simulator.  

Several researches which further studied different protocols of algorithm, 

specify optimal packets control in short live connections since there is an existing 

gap between the sent data packets, and the gap is utilized to send hello messages 

which are control packets used in making the timing between hello messages not 

static, while the time depends on data broadcast of the network, which implies 

there is no need sending a lot of hello messages in the absence of data messages 

corresponded.  

If data packets are presented and no hello packets needed then the status is 

normal, but if there is a hello message required, the time between the hello 

messages will increase. 

Assuming the algorithm is a loop complimentary routing protocol for ad-hoc 

networks. It is designed to be a manual process in an environment of fixed nodes, 

withstanding a variety of network behaviors like packet losses and link failures. 

Method proposed consists of three key factors, hello message packet, number of 

node and link drop Maintenance. Comparative study is chosen because of its 

simplicity, which is aiming to view more knowledge on its demand nature to 

appropriate networks behaviors. These optimized protocols have been analyzed 

using communication based design methods. The design flow is started with 

capturing hello messages as the functionalities emerge at system level. 

3.1.  Performance metrics selection.  

3.1.1.  Throughput is a metric which is a representation of data or total bits which 

is forwarded to neighbouring node in every second which is measured in bits per 

second (bps).  

That is the evaluation of number of packets and packet size in the presence of 

identified challenges, in different scenarios. Validating findings from literature 

for evaluation of performance of routing protocols in WSNs is the primary focus 

of this research.  
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3.1.2.  Delay is a metric for the representation of average delay from end-to-end, 

which is an indication of the time taken for packets to travel from source to 

destination of the application layer. Delay is measured in seconds. 

Delay is related to encoding/decoding delay, transmission delay, propagation 

delay, processing delay and queue delay. The end-to-end delay is an important 

parameter for real-time transmission (Bhunia, 2006). 

3.1.3.  Network load is a metric which represents the quantification of routing 

packets within a route. The network load is a description of the needed packets 

for the discovery and maintenance of a route that should be sent, and are usually 

measured by the network activities of device the gateway on the network, more 

meaningful indicators of system load, can be deduced for the concurrent users on 

the network (Buratti & Verdone, 2006).  

3.2.  Protocol selection.  

Routing protocols has the functions of selection of routes and delivery of 

messages to specific destination. The protocols selected for this simulation is the 

main extensively used an ad hoc routing protocols that are the AODV, DSR, GPR, 

TORA and OLSR, (Kumar and Rajesh, 2009). Evaluating the routing protocol 

behaviour in the presences scenario of the network.  

3.3.  Tool selection.  

The technologies that maintain computer networks are bringing information to 

people in new and superior ways every day. OpNet modeller is a network 

simulation with very efficient and cost-effective way to increase new network 

technologies. The research has at this very stage pointed out the challenges of 

routing of routing protocols in theory. For further validation, a tool which was 

chosen to be used is OpNet Muddler (Clausen et al., 2001) simulator for 

simulation and evaluation of the selected routing protocols juxtaposed with the 

performance metrics which are selected.  

3.4.  Designing network for simulation. 

This is where the methodology is forwarded, a method which was used to 

separate the effect on network performance. The procedure for the analysis 

began with a designed core configuration of a scenario of a network according 

to chosen application.  Furthermore, the selected protocols of routing are 

simulated under certain conditions for evaluation against selected metrics.  

The control parameters were carefully selected to allow a proper assessment 

and separation of the network size effect with a traffic that is fixed to enable 

proper evaluation. With constant bit rate traffic (CBR). Furthermore, for pointing 
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out real life scenarios where the results will be applicable, parameters such as the 

networking topology designed are to be recorded.  

In the simulator workspace, the design of this network by using the required 

entities for the proposed design. All the required entities such as Application 

configuration, Profile and Nodes, these individual components were taken from 

the object plan to project work space. 

 

  
Figure 2. Network structure 

 

3.5.  Application models 

Preconfigured standard applications were used because they are the most used 

generic network applications:  

 

Table 1. Components of the Application Model 

 

 

 

 

 

 

 

 

 

All the models are standard models which are shipped as a suite. Each one of the 

models as a characteristic that maps to a certain appropriation in generating 

Application Type Description 

FTP File transfer 

Email Sending and receiving email 

Remote Login Rlogin (telnet) 

Database Database queries and updates 

HTTP Web browsing 

Print Print job submission 

Voice On-Off voice model 

Video Conferencing Video conferencing involving image exchanges 
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optimized traffic. Such as the FTP model having characteristics for download and 

upload as well as size ration, whereas Voice model has characteristics for voice 

inclined attributes such as talk and silence duration and encoder scheme.  

This work case will deal with FTP application because the scenario talks about 

sending sensor data from station to server. 

3.6.  Simulation parameters 

The simulations were done extensively using Software version of OpNet 

simulator. The table below contains the parameters values and settings applied for 

the different scenarios groups performed. The scenarios were simulated using 

fixed nodes with same number of packet and packet size. Each scenario 

implements different protocol with same parameters. 

 

Table 2. The simulation parameters. 

 

Parameter Value 

Transmission power 15dB 

AP range radius(𝒎) 500 

Bandwidth  1M 

Frequency band(𝑮𝑯𝒛) 2.4 

Simulation time 600sec. 

Simulation area 5km X 2km 

Number of nodes 139 

MAC type  IEEE 802.11b 

Data Rate 2 Mbps 

Packet size 1024 Bytes 

Rate of packet 50 (packet/sec) 

 

Results and Discussion 

In this section, the results and the simulations performed will be discussed and 

analysed. The scenarios for the network design has been chosen and implemented 

for nodes which are fixed, for representation of data gathering applications in 

WSN.  

For currently network, scenarios were created based on five different protocols. 

Each scenarios application profile implemented with some scalability in the 

packets size and the number of packets. Also, the protocol behavior in terms of 

packet creation, destruction and delivery was also analyzed. These were checked 
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for some set of performance metrics, packet size, and the number packets per 

node, and lastly comparison is done, and a conclusion is drawn. 

It is important to note that this simulation is done using wireless devices and 

not wireless sensor devices as it’s the closest to achieving the required research 

objective after an exhaustive search for the suitable network simulator, hence the 

use of the OpNet. A brief summary on the results obtained during the period of 

the different scenario simulation is given below and the results are compared. 

4.1.  End-to-End Delay 

Average delay for end-to-end of data packets is the duration between the time of 

data packet generation and the time when the last bit arrives at the destination. 

Within wireless ad hoc networks, nodes collaborate to structure a network not 

utilizing any infrastructure for instance access points or base stations. The nodes 

help one another to forward packets, which enables nodes to go beyond direct 

wireless transmission range of one another to correspond. End-to-end delay refers 

to the time taken for a packet to be transmitted across a node from source to 

destination. Figure 2 shows the relative techniques performance of the scenario 

for AODV, DSR, GRP, TORA and OLSR with same number of nodes and same 

simulation parameters. 

 

 
Figure 2. Average End-to-End Delay 

 

Observations from the results shows that, the result divided to two group where 

the first group the output of DSR and TORA protocols increasing with the time 

and at the same time it is somehow unstable, on the other hand the second group 

of result for AODV, GRP and OLSR are stable and the output of AODV is highest 

with almost 1S where OLSR is lowest delay average less than 1S. 
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AODV firstly needs to find its routes so as to send data that needs to be sent, 

which implies that the time taken for the search of route affects the performance 

of AODV protocol, whereas OLSR does not require much latency as AODV in 

discovery of routes as a latency of single packet is sufficient. 

DSR and TORA both have a poor delay attribute which was discovered due to 

their routing paths not being short, the route does not remain the same even when 

the first discovered route is the shortest in the first instance, it is always subject to 

change over time. 

DSR protocol nodes use routes to an access point till there is a problem on the 

specified route. Despite the routes being really long in some cases it is persistent 

in using the route until a disconnection occurs of the route. Hence the rise of end-

to-end delay which implies a poor delivery for all packets. Which makes DSR 

longer than GPR, AODV and OLSR because of its relative longer time in path 

delivery as every node on the way takes out information which is a requirement 

before further forwarding. There is more gain in DSR discovery in route the 

reason being every node despite having routing information extracted it delays 

transmission process while it does extraction from packets. 

TORA has the worst relative delay when compared with the others, for the 

reason of loss of data which is caused by its requirement of too much time for 

creation of route which extends the delay waiting for new routes. TORA has no 

speedy route discovery which even puts DSR ahead of it despite the delay in DSR. 

Congestion causes TORA to respond poorly which reflects badly on TORA. In 

cases of high densities of nodes and traffic the end-to-end delay of DSR and 

TORA is higher compared to the end-to-end delay in OLSR, AODV and GPR. 

 

4.2.  Throughput  

Throughput in total is packets carried on a network in bits per second. However, 

based on the understanding acquired from theory, hence this explains why if 

optimal throughput is needed then the network delay should be at its barest 

minimal. 
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 Figure 3. Average Throughput  

 

performance shown in the above graph is in no way a standard reflection of a 

particular standard but only a reflection of the computation done in this study 

which shows all routing protocols used in this simulation that it takes the same 

simulation time for a given different scenario protocol. 

Observations from the results show that, at DSR routing protocols showed 

lower throughput values ≈ 1960000 (Bits/Sec) followed by TORA ≈ 19700000 

(Bits/Sec) whereas AODV and GRP almost give a same throughput values ≈ 

20100000 (Bits/Sec) where finally, OLSR routing protocol has a higher 

throughput with ≈ 20150000 (Bits/Sec). This shows the throughput with this 

protocol may be useful at higher network densities. 

4.3.  Network load 

It is representing the total data traffic received by all nodes, otherwise it is referred 

to the number of transmitted packets which were routed with respect to the data 

of packets delivered. A one count transmission is the count of a hop-wise 

transmission, it is the total summation of sent packets from all the nodes on a 

network in order to discover a route and maintain it (Bindra et al. 2010). 
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Figure 4. Average Network Load  

 

Observations from the results show that, the outputs of all scenarios are almost 

same and stable through simulation time, the result come out with ≈ 41,000,000 

(bits/sec), where all scenarios have the same value of the packet size and number 

of packet for their simulation the output is the same. 

Therefore, in this experiment, the Network Load do not reflect any serious 

change on the performance of the network with all protocols, and all traffics 

generated constant bit rates from traffic sources. 

Conclusion 

Networks of mobile Ad-hoc have the ability to set out a network in places and 

instances where a generic network infrastructure is impossible to be set-out. The 

contributions of this research focus on, wireless sensor network efficiency in open 

space long distance, conducted with the perception of fixed wireless nodes, using 

the OpNet Modeler simulation tool, it presents results from the analysis of 

different scenarios, which has shown the efficiency of the use of wireless sensor 

devices in an open space area with the wireless sensor network architecture, 

consisting of 139 nodes covering an area of 2kmX5km. This is against the 

previous work done by Jukka, Mikko, Marko and Timo, “the set out of wireless 

sensor networks to monitor the environment”, which was carried out in a network 

comprising of 20 nodes which cover more than 2km2. (Suhonen et al. 2006)  

This study presented a detailed investigation of the operation and performance 

of standardized Ad-hoc routing techniques which are AODV, DSR, GPR, TORA 

and OLSR. Using OpNet simulation, the performance of these techniques was 
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compared and recommendations made for the best applicants for different 

scenarios.  

The simulation monitors different routing protocols to reflect the parameters 

behavior under different scenarios. It is therefore found that the best model will 

be with the OLSR protocol configuration, Throughput alone does not signify that 

some technique is better than other technique, when a node in a network using 

OLSR protocol wants to find a host’s route, what it does is a lookup of a routing 

table but for the second-best result AODV network, a discovery of route has to be 

carried out lest there is a cached route. And routing table lookup is less time 

consuming compared to flooding a network for path discovery, which implies 

OLSR protocol performance is optimal in networks with a high sensitivity to 

delay. 

The network environment can be scaled to 139 node which is the number of 

nodes used, but in the real-world scenario, the highest count of nodes allowed to 

be used at most of the given time will be between 125 and 128 nodes. The 

configurations will give the best results for the end to end delay, and the 

throughput feasible for a network. 
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   Abstract. A boundary Fourier expansion method is used to solve the 

system of field equations of plane, linear elasticity in stresses for 

homogeneous, isotropic media occupying a doubly-connected domain under 

given pressures on the boundaries. Two cases are considered: A circular 

domain with elliptical hole and a rectangular domain with a rectangular hole. 

In each case, the boundary values of the relevant harmonic functions are 

obtained and the error in satisfying the boundary conditions is given. 

Comparison is carried out between the present results on the boundary and 

those obtained by the usual boundary collocation method. The stress 

function and the displacement are calculated inside the domain. .  

   Keywords: Plane elasticity; doubly-connected domain; isotropic medium; 

boundary integral method.  

  

1  Introduction 

 The boundary-value problems of plane elasticity for isotropic media 

have a wide range of applications. They are usually considered as useful 

approximations to the more realistic three-dimensional problems. When the 

domain of the solution has complicated geometry, analytical methods 

become inefficient. The numerical methods stand on the other extreme, but 

their main disadvantage is that they do not produce formulae for the solution 

and large computational capabilities are also usually necessary, in addition 

to the problems raised by the stability of the numerical scheme. In the past 

few decades, the semi-analytical methods, in combination with the boundary 

techniques, have gained more popularity as being efficient and require less 

computational effort than the numerical approaches. Moreover, they produce 

approximate formulae for the solution and the resulting error can be easily 

evaluated in many circumstances. Trefftz's method is no doubt the most 

familiar boundary technique. It requires expansion of the solution in a 

properly chosen base, then to determine the expansion coefficients using the 

boundary values of the unknown function [15]. Different aspects of this 

theory related to the completeness property of the used expansion basis and 

others were considered in [7], [8], [16], [9]. An overview of the method may 

be found in [10]. When the satisfaction of the boundary conditions is carried 

out pointwise, this gives rise to the well-known Boundary Collocation 
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Method (BCM). An extensive literature exists on the use of this method, 

among which we cite [11], [12], [1]. When the basis functions are taken as 

logarithms of the distance with origins lying outside the domain of solution, 

this is the Method of Fundamental Solutions treated by many authors [6], 

[13]. An application for doubly-connected regions is carried out in [5]. 

A variant of Trefftz's method, to be used throughout the present work, 

was suggested by Abou-Dina and Ghaleb [4]. It relies on the satisfaction of 

the boundary conditions, not poinwise, but in the sense of 2L . This method is 

called the Boundary Fourier Expansion Method (BFEM). It was successfully 

used to find approximate solutions to several boundary-value problems for 

Laplace's equation in rectangular domains and others. 

In the present work, we solve the generalized, plane Lame   problem 

in linear, isotropic elasticity for an infinite hollow cylinder subjected to 

constant pressures on its lateral surfaces. Two cases will be considered, for 

which the normal cross-section is bounded either by a circle and an ellipse, 

or by two rectangles. In each case, we calculate the boundary values of the 

two basic harmonic functions through which the solution of the problem is 

determined in two ways, BCM and BFEM. The error in satisfying the 

boundary conditions is given. The stress function and the two displacement 

components are then calculated inside the domain using BFEM. It is shown 

that BFEM performs better in both cases 

 

2  Problem formulation 

 We consider an infinite hollow cylinder of an isotropic elastic 

medium. Let D  be the normal cross-section of the cylinder. This is a two-

dimensional, doubly connected region bounded by two contours 1C  and 2C  

with parametric representations   

 1 1 1 1= ( ) & = ( ),x x y y   (1) 

   

 2 2 2 2= ( ) & = ( ),x x y y   (2) 

 where   is the angular parameter measured, as usual, counter-clockwise 

from the x-axis of a system of Cartesian coordinates ( , , )x y z  with center O  

in the cavity and z -axis along the generators of the cylinder. 

The cylinder is acted upon by pressures 1( )p   and 2 ( )p   on the lateral 

surfaces. Thus the considered problem is a generalized Lamé problem. 

It is required to find the stresses and the displacement at all points of 
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the cross-section D . 

The basic equations and boundary conditions of the two-dimensional 

theory of elasticity may be found in standard textbooks. Here, we give a 

brief presentation of these equations along the guidelines given by Abou-

Dina and Ghaleb [2], [3]. 

Let 
1  and 

1n , 
2  and 

2n  denote respectively the unit vectors tangent 

and normal to 
1C  and 

2C  at arbitrary points, the positive sense associated 

with 
1C  and 

2C  being taken in the counter-clockwise sense. One has   

 1 1 1 1
1 1

1 1 1 1

= & = ,
x y y x

i j i j
   

 n
& & & &

 (3) 

   

 2 2 2 2
2 2

2 2 2 2

= & = ,
x y y x

i j i j
   

 n
& & & &

 (4) 

 where the dot over a symbol denotes differentiation with respect to the 

parameter  , and   

 2 2 2 2

1 1 1 2 2 2= , = .x y x y  & & & &  (5) 

 In case the contour parameter is the arc length, the corresponding value of 

  is unity. Clearly, the contours 
1C  and 

2C  should belong, at least, to the 

class 1C  so as to uniquely define the above defined unit vectors at each 

point.  

3  Basic equations 

 In this section, the well-known basic equations governing the plane 

theory of linear elasticity are presented in accordance with [2], the 

representation of harmonic functions is briefly discussed.  

 3.1  Field equations 

 In the absence of body forces, the stress tensor components in the 

plane may be expressed by means of one single auxiliary function, called the 

stress function or Airy's function, subsequently denoted U . In fact, the 

equations of equilibrium   

 = 0,
xyxx

x y

 


 
 

 = 0.
xy yy

x y

  


 
 (6) 

 are automatically satisfied if the identically non-vanishing stress 

components are defined through the function U  by the relations:   
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2 2 2

2 2
= , = , = .xx yy xy

U U U

y x x y
  

  


   
 (7) 

 It is well-known that the biharmonic function may be expressed in terms of 

two harmonic functions according to the representation   

 = ,cU x y     (8) 

 where "c" denotes the harmonic conjugate. Thus, the stress components 

may be rewritten in terms of the harmonic functions as: 

  

 
2 2 2 2

2 2 2
= 2 ,

c

xx x y
y y y y

   


   
  

   
 

 
2 2 2 2

= ,xy x y
x y x y x y

  


  
  

     
 

 
2 2 2

2 2 2
= 2

c

yy x y
x x x x

   


   
  

   
 (9) 

 The generalized Hooke's law reads   

 = ( ) ,
(1 )(1 2 ) 1

xx

E u E u

x y x

 


  

  
 

     
 

 = ( ),
2(1 )

xy

E u

y x









  
 

 = ( ) ,
(1 )(1 2 ) 1

yy

E u E

x y y

  


  

  
 

     
 (10) 

 where E  and   denote Young's modulus and Poisson's respectively. Using 

the above relations together with (4), one arrives at:   

 = 4(1 ) ,
1

E U
u

x
 




  

 
 

 = 4(1 ) ,
1

cE U

y
  




  

 
 (11) 

 which may be rewritten as:   

 2 = (3 4 ) ,
c

u x y
x x x

  
  

  
   

  
 (12) 

   

 2 = (3 4 ) ,
c

c x y
y y y

  
  

  
   

  
 (13) 

 where =
2(1 )

E



 denotes the shear modulus.   

 2 2( , ) = ( )o o o ox y a x b y c xy d y x      
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=1

( cos cosh cos sinh
N

n n

n

a nx ny b nx ny   

 sin cosh sin sinh ) ,n nc nx ny d nx ny A    (14) 

   

 2 21
( , ) = ( ) 2

2

c

o o o ox y a y b x c y x d xy      

 
=1

( sin sinh sin cosh
N

n n

n

a nx ny b nx ny    

 cos sinh cos cosh ) ,n nc nx ny d nx ny B    (15) 

   

 2 2( , ) = ( )o o o ox y f x g y h xy k y x      

 
=1

( cos cosh cos sinh
N

n n

n

f nx ny g nx ny   

 sin cosh sin sinh ) .n nh nx ny k nx ny C    (16) 

   

 = cU x y     (17) 

   

 2 2 2 2 2 21
= ( ) ( ) ( )

2
o o oU a x y c x y d x y x      

 
=1

( cos cosh cos sinh
N

n n

n

x a nx ny b nx ny   

 sin cosh sin sinh )n nc nx ny d nx ny   

 
=1

( sin sinh sin cosh
N

n n

n

y a nx ny b nx ny    

 cos sinh cos cosh )n nc nx ny d nx ny   

 2 2( )o o o of x g y h xy k y x      

 
=1

( cos cosh cos sinh
N

n n

n

f nx ny g nx ny   

 sin cosh sin sinh ) .n nh nx ny k nx ny Ax By G      (18) 

   

 = ( ) ( ) ,nn xx x xy y x xy x yy y yn n n n n n        (19) 

   

 = ( ) ( ) .n xx x xy y y xy x yy y xn n n n n n         (20) 

   

 2= (2 3 2 2 )nn x o o o on a c y d x k     
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 2 2 2 2

=1

( )( ( cos cosh cos sinh
N

x y n n

n

n n x n a nx ny n b nx ny    

 2 2sin cosh sin sinh )n nn c nx ny n d nx ny   

 2 2

=1

( sin sinh sin cosh
N

n n

n

y n a nx ny n b nx ny    

 2 2cos sinh cos cosh ))n nn c nx ny n d nx ny   

 2 2

=1

( )( 2( sin cosh sin sinh
N

x y n n

n

n n na nx ny nb nx ny     

 cos cosh cos sinh ))n nnc nx ny nd nx ny   

 2 2 2 2

=1

( )( ( cos cosh cos sinh
N

x y n n

n

n n n f nx ny n g nx ny    

 2 2sin cosh sin sinh ))n nn h nx ny n k nx ny   

 2 (2 6 2 ) 2 (2 )y o o o o x y o o on a c y d x k n n d y h c x        

 2 2

=1

2 ( ( sin sinh sin cosh
N

x y n n

n

n n x n a nx ny n b nx ny     

 2 2cos sinh cos cosh )n nn c nx ny n d nx ny   

 2 2

=1

( cos cosh cos sinh
N

n n

n

y n a nx ny n b nx ny    

 2 2sin cosh sin sinh )n nn c nx ny n d nx ny   

 2 2

=1

( sin sinh sin cosh
N

n n

n

n f nx ny n g nx ny    

 2 2cos sinh cos cosh )).n nn h nx ny n k nx ny   (21) 

   
 = ( 2 4 4 )n x y o o on n c y d x k     

 2 2

=1

( 2 ( cos cosh cos sinh
N

x y n n

n

n n x n a nx ny n b nx ny    

 2 2sin cosh sin sinh )n nn c nx ny n d nx ny   

 2 2

=1

2 ( sin sinh sin cosh
N

n n

n

y n a nx ny n b nx ny   

 2 2cos sinh cos cosh )n nn c nx ny n d nx ny   

 2 2

=1

2( cos cosh cos sinh
N

n n

n

n f nx ny n g nx ny    

 2 2sin cosh sin sinh ))n nn h nx ny n k nx ny   

 2 2( )(2 )x y o o on n d y h c x     
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 2 2 2 2

=1

( )( ( sin sinh sin cosh
N

x y n n

n

n n x n a nx ny n b nx ny      

 2 2cos sinh cos cosh )n nn c nx ny n d nx ny   

 2 2

=1

( cos cosh cos sinh
N

n n

n

y n a nx ny n b nx ny    

 2 2sin cosh sin sinh )n nn c nx ny n d nx ny   

 2 2

=1

( sin sinh sin cosh
N

n n

n

n f nx ny n g nx ny    

 2 2cos sinh cos cosh )).n nn h nx ny n k nx ny   (22) 

 

4  The methods of solution 

   We present herebelow two boundary methods for the solution of 

boundary-value problems for differential equations, which will be used 

throughout the thesis. These two methods are in fact two variants of the 

well-known Trefftz's method (TM). Both methods use an expansion of the 

solution in a set of basis functions which satisfy the given differential 

equation. The remaining task is thus reduced to satisfying the boundary 

conditions imposed on the solution. 

   The first method is currently known as the Boundary Collocation Method 

(BCM); it relies on satisfying the boundary conditions pointwise at a number 

of properly chosen boundary points, called the " nodes". The second method 

is simply an 2L - version of the first one. Following Abou-Dina and Ghaleb 

[4], this second method will be called Boundary Fourier Expansion Method 

(BFEM).  

4.1  Short presentation of the methods  

   Let D  be a simply-connected region in the plane, bounded by a contour C  

of finite length L  and let  0,t T  be a real parameter characterizing the 

points of the contour C , starting from a point 
0P  on C . In particular, t  may 

be the arc length s  measured on C  anticlockwise as usual, starting from 0P . 

Extension to doubly-connected domains, the case of present interest, is 

straightforward. 

   Consider the following boundary-value problem for the partial differential 

equation in the unknown function U :  

 ( ( )) = 0 in ,K U Dr  (23) 

 ( ) = ( ) on ,W U t f t C  (24) 

 where r  is the position vector of a general point P D , K  and W  are 
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linear partial differential operators and f  is a given function on C . Special 

cases of this problem may be the Dirichlet's, the Neumann's and the mixed 

boundary-value problems. The case of multiple differential equations and 

boundary conditions is a straightforward generalization. 

  Consider now a complete set of linearly independent functions, called the " 

trial functions" , { ( ), = 0,1,2,..., }i i N r . This set of " trial functions" is 

required to generate the approximate solution ( )aU r  as a linear combination 

of the functions ( )i r  with a certain error tolerance. One such set used for 

Laplace's equation is the well-known set of Cartesian harmonics  

 
{1,cos( )cosh( ),cos( )sinh( ),sin( )cosh( ),sin( )sinh( ), =1,2,...}nx ny nx ny nx ny nx ny n

 

 in which we are presently interested. 

    An additional factor determining the choice of the trial functions would be 

the possibility of satisfaction of some boundary condition on certain parts of 

the boundary from the outset. Thus, the linear combination  

 
=0

( ) = ( )
N

a i i

i

U a r r  (25) 

 rigorously satisfies equation (4.23)  and, possibly, the boundary condition 

(4.24)  on certain parts of the boundary. The number N  is usually referred to 

as the " number of degrees of freedom ". The unknown coefficients 

{ , = 0,1,2..., }ia i N  will now be determined so as to enforce the boundary 

condition on the remaining part of the boundary. 

   In the BCM, this is simply achieved by satisfying (4.24)  at a certain 

number M  of boundary points, called the " collocation points". This is the 

most direct way of getting an approximate solution to problem (4.23) (4.24) . 

One inconvenience of this method, however, is the arbitrariness in choosing 

the number and the location of the boundary points at which the boundary 

condition is enforced. Also, if M  is increased beyond a certain limit, a 

question of crowdedness of the boundary points may arise, that render the 

numerical analysis more delicate, if not impossible at all, due to rounding-

off and accumulation errors and to instability. This approach is usually 

implemented by the use of optimization techniques, generally nonlinear, a 

fact that drastically increases the solution cost. The method ultimately leads 

to a rectangular system of linear algebraic equations for the coefficients ia . 

   Enforcing the boundary condition may also be achieved, not pointwise, but 
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in " the mean". This leads to approximations of the solution in the sense of 
2L -space, as for the standard techniques based on Variational Principles. The 

resulting set of linear algebraic equations in this case is square, but the 

matrix elements are now expressed as integrals that need, in general, to be 

evaluated numerically. 

   The method proposed hereafter (BFEM) may be considered as a variant of 

the standard method of approximation of the solution " in the mean" . It 

generally leads to rectangular systems of linear equations and to integrals 

that are simpler to evaluate than in the standard method and relies on the 

following idea: Substitution of (1.3)  into (1.2)  yields the " error in satisfying 

the boundary condition" on C :  

 
=0

( ) ( ) ( ), [0, ].
N

n n

n

ER t a W t f t t T    (26) 

   Extending the function ( )ER t  evenly to the interval [ ,0]T , one obtains a 

function that, hopefully, should vanish on [ , ]T T . The Fourier coefficients 

of this function with respect to the orthonormal set of functions 

{1,cos , =1,2,...}
m t

m
T


 should then vanish. Setting to zero the first M   

Fourier coefficients generates a rectangular system of linear algebraic 

equations of size M N   for the expansion coefficients { , = 0,1,2..., }ia i N  in 

the form  

 
1

=0

= , = 0,1,2,..., 1,
N

mn n m

n

A a B m M


  (27) 

 with  

 
0 0

= ( )cos , = ( )cos .

T T

mn n m

m t m t
A W t dt B f t dt

T T

 
   (28) 

 It may also happen that we do not extend the function ( )ER t  evenly as 

explained above, in which case we have to consider all the other Fourier 

coefficients involving sines  as well. 

   The resulting systems of linear algebraic equations will be solved using the 

well-known method of " Least Squares". The number M  may be increased 

until some error criterion is satisfied. For our purposes, one of two measures 

of error will be considered hereafter:   

 1.  the maximal boundary error ( )ERB  measuring the largest error in 

satisfying the  boundary conditions:  
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0, ]

= sup ( ) ,
t T

ERB ER t


 (29) 

  

   2.  the maximal solution error ( )ERS  measuring the largest error between 

the approximate solution ( )aU r  and the exact solution (assumed known) 

( )eU r  at a certain properly chosen set of points in the domain of the solution:  

 = ( ) ( ) .max a k e k
k

ERS U Ur r  (30) 

  

 When the problem under consideration is a Dirichlet's problem, then ERB  

will be used, since the maximum error in the solution is expected to be 

reached at the boundary. 

   For more complicated cases, where there is more than one boundary 

condition, the same technique may be used invariably. For this, one has only 

to link additional intervals to [ , ]T T  corresponding to the additional 

boundary conditions. This will indeed be the case of the considered 

problems, when the domain of the solution is doubly-connected and, 

consequently, there are two boundary conditions to be addressed. Here, 
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5  Numerical results 

 In the subsequent figures, the dashed curves calculated on the boundary are 

obtained by BCM, while the plain curves are obtained by BFEM.  

5.1  The circular cylinder with elliptical hole 

   

   1.  The centralized hole. 

     Let the parametric representation of the circular and elliptical normal 

cross-sections    be:  
 1 1 1 1( ) = cos , ( ) = sin .x a y a     

and  
 

2 2 2 2( ) = cos , ( ) = sin .x a y b     

We take that pressures 
1p , 2p  are specified on the two boundaries 1C , 2C  in 

the period 0 < 2  .  
 

1= , = 0.nn np    

on 1C ,  
 

2= , = 0.nn np    

on 2C . 

   The above equations are solved numerically using Mathematica software, 

from which we have acquired the boundary values of the basic harmonic 

functions  , c  , , the stress function U  and displacements u , v . This is 

shown on the following figures:  

    

 
 

Figure 1 :Circular normal cross-sections with central elliptical hole for   
1,1,3.0,5,0,1 21221  ppbaa  
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                                      (a)                             c                               

(b)                          

        
      

 

                                                                     

                                                                 (c) 

 
 

Figure 2: Harmonic function (a) ; (b) c ; (c)   on the circular 

cross-section with central elliptical hole 

 

 

For the function of stress and displacements inside the domain  

 

    

 
Figure 3: Stress function U  in the circular domain with central 

elliptical hole  

 



التربوي مجلة  

Solution of some problems of linear plane elasticity in doubly-connected 

regions by the method of boundary integrals                                         العدد    

 

356 

 

         
 

Figure 4: Displacements (a) u ; (b) v  in the circular domain with central 

elliptical hole 

 

 2.  The shifted hole. 

   When the elliptical hole is shifted towards the right by a distance c, the 

parametric                                                    representation of the circular and 

elliptical normal cross-sections is: 
 1 1 1 1( ) = cos , ( ) = sin .x a y a     

and  
 

2 2 2 2( ) = cos , ( ) = sin .x a c y b     

 

 
 

 

Figure 5: Circular normal cross-sections with shifted elliptical hole for 
3.0,1,1,3.0,5.0,1 21221  cppbaa  

 

 

              

                      (a)                                            c                  (b) 
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                                                            (c) 

 
 

Figure 6: Harmonic function (a) ; (b) c ; (c)   on the circular 

cross-section with shifted elliptical hole. 

  

 
 

Figure 7: Stress function U  in the circular domain with shifted 

elliptical hole 
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Figure 8: Displacements (a) u ; (b) v  in the circular domain with shifted 

elliptical hole 

 

 

5.2  The rectangular cylinder with rectangular hole 

   

    1.  The centralized hole. 

         Let the parametric representation of the rectangular cross-sections be  

  

1 1 1 1 1

1 1 1 1 1

1 1 1 1

1 1 1 1 1

1 1 1 1 1

, 2 2 2

, 2

= ,

, 2

, 2 2 2

a a b s a b

s b a a b s b

x s a b s b

s a b b s a b

a a b s a b

      


       




  


     


    

 

 

  

1 1 1 1 1 1

1 1 1 1

1 1 1

1 1 1 1

1 1 1 1 1 1

2 2 , 2 2 2

, 2

= ,

, 2

2 2 , 2 2 2

s a b a b s a b

b a b s b

y s s b s b

b b s a b

s a b a b s a b
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2 2 2 2 2

2 2 2 2 2

2 2 2 2

2 2 2 2 2

2 2 2 2 2

, 2 2 2

, 2

= ,

, 2

, 2 2 2

a a b s a b

s b a a b s b

x s a b s b

s a b b s a b

a a b s a b

      


       




  


     


    

 

 

  

2 2 2 2 2 2

2 2 2 2

2 2 2

2 2 2 2

2 2 2 2 2 2

2 2 , 2 2 2

, 2

= ,

, 2

2 2 , 2 2 2

s a b a b s a b

b a b s b

y s s b s b

b b s a b

s a b a b s a b

       


     




  



  


      

 

(a) We take that the pressures 1p , 2p  are known on the two boundaries 1C , 

2C  in                                                                  the period     

2 2 < 2 2a b s a b    . 
 1= , = 0,nn np    

    on 1C   
 

2= , = 0.nn np    

    on 2C . 

The above equations are solved numerically using the Mathematica 

program, from which we have acquired the harmonic functions  , c ,  , the 

stress function U , and displacements u , v  This is shown on the following 

figures:  
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Figure 9 :Rectangle normal cross-sections with rectanglel hole for 

5.0,1 21  aa . 

 1,1,3.0,6.0 2121  ppbb .           

                                

 

 

 

 

 

 

 

 

 

 

 

 

       (a)                                                                    (b)                c            

            
                                                

                                                    (c)          
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Figure 10: Harmonic function (a) ; (b) c ; (c)   on the rectangular 

domain   with rectangular hole. 

        

 
Figure 11: Stress function U  in the rectangular domain with 

rectangular hole 

 

 

         
Figure 12: Displacements (a) u ; (b) v  in the rectangular domain with 

rectangular hole 

 

  2.  The shifted hole. 

When the rectangular hole is shifted toward the right by a distance c, the 

parametric representation of the circular and elliptical normal cross-sections 

is: 
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Figure 13 :Rectangle normal cross-sections with shifted rectanglel 

hole for 3.0,1,1,3.0,6.0,5.0,1 212121  cppbbaa  

 

 

                                                                                               c      
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Figure 14: Harmonic function (a) ; (b) c ; (c)   on the rectangular 

domain   with shifted rectangular hole. 

 

     

 
Figure 15: Stress function U  in the rectangular domain with shifted 

rectangular hole 

 

     
 

Figure 16: Displacements (a) u ; (b) v  in the rectangular domain with shifted 

rectangular hole 

 

6  Conclusions 

 On the basis of the obtained results, we could make the following remarks 

concerning the solutions of the considered elastic problems in some types of 

doubly-connected domains, and the efficiency of the used methods of 
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solution:   

      1.  We have considered the Lamé problem of elasticity in a doubly-

connected domain, while using the basic equations of elasticity for simply 

connected regions. For this, we have set the tangential stress to zero on the 

internal boundary, while the normal stress was set equal to the prescribed 

value. The aim was to compare two boundary methods of solution, BFEM 

and BCM, for efficiency.  

     2.  BFEM performs better than BCM, especially in what concerns the 

function u  and v  on the inner boundary, and also because the shape of the 

boundary curves is more regular than for BCM. This could be clearly seen 

from the obtained figures for the tubes with shifted holes, especially for the 

rectangular normal cross-section with rectangular hole. The discrepancies 

between the two methods for the rectangular inner boundary were 

concentrated on those portions which are parallel to the y   axis.  

     3.  Although the errors in satisfying the boundary conditions for both 

BCM and BFEM were quite small for most of the cases, we noticed that 

obtained solution by BCM for the displacement components on the inner 

boundary were incorrect. In our opinion, this is due to the insufficient 

number of used nodes in BCM.  

    4.  When using the BCM, matrices near to square yielded better results. 

As the matrix deviates from being square, the errors increase drastically. As 

to BFEM, the larger number of zeroed Fourier coefficients gave better 

results as expected.  

     5.  We have tried different methods of solution of the arising systems of 

linear algebraic equations: Least Squares and QR-Factorization techniques. 

Results from both methods coincided.  

     6.  The results obtained by BFEM showed good stability when increasing 

the number of zeroed Fourier coefficients.  

     7.  The obtained solutions from both methods in all of the considered 

cases do not include a rigid body motion.  

     8.  The stress function inside the domain assumed only negative values, 

which increase in absolute value when moving from the internal towards the 

external boundary.  

    9.  The three-dimensional plots for both Cartesian displacement 

components were similar, as expected from symmetry considerations.  

 

References     



التربوي مجلة  

Solution of some problems of linear plane elasticity in doubly-connected 

regions by the method of boundary integrals                                         العدد    

 

366 

 

 

   [1]  M.S. Abou-Dina, Implementation of Trefftz's method for the solution 

of some elliptic boundary-value problems, Appl. Math. Comput. 127, 125-

147 (2002).  

 

   [2]  M.S. Abou-Dina and A. F. Ghaleb, On the boundary integral 

formulation of the plane theory of elasticity with applications (analytical 

aspects), J. Comput. Appl. Math. 106, 55-70 (1999).  

 

   [3]  M.S. Abou-Dina and A. F. Ghaleb, On the boundary integral 

formulation of the plane theory of elasticity (computational aspects), J. 

Comput. Appl. Math. 159, 285-317 (2003).  

 

   [4]  M.S. Abou-Dina and A.F. Ghaleb, A variant of Trefftz's method by 

boundary Fourier expansion for solving regular and singular plane 

boundary-value problems, J. Comput. Appl. Math. (C.A.M.) 167, 363-387 

(2004).  

 

   [5]  C-S.Liu, A highly accurate collocation Trefftz method for solving the 

Laplace equation in the doubly-connected domains, Num. Meth. for Partial 

Differential equations 24, 179-192 (2008)  

   [6]  G. Fairweather and A. Karageorghis, The method of fundamental 

solutions for elliptic boundary-value problems, Adv. Comput. Math. 9, 69-

95 (1998).  

 

   [7]  I. Herrera, Boundary methods: a criterion for completeness, Proc. Nat. 

Acad. Sci. USA 77(8), 4395-4398 (1980).  

 

   [8]  I. Herrera and H. Gourgen, Boundary methods, C-complete systems 

for Stokes problems, Comput. Meth. Appl. Mech. Eng. 30, 225-244 (1982).  

 

   [9]  I. Herrera, Trefftz-Herrera method, CAMES 4, 369-382 (1997).  

 

   [10]  E. Kita and N. Kamiya, Trefftz method: An overview, Adv. Eng. 

Software 24, 3-12 (1995).  

 

   [11]  J.A. Kolodziej, Review of application of boundary collocation 



التربوي مجلة  

Solution of some problems of linear plane elasticity in doubly-connected 

regions by the method of boundary integrals                                         العدد    

 

367 

 

method in mechanics of continuous medium, Solid Mech. Arch. 12, 187-231 

(1987).  

 

   [12]  J.A. Kolodziej and M. Kleiber, Boundary collocation method vs. 

FEM for some harmonic 2D problems, Comput. Structures 33, 155-168 

(1989).  

 

   [13]  A. Poullicas, A. Karageorghis and G. Georgiou, Method of 

fundamental solutions for harmonic and biharmonic boundary-value 

problems, Comput. Mech. 21, 416-423 (1998).  

 

   [14]  G.P. Tolstov, Fourier series, Dover Publ., Inc., New York (1962).  

 

   [15]  E. Trefftz, Ein Gegenstück zum Ritz'schen Verfahren, Proc. 2nd Int. 

Cong. Appl. Mech. Zurich, 131-137 (1926).  

 

   [16]  A.P. Zielinski and I. Herrera, Trefftz method: Fitting boundary 

conditions, Int. J. Numer. Meth. Eng. 24, 871-891 (1987).  



 مجلة التربوي

Common Fixed Point Theorems for Occasionally Weakly Compatible 

Mappings in Fuzzy 2-Metric Space  العدد
 

368 

 

Amal Abdulsalam Shamila, Soad Muftah Abdurahman, Fatma Mustafa Omiman 

Department of Mathematics, Faculty of Sciences, ElMergib University, Al-Khums, Libya 

 

Abstract 

The purpose of this paper is to obtain some common fixed point theorems in 

fuzzy 2-metric space under the condition of occasionally weakly compatible 

mappings.  

Keywords: Fuzzy 2-metric space, occasionally weakly compatible mappings, 

coincidence point and common fixed point. 
 

1. Introduction 

It proved a turning point in the development of fuzzy mathematics when 

the notion of fuzzy set was introduced by Zadeh [8] in 1965. Since then, many 

authors developed the theory of fuzzy sets and its applications. Following the 

concept of fuzzy sets, fuzzy metric spaces have been introduced by Kramosil 

and Michaleck [5] in 1975 which was later modified by George and 

Veeramani [1] with the help of continuous t-norm in 1994. Consequently in 

due course of time some metric fixed point results were generalized to fuzzy 

metric spaces by various authors. Later in 2008, Kumar [17] defined the 

concept of fuzzy 2-metric space akin to 2-metric space which was introduced 

by Gähler [12] and obtained a generalization of Banach contraction principle 

in fuzzy 2-metric spaces. In 1998, Jungck and Rhoades [4] introduced the 

notion of weakly compatible mappings in metric spaces, after that, Singh and 

Jain [2] formulated the notion of weakly compatible mappings in fuzzy metric 

spaces. This condition has further been weakened by introducing the notion of 

occasionally weakly compatible mappings by Al-Thagafi and Shahzad [10]. 

While Khan and Sumitra [9] extended the notion of occasionally weakly 

compatible mappings in fuzzy metric spaces and proved some common fixed 

point theorems. In recent years, several authors proved various fixed point 

theorems employing more generalized conditions in difference spaces [2], [3], 

[6], [7], [11], [13], [14], [15], [16], [18], [19]. In this paper, we prove the 

existence and uniqueness of some common fixed point theorems for pairs of 

occasionally weakly compatible mappings in fuzzy 2-metric space by using 

commutative conditions.  

2. Preliminaries 

Definition 2.1. Let 𝑋 be any nonempty set. A fuzzy set 𝑀 in 𝑋 is a function 

with domain 𝑋 and values in [0,1]. 
Definition 2.2. A binary operation ∗: [0,1] × [0,1] → [0,1] is a continuous t-
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norm if it satisfies the following conditions: 

(1) ∗ is associative and commutative,  

(2) ∗ is continuous function, 

(3) 𝑎 ∗ 1 = 𝑎 for all 𝑎 ∈ [0,1], 
(4)  𝑎 ∗ 𝑏 ≤ 𝑐 ∗ 𝑑 whenever 𝑎 ≤ 𝑐 and 𝑏 ≤ 𝑑 for all 𝑎, 𝑏, 𝑐, 𝑑 ∈ [0,1]. 

 Examples of t-norm are 𝑎 ∗ 𝑏 = 𝑎𝑏 and 𝑎 ∗ 𝑏 = 𝑚𝑖𝑛 {𝑎, 𝑏}. 

Definition 2.3. The 3-tuple (𝑋, 𝑀,∗) is called a fuzzy metric space if 𝑋 is an 

arbitrary set, ∗ is a continuous t-norm and 𝑀 is a fuzzy set in 𝑋 × 𝑋 × [0, ∞) 

satisfying the following conditions: for all 𝑥, 𝑦, 𝑧 ∈ 𝑋 and 𝑡, 𝑠 > 0 

(1) 𝑀(𝑥, 𝑦, 𝑡) > 0,  

(2) 𝑀(𝑥, 𝑦, 𝑡) = 1 for all 𝑡 > 0 if and only if 𝑥 = 𝑦,  

(3) 𝑀(𝑥, 𝑦, 𝑡) = 𝑀(𝑦, 𝑥, 𝑡),  

(4) 𝑀(𝑥, 𝑧, 𝑡 + 𝑠) ≥ 𝑀(𝑥, 𝑦, 𝑡) ∗ 𝑀(𝑦, 𝑧, 𝑠),  

(5) 𝑀(𝑥, 𝑦, . ): [0, ∞)  →  [0, 1] is a left continuous function. 

Note that, the function value 𝑀(𝑥, 𝑦, 𝑡) can be considered as the degree of 

nearness between 𝑥 and 𝑦 with respect to 𝑡.  

Example: Let 𝑋 = ℝ. Define 𝑎 ∗ 𝑏 = 𝑎𝑏 for all 𝑎, 𝑏 ∈  [0,1] and 

𝑀(𝑥, 𝑦, 𝑡) =  [𝑒𝑥𝑝
|𝑥 − 𝑦|

𝑡
]

−1

 

for all 𝑥, 𝑦 ∈ 𝑋 and 𝑡 ∈ (0, ∞). Then (𝑋, 𝑀,∗) is a fuzzy metric space.  

Remark: Every metric 𝑑(𝑥, 𝑦)  induces a fuzzy metric 𝑀(𝑥, 𝑦, 𝑡)  by the 

relation 𝑀(𝑥, 𝑦, 𝑧, 𝑡) =
𝑡

𝑡+𝑑(𝑥,𝑦)
 such a fuzzy metric is called standard fuzzy 

metric. 

Definition 2.4. Let 𝑋  be a nonempty set and 𝑑  be a positive real valued 

function on 𝑋 × 𝑋 × 𝑋 satisfies the following conditions: 

(1) For distinct points 𝑥, 𝑦 ∈ 𝑋, there exists a point 𝑧 ∈ 𝑋 such that 

𝑑(𝑥, 𝑦, 𝑧) ≠ 0,  

(2) 𝑑(𝑥, 𝑦, 𝑧) = 0 if at least two of 𝑥, 𝑦 and 𝑧 ∈ 𝑋 are equal,  

(3) 𝑑(𝑥, 𝑦, 𝑧) = 𝑑(𝑥, 𝑧, 𝑦) = 𝑑(𝑦, 𝑧, 𝑥 )   ∀ 𝑥, 𝑦, 𝑧 ∈ 𝑋,  

(4) 𝑑(𝑥, 𝑦, 𝑧) ≤ 𝑑(𝑥, 𝑦, 𝑤) + 𝑑(𝑥, 𝑤, 𝑧) + 𝑑(𝑤, 𝑦, 𝑧)   ∀ 𝑥, 𝑦, 𝑧, 𝑤 ∈ 𝑋. 

Then the ordered pair (𝑋, 𝑑)  is called 2-metric space. Geometrically, a 2-

metric 𝑑(𝑥, 𝑦, 𝑧) represents the area of a triangle with vertices 𝑥, 𝑦 and 𝑧 in the 

Euclidean space. 

Example: Let 𝑋 = ℝ3 and let 𝑑 (𝑥, 𝑦, 𝑧) the area of the triangle spanned by 

𝑥, 𝑦 and 𝑧, which may be given explicitly by the formula, 

𝑑(𝑥, 𝑦, 𝑧) = |𝑥1(𝑦2𝑧3 − 𝑦3𝑧2) − 𝑥2(𝑦1𝑧3 − 𝑦3𝑧1) + 𝑥3(𝑦1𝑧2 − 𝑦2𝑧1)| 
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Where 𝑥 = (𝑥1, 𝑥2, 𝑥3), 𝑦 = (𝑦1, 𝑦2, 𝑦3), 𝑧 = (𝑧1, 𝑧2, 𝑧3). Then (𝑋, 𝑑) is a 2-

metric space. 

Definition 2.5. An operation ∗: [0, 1] × [0, 1] × [0, 1] →  [0, 1] is called a 

continuous t-norm if the following conditions are satisfied: for all 

𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 ∈  [0,1] 
(1)  ∗ (𝑎, 1, 1) = 𝑎   ,   ∗ (0, 0, 0) = 0, 

(2) ∗ (𝑎, 𝑏, 𝑐) =∗ (𝑎, 𝑐, 𝑏) =∗ (𝑏, 𝑎, 𝑐), 

(3) ∗ (∗ (𝑎, 𝑏, 𝑐), 𝑑, 𝑒) =∗ (𝑎,∗ (𝑏, 𝑐, 𝑑), 𝑒) =∗ (𝑎, 𝑏,∗ (𝑐, 𝑑, 𝑒)), 

(4) 𝑎 ∗ 𝑏 ∗ 𝑐 ≤ 𝑑 ∗ 𝑒 ∗ 𝑓 whenever 𝑎 ≤ 𝑑, 𝑏 ≤ 𝑒 and 𝑐 ≤ 𝑓. 

   Examples of t-norm are 𝑎 ∗ 𝑏 ∗ 𝑐 = 𝑎𝑏𝑐 and 𝑎 ∗ 𝑏 ∗ 𝑐 = 𝑚𝑖𝑛{𝑎, 𝑏, 𝑐}. 

Definition 2.6. The 3-tuple (𝑋, 𝑀,∗) is called a fuzzy 2-metric space if 𝑋 is an 

arbitrary set, ∗ is a continuous t-norm and 𝑀 is a fuzzy set in 𝑋 × 𝑋 × 𝑋 ×
[0, ∞) satisfying the following conditions: for all 𝑥, 𝑦, 𝑧, 𝑤 ∈ 𝑋 and 𝑡1, 𝑡2, 𝑡3 >
0 

(1) 𝑀(𝑥, 𝑦, 𝑧, 0) = 0, 

(2) 𝑀(𝑥, 𝑦, 𝑧, 𝑡) = 1 for all 𝑡 > 0 if and only if at least two of the three points 

are equal, 

(3) 𝑀(𝑥, 𝑦, 𝑧, 𝑡) = 𝑀(𝑥, 𝑧, 𝑦, 𝑡) = 𝑀(𝑦, 𝑧, 𝑥, 𝑡) for all 𝑡 > 0,  

  (Symmetry about first three variables) 

(4) 𝑀(𝑥, 𝑦, 𝑧, 𝑡1 + 𝑡2 + 𝑡3) ≥ 𝑀(𝑥, 𝑦, 𝑤, 𝑡1) ∗ 𝑀(𝑥, 𝑤, 𝑧, 𝑡2) ∗ 𝑀(𝑤, 𝑦, 𝑧, 𝑡3),  

  (This corresponds to tetrahedron inequality in 2-metric space) 

(5) 𝑀(𝑥, 𝑦, 𝑧,·): [0, ∞)  →  [0,1] is left continuous .  

Note that, The function value 𝑀(𝑥, 𝑦, 𝑧, 𝑡)  may be interpreted as the 

probability that the area of triangle formed by the three points 𝑥, 𝑦, 𝑧 is less 

than 𝑡. 

Example: Let (𝑋, 𝑑) be 2-metric space. For all 𝑥, 𝑦, 𝑧 ∈  𝑋 and 𝑡 > 0 define  

𝑀 (𝑥, 𝑦, 𝑧, 𝑡) =
𝑡

𝑡 + 𝑑(𝑥, 𝑦, 𝑧)
 

Then (𝑋, 𝑀,∗)  is a fuzzy 2-metric space. Such a fuzzy 2-metric space is 

known as induced fuzzy 2-metric space. 

Lemma 2.7. Let (𝑋, 𝑀,∗) be a fuzzy 2-metric space. Then 𝑀(𝑥, 𝑦, 𝑧, . ) is non-

decreasing function for all 𝑥, 𝑦, 𝑧 ∈ 𝑋. 

Definition 2.8. A sequence {𝑥𝑛} in a fuzzy 2-metric space (𝑋, 𝑀,∗) is said to 

converge to 𝑥 in 𝑋 if and only if 𝑙𝑖𝑚
𝑛→∞

𝑀 (𝑥𝑛, 𝑥, 𝑧, 𝑡) = 1   ∀ 𝑧 ∈ 𝑋 and 𝑡 > 0.   
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Definition 2.9. Let (𝑋, 𝑀,∗) be a fuzzy 2-metric space. A sequence {𝑥𝑛} in 𝑋 

is called a Cauchy sequence if and only if 𝑙𝑖𝑚
𝑛→∞

𝑀 (𝑥𝑛+𝑚, 𝑥𝑛, 𝑧, 𝑡) = 1  ∀ 𝑧 ∈

𝑋, 𝑚 ∈ ℕ, and  t > 0.    

Definition 2.10. A fuzzy 2-metric space (𝑋, 𝑀,∗) is said to be complete if and 

only if every Cauchy sequence in 𝑋 is convergent in 𝑋.   

Definition 2.11. Let 𝑋  be a nonempty set. An element 𝑥 ∈ 𝑋  is called a 

common fixed point of mappings  𝐹: 𝑋 → 𝑋  and 𝑇: 𝑋 → 𝑋  if 𝑥 = 𝑇(𝑥) =
𝐹(𝑥). 
Definition 2.12. Let 𝑋  be a nonempty set. The mappings 𝐹: 𝑋 → 𝑋  and 

𝑇: 𝑋 → 𝑋 are called commutative if 𝑇(𝐹(𝑥)) = 𝐹(𝑇(𝑥))  for all 𝑥 ∈ 𝑋. 
Definition 2.13. Let 𝑋 be a set, 𝐹 𝑎𝑛𝑑 𝑇 be self-mappings of 𝑋. A point 𝑥 in 

𝑋 is called a coincidence point of 𝐹  and 𝑇 if and only if 𝐹(𝑥) = 𝑇(𝑥). We 

shall call 𝑤 = 𝐹(𝑥) = 𝑇(𝑥) a point of coincidence of 𝐹 and 𝑇. 

Definition 2.14. A pair of mappings 𝐹 and 𝑇 is called weakly compatible pair 

if they commute at coincidence points. 

Definition 2.15. Two self-mappings 𝐹  and 𝑇  of a set 𝑋  are occasionally 

weakly compatible if and only if there is a point 𝑥 in 𝑋 that is a coincidence 

point of 𝐹 and 𝑇 at which 𝐹 and 𝑇 commute. 

 Lemma 2.16. Let 𝑋 be a set, 𝐹and 𝑇 be occasionally weakly compatible self-

maps of 𝑋. If 𝐹 and 𝑇 have a unique point of coincidence, 𝑤 = 𝐹(𝑥) = 𝑇(𝑥), 
then 𝑤 is the unique common fixed point of 𝐹 and 𝑇. 

Lemma 2.17. Let (𝑋, 𝑀,∗) be a fuzzy 2-metric space. If there exists 𝑘 ∈ (0,1) 

such that 𝑀(𝑥, 𝑦 , 𝑧 , 𝑘𝑡) ≥ 𝑀(𝑥 , 𝑦 , 𝑧 , 𝑡)  for all 𝑥, 𝑦, 𝑧 ∈ 𝑋  and 𝑡 > 0 , then 

𝑥 = 𝑦. 

3. Main Results 

We have the following theorems. 

Theorem 3.1. Let (𝑋, 𝑀,∗)  be a complete fuzzy 2-metric space and let 

𝑆, 𝑇, 𝐴, 𝐵, 𝑃  and 𝑄  be six self-mappings of 𝑋 . Let the pairs {𝑆, 𝐴𝐵}  and 

{𝑇, 𝑃𝑄} be occasionally weakly compatible and suppose that 

𝐴𝐵 = 𝐵𝐴, 𝐴𝑆 = 𝑆𝐴, 𝐵𝑆 = 𝑆𝐵, 𝑇𝑃 = 𝑃𝑇, 𝑃𝑄 = 𝑄𝑃 and 𝑇𝑄 = 𝑄𝑇. 
If there exists 𝑘 ∈ (0, 1) such that 

          𝑀(𝑆𝑥, 𝑇𝑦, 𝑧, 𝑘𝑡)

≥ min {
 𝑀(𝐴𝐵𝑥, 𝑃𝑄𝑦, 𝑧, 𝑡), 𝑀(𝑆𝑥, 𝐴𝐵𝑥, 𝑧, 𝑡),

𝑀(𝑇𝑦, 𝑃𝑄𝑦, 𝑧, 𝑡)
}             (1) 

for all 𝑥, 𝑦, 𝑧 ∈ 𝑋 and for all 𝑡 > 0, then there is a unique common fixed point 

of 𝑆, 𝑇, 𝐴, 𝐵, 𝑃 and 𝑄. 
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Proof. Since the pairs {𝑆, 𝐴𝐵}  and {𝑇, 𝑃𝑄}  are occasionally weakly 

compatible, so there are points 𝑥, 𝑦 ∈ 𝑋 such that 

𝑆𝑥 = 𝐴𝐵𝑥;  𝑆𝐴𝐵𝑥 = 𝐴𝐵𝑆𝑥   and   𝑇𝑦 = 𝑃𝑄𝑦; 𝑇𝑃𝑄𝑦 = 𝑃𝑄𝑇𝑦. 
We claim that 𝑆𝑥 = 𝑇𝑦. If 𝑆𝑥 ≠ 𝑇𝑦, then there exists a positive real number 𝑡 

such that 𝑀(𝑆𝑥, 𝑇𝑦, 𝑧, 𝑡) <  1. By inequality (1) we obtain 

𝑀(𝑆𝑥, 𝑇𝑦, 𝑧, 𝑘𝑡) ≥ min {
𝑀(𝑆𝑥, 𝑇𝑦, 𝑧, 𝑡), 𝑀(𝑆𝑥, 𝑆𝑥, 𝑧, 𝑡),

𝑀(𝑇𝑦, 𝑇𝑦, 𝑧, 𝑡)
} 

                                                       = min{𝑀(𝑆𝑥, 𝑇𝑦, 𝑧, 𝑡), 1,1} 

                                                       =  𝑀(𝑆𝑥, 𝑇𝑦, 𝑧, 𝑡). 
Therefore 𝑆𝑥 = 𝑇𝑦, so we have 𝑆𝑥 = 𝐴𝐵𝑥 = 𝑇𝑦 = 𝑃𝑄𝑦. Suppose that there 

is another point 𝑢 such that 𝑆𝑢 = 𝐴𝐵𝑢 then by inequality (1) we have 𝑆𝑢 =
𝐴𝐵𝑢 = 𝑇𝑦 = 𝑃𝑄𝑦, so 𝑆𝑥 = 𝑆𝑢 = 𝑤  and 𝑤 = 𝑆𝑥 = 𝐴𝐵𝑥  is the unique point 

of coincidence of 𝑆 and 𝐴𝐵. By Lemma 2.16 𝑤 is the unique common fixed 

point of 𝑆 and 𝐴𝐵. Similarly, there is a unique point 𝑟 ∈ 𝑋 such that 𝑟 = 𝑇𝑟 =
𝑃𝑄𝑟. 
Now assume that 𝑤 ≠ r. So we have 

       𝑀(𝑤, 𝑟, 𝑧, 𝑘𝑡) = 𝑀(𝑆𝑤, 𝑇𝑟, 𝑧, 𝑘𝑡)  
                              

≥ min{𝑀(𝐴𝐵𝑤, 𝑃𝑄𝑟, 𝑧, 𝑡), 𝑀(𝑆𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡), 𝑀(𝑇𝑟, 𝑃𝑄𝑟, 𝑧, 𝑡) } 

                              = min{𝑀(𝑤, 𝑟, 𝑧, 𝑡), 𝑀(𝑤, 𝑤, 𝑧, 𝑡), 𝑀(𝑟, 𝑟, 𝑧, 𝑡)} 

                              = min{𝑀(𝑤, 𝑟, 𝑧, 𝑡), 1,1} = 𝑀(𝑤, 𝑟, 𝑧, 𝑡). 
Therefore we have 𝑟 = 𝑤, by Lemma 2.16 𝑤 is a common fixed point of 

𝑆, 𝑇, 𝐴𝐵 and 𝑃𝑄.  

Putting 𝑥 = 𝐴𝑤 and 𝑦 = 𝑤 in inequality (1) we get  

𝑀(𝑆𝐴𝑤, 𝑇𝑤, 𝑧, 𝑘𝑡) ≥ min {
 𝑀(𝐴𝐵𝐴𝑤, 𝑃𝑄𝑤, 𝑧, 𝑡), 𝑀(𝑆𝐴𝑤, 𝐴𝐵𝐴𝑤, 𝑧, 𝑡),

𝑀(𝑇𝑤, 𝑃𝑄𝑤, 𝑧, 𝑡)
}  

𝑀(𝐴𝑆𝑤, 𝑇𝑤, 𝑧, 𝑘𝑡) ≥ min {
 𝑀(𝐴𝐴𝐵𝑤, 𝑃𝑄𝑤, 𝑧, 𝑡), 𝑀(𝐴𝑆𝑤, 𝐴𝐴𝐵𝑤, 𝑧, 𝑡),

𝑀(𝑇𝑤, 𝑃𝑄𝑤, 𝑧, 𝑡)
} 

                    𝑀(𝐴𝑤, 𝑤, 𝑧, 𝑘𝑡) ≥ min {
 𝑀(𝐴𝑤, 𝑤, 𝑧, 𝑡), 𝑀(𝐴𝑤, 𝐴𝑤, 𝑧, 𝑡),

𝑀(𝑤, 𝑤, 𝑧, 𝑡)
} 

                                              = min{𝑀(𝐴𝑤, 𝑤, 𝑧, 𝑡), 1,1} = 𝑀(𝐴𝑤, 𝑤, 𝑧, 𝑡) 

implies that 𝐴𝑤 = 𝑤. Next, put 𝑥 = 𝐵𝑤 and 𝑦 = 𝑤 we obtain 

𝑀(𝑆𝐵𝑤, 𝑇𝑤, 𝑧, 𝑘𝑡) ≥ min {
 𝑀(𝐴𝐵𝐵𝑤, 𝑃𝑄𝑤, 𝑧, 𝑡), 𝑀(𝑆𝐵𝑤, 𝐴𝐵𝐵𝑤, 𝑧, 𝑡),

𝑀(𝑇𝑤, 𝑃𝑄𝑤, 𝑧, 𝑡)
} 

𝑀(𝐵𝑆𝑤, 𝑇𝑤, 𝑧, 𝑘𝑡) ≥ min {
 𝑀(𝐵𝐴𝐵𝑤, 𝑃𝑄𝑤, 𝑧, 𝑡), 𝑀(𝐵𝑆𝑤, 𝐵𝐴𝐵𝑤, 𝑧, 𝑡),

𝑀(𝑇𝑤, 𝑃𝑄𝑤, 𝑧, 𝑡)
}  
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                   𝑀(𝑆𝑤, 𝑤, 𝑧, 𝑘𝑡) ≥ min {
 𝑀(𝐵𝑤, 𝑤, 𝑧, 𝑡), 𝑀(𝐵𝑤, 𝐵𝑤, 𝑧, 𝑡),

𝑀(𝑤, 𝑤, 𝑧, 𝑡)
}  

                  = min{𝑀(𝐵𝑤, 𝑤, 𝑧, 𝑡), 1,1} = 𝑀(𝐵𝑤, 𝑤, 𝑧, 𝑡) 

therefore 𝐵𝑤 = 𝑤. By putting 𝑥 = 𝑤 and 𝑦 = 𝑃𝑤 we get 

𝑀(𝑆𝑤, 𝑇𝑃𝑤, 𝑧, 𝑘𝑡) ≥ min {
 𝑀(𝐴𝐵𝑤, 𝑃𝑄𝑃𝑤, 𝑧, 𝑡), 𝑀(𝑆𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡),

𝑀(𝑇𝑃𝑤, 𝑃𝑄𝑃𝑤, 𝑧, 𝑡)
} 

𝑀(𝑆𝑤, 𝑃𝑇𝑤, 𝑧, 𝑘𝑡) ≥ min {
 𝑀(𝐴𝐵𝑤, 𝑃𝑃𝑄𝑤, 𝑧, 𝑡), 𝑀(𝑆𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡),

𝑀(𝑃𝑇𝑤, 𝑃𝑃𝑄𝑤, 𝑧, 𝑡)
} 

                        𝑀(𝑤, 𝑃𝑤, 𝑧, 𝑘𝑡) ≥ min {
 𝑀(𝑤, 𝑃𝑤, 𝑧, 𝑡), 𝑀(𝑤, 𝑤, 𝑧, 𝑡),

𝑀(𝑃𝑤, 𝑃𝑤, 𝑧, 𝑡)
} 

                                                 = min{𝑀(𝑤, 𝑃𝑤, 𝑧, 𝑡), 1,1} = 𝑀(𝑤, 𝑃𝑤, 𝑧, 𝑡) 

thus 𝑃𝑤 = 𝑤. Next, put 𝑥 = 𝑤 and 𝑦 = 𝑄𝑤 we have 

𝑀(𝑆𝑤, 𝑇𝑄𝑤, 𝑧, 𝑘𝑡) ≥ min {
 𝑀(𝐴𝐵𝑤, 𝑃𝑄𝑄𝑤, 𝑧, 𝑡), 𝑀(𝑆𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡),

𝑀(𝑇𝑄𝑤, 𝑃𝑄𝑄𝑤, 𝑧, 𝑡)
} 

𝑀(𝑆𝑤, 𝑄𝑇𝑤, 𝑧, 𝑘𝑡) ≥ min {
 𝑀(𝐴𝐵𝑤, 𝑄𝑃𝑄𝑤, 𝑧, 𝑡), 𝑀(𝑆𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡),

𝑀(𝑄𝑇𝑤, 𝑄𝑃𝑄𝑤, 𝑧, 𝑡)
} 

                     𝑀(𝑤, 𝑄𝑤, 𝑧, 𝑘𝑡) ≥ min {
 𝑀(𝑤, 𝑄𝑤, 𝑧, 𝑡), 𝑀(𝑤, 𝑤, 𝑧, 𝑡),

𝑀(𝑄𝑤, 𝑄𝑤, 𝑧, 𝑡)
} 

                                                = min{𝑀(𝑤, 𝑄𝑤, 𝑧, 𝑡), 1,1} = 𝑀(𝑤, 𝑄𝑤, 𝑧, 𝑡) 

hence 𝑄𝑤 = 𝑤. From the previse procedure we have  

𝑆𝑤 = 𝑇𝑤 = 𝐴𝑤 = 𝐵𝑤 = 𝑃𝑤 = 𝑄𝑤 = 𝑤. 
Therefore, 𝑤 is a common fixed point of 𝑆, 𝑇, 𝐴, 𝐵, 𝑃 and 𝑄. The uniqueness of 

the common fixed point holds from inequality (1). 
Theorem 3.2. Let (𝑋, 𝑀,∗)  be a complete fuzzy 2-metric space and let 

𝑆, 𝑇, 𝐴, 𝐵, 𝑃  and 𝑄  be six self-mappings of 𝑋 . Let the pairs {𝑆, 𝐴𝐵}  and 

{𝑇, 𝑃𝑄} be occasionally weakly compatible and suppose that 

𝐴𝐵 = 𝐵𝐴, 𝐴𝑆 = 𝑆𝐴, 𝐵𝑆 = 𝑆𝐵, 𝑇𝑃 = 𝑃𝑇, 𝑃𝑄 = 𝑄𝑃 and 𝑇𝑄 = 𝑄𝑇. 
If there exists 𝑘 ∈ (0, 1) such that 

𝑀(𝑆𝑥, 𝑇𝑦, 𝑧, 𝑘𝑡) ≥ 𝜑 (𝑚𝑖𝑛 {
 𝑀(𝐴𝐵𝑥, 𝑃𝑄𝑦, 𝑧, 𝑡), 𝑀(𝑆𝑥, 𝐴𝐵𝑥, 𝑧, 𝑡),

𝑀(𝑇𝑦, 𝑃𝑄𝑦, 𝑧, 𝑡)
})           (2) 

for all 𝑥, 𝑦, 𝑧 ∈ 𝑋, 𝑡 > 0 and 𝜑: [0, 1] → [0, 1] such that 𝜑(ℎ) > ℎ for all 0 <
ℎ < 1, then there exists a unique common fixed point of 𝑆, 𝑇, 𝐴, 𝐵, 𝑃 and 𝑄 .  

Proof. The proof follows from Theorem 3.1. 

Theorem 3.3. Let (𝑋, 𝑀,∗) be a complete fuzzy 2-metric space and let 

𝑆, 𝑇, 𝐴, 𝐵, 𝑃  and 𝑄  be six self-mappings of 𝑋 . Let the pairs {𝑆, 𝐴𝐵}  and 

{𝑇, 𝑃𝑄} be occasionally weakly compatible and suppose that 

𝐴𝐵 = 𝐵𝐴, 𝐴𝑆 = 𝑆𝐴, 𝐵𝑆 = 𝑆𝐵, 𝑇𝑃 = 𝑃𝑇, 𝑃𝑄 = 𝑄𝑃 and 𝑇𝑄 = 𝑄𝑇. 
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If there exists 𝑘 ∈ (0, 1) such that 

𝑀(𝑆𝑥, 𝑇𝑦, 𝑧, 𝑘𝑡)

≥ 𝜑(𝑀(𝐴𝐵𝑥, 𝑃𝑄𝑦, 𝑧, 𝑡), 𝑀(𝑆𝑥, 𝐴𝐵𝑥, 𝑧, 𝑡), 𝑀(𝑇𝑦, 𝑃𝑄𝑦, 𝑧, 𝑡))           (3) 

for all 𝑥, 𝑦, 𝑧 ∈ 𝑋, 𝑡 > 0 and 𝜑: [0,1] × [0,1] × [0,1] → [0,1]  such that 

𝜑(ℎ, 1,1) > ℎ  for all 0 < ℎ < 1, then there exists a unique common fixed 

point of 𝑆, 𝑇, 𝐴, 𝐵, 𝑃 and 𝑄. 
Proof. Since the pairs {𝑆, 𝐴𝐵}  and {𝑇, 𝑃𝑄}  are occasionally weakly 

compatible, there are points 𝑥, 𝑦 ∈ 𝑋 such that 𝑆𝑥 = 𝐴𝐵𝑥 and 𝑇𝑦 = 𝑃𝑄𝑦. We 

claim that 𝑆𝑥 = 𝑇𝑦. By inequality (3) we have 

𝑀(𝑆𝑥, 𝑇𝑦, 𝑧, 𝑘𝑡)  ≥ 𝜑(𝑀(𝐴𝐵𝑥, 𝑃𝑄𝑦, 𝑧, 𝑡), 𝑀(𝑆𝑥, 𝐴𝐵𝑥, 𝑧, 𝑡), 𝑀(𝑇𝑦, 𝑃𝑄𝑦, 𝑧, 𝑡)) 
                                        = 𝜑(𝑀(𝑆𝑥, 𝑇𝑦, 𝑧, 𝑡), 𝑀(𝑆𝑥, 𝑆𝑥, 𝑧, 𝑡), 𝑀(𝑇𝑦, 𝑇𝑦, 𝑧, 𝑡))        

                                        = 𝜑(𝑀(𝑆𝑥, 𝑇𝑦, 𝑧, 𝑡),1,1) 

                                        >  𝑀(𝑆𝑥, 𝑇𝑦, 𝑧, 𝑡) 
Therefore 𝑆𝑥 = 𝑇𝑦, so we have 𝑆𝑥 = 𝐴𝐵𝑥 = 𝑇𝑦 = 𝑃𝑄𝑦. Suppose that there 

is another point 𝑢 ∈ 𝑋  such that 𝑆𝑢 = 𝐴𝐵𝑢  then by inequality (3) we have 

𝑆𝑢 = 𝐴𝐵𝑢 = 𝑇𝑦 =  𝑃𝑄𝑦, so 𝑆𝑥 = 𝑆𝑢 = 𝑤 and 𝑤 = 𝑆𝑥 = 𝐴𝐵𝑥 is the unique 

point of coincidence of 𝑆 and 𝐴𝐵. By Lemma 2.16 𝑤 is the unique common 

fixed point of 𝑆 and 𝐴𝐵. Similarly, there is a unique point 𝑟 ∈ 𝑋 such that 𝑟 =
𝑇𝑟 = 𝑃𝑄𝑟.  
Now assume that 𝑤 ≠ r. So we have 

       𝑀(𝑤, 𝑟, 𝑧, 𝑘𝑡) = 𝑀(𝑆𝑤, 𝑇𝑟, 𝑧, 𝑘𝑡)  
                              ≥

𝜑(𝑀(𝐴𝐵𝑤, 𝑃𝑄𝑟, 𝑧, 𝑡), 𝑀(𝑆𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡), 𝑀(𝑇𝑟, 𝑃𝑄𝑟, 𝑧, 𝑡)) 

                              = 𝜑(𝑀(𝑤, 𝑟, 𝑧, 𝑡), 𝑀(𝑤, 𝑤, 𝑧, 𝑡), 𝑀(𝑟, 𝑟, 𝑧, 𝑡)) 

                              = 𝜑(𝑀(𝑤, 𝑟, 𝑧, 𝑡), 1,1) > 𝑀(𝑤, 𝑟, 𝑧, 𝑡) 

Therefore we have 𝑟 = 𝑤, by Lemma 2.16 𝑤 is a common fixed point of 

𝑆, 𝑇, 𝐴𝐵 and 𝑃𝑄.  

Putting 𝑥 = 𝐴𝑤 and 𝑦 = 𝑤 in inequality (3) we get  

𝑀(𝑆𝐴𝑤, 𝑇𝑤, 𝑧, 𝑘𝑡)

≥ 𝜑(𝑀(𝐴𝐵𝐴𝑤, 𝑃𝑄𝑤, 𝑧, 𝑡), 𝑀(𝑆𝐴𝑤, 𝐴𝐵𝐴𝑤, 𝑧, 𝑡), 𝑀(𝑇𝑤, 𝑃𝑄𝑤, 𝑧, 𝑡))  

𝑀(𝐴𝑆𝑤, 𝑇𝑤, 𝑧, 𝑘𝑡)

≥ 𝜑(𝑀(𝐴𝐴𝐵𝑤, 𝑃𝑄𝑤, 𝑧, 𝑡), 𝑀(𝐴𝑆𝑤, 𝐴𝐴𝐵𝑤, 𝑧, 𝑡), 𝑀(𝑇𝑤, 𝑃𝑄𝑤, 𝑧, 𝑡)) 

𝑀(𝐴𝑤, 𝑤, 𝑧, 𝑘𝑡) ≥ 𝜑(𝑀(𝐴𝑤, 𝑤, 𝑧, 𝑡), 𝑀(𝐴𝑤, 𝐴𝑤, 𝑧, 𝑡), 𝑀(𝑤, 𝑤, 𝑧, 𝑡)) 

                                            = 𝜑(𝑀(𝐴𝑤, 𝑤, 𝑧, 𝑡), 1,1) > 𝑀(𝐴𝑤, 𝑤, 𝑧, 𝑡) 

implies that 𝐴𝑤 = 𝑤. Next, put 𝑥 = 𝐵𝑤 and 𝑦 = 𝑤 we obtain 
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𝑀(𝑆𝐵𝑤, 𝑇𝑤, 𝑧, 𝑘𝑡)

≥ 𝜑(𝑀(𝐴𝐵𝐵𝑤, 𝑃𝑄𝑤, 𝑧, 𝑡), 𝑀(𝑆𝐵𝑤, 𝐴𝐵𝐵𝑤, 𝑧, 𝑡), 𝑀(𝑇𝑤, 𝑃𝑄𝑤, 𝑧, 𝑡)) 

𝑀(𝐵𝑆𝑤, 𝑇𝑤, 𝑧, 𝑘𝑡) ≥

𝜑(𝑀(𝐵𝐴𝐵𝑤, 𝑃𝑄𝑤, 𝑧, 𝑡), 𝑀(𝐵𝑆𝑤, 𝐵𝐴𝐵𝑤, 𝑧, 𝑡), 𝑀(𝑇𝑤, 𝑃𝑄𝑤, 𝑧, 𝑡))  

                   𝑀(𝑆𝑤, 𝑤, 𝑧, 𝑘𝑡) ≥

𝜑(𝑀(𝐵𝑤, 𝑤, 𝑧, 𝑡), 𝑀(𝐵𝑤, 𝐵𝑤, 𝑧, 𝑡), 𝑀(𝑤, 𝑤, 𝑧, 𝑡))  

             = 𝜑(𝑀(𝐵𝑤, 𝑤, 𝑧, 𝑡), 1,1) > 𝑀(𝐵𝑤, 𝑤, 𝑧, 𝑡) 

therefore 𝐵𝑤 = 𝑤. By putting 𝑥 = 𝑤 and 𝑦 = 𝑃𝑤 we get 

𝑀(𝑆𝑤, 𝑇𝑃𝑤, 𝑧, 𝑘𝑡)

≥ 𝜑(𝑀(𝐴𝐵𝑤, 𝑃𝑄𝑃𝑤, 𝑧, 𝑡), 𝑀(𝑆𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡), 𝑀(𝑇𝑃𝑤, 𝑃𝑄𝑃𝑤, 𝑧, 𝑡)) 

𝑀(𝑆𝑤, 𝑃𝑇𝑤, 𝑧, 𝑘𝑡)

≥ 𝜑(𝑀(𝐴𝐵𝑤, 𝑃𝑃𝑄𝑤, 𝑧, 𝑡), 𝑀(𝑆𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡), 𝑀(𝑃𝑇𝑤, 𝑃𝑃𝑄𝑤, 𝑧, 𝑡)) 

                        𝑀(𝑤, 𝑃𝑤, 𝑧, 𝑘𝑡)

≥ 𝜑(𝑀(𝑤, 𝑃𝑤, 𝑧, 𝑡), 𝑀(𝑤, 𝑤, 𝑧, 𝑡), 𝑀(𝑃𝑤, 𝑃𝑤, 𝑧, 𝑡)) 

                                                = 𝜑(𝑀(𝑤, 𝑃𝑤, 𝑧, 𝑡), 1, 1) > 𝑀(𝑤, 𝑃𝑤, 𝑧, 𝑡) 

thus 𝑃𝑤 = 𝑤. Next, put 𝑥 = 𝑤 and 𝑦 = 𝑄𝑤 we have 

𝑀(𝑆𝑤, 𝑇𝑄𝑤, 𝑧, 𝑘𝑡)

≥ 𝜑(𝑀(𝐴𝐵𝑤, 𝑃𝑄𝑄𝑤, 𝑧, 𝑡), 𝑀(𝑆𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡), 𝑀(𝑇𝑄𝑤, 𝑃𝑄𝑄𝑤, 𝑧, 𝑡)) 

𝑀(𝑆𝑤, 𝑄𝑇𝑤, 𝑧, 𝑘𝑡)

≥ 𝜑(𝑀(𝐴𝐵𝑤, 𝑄𝑃𝑄𝑤, 𝑧, 𝑡), 𝑀(𝑆𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡), 𝑀(𝑄𝑇𝑤, 𝑄𝑃𝑄𝑤, 𝑧, 𝑡)) 

                     𝑀(𝑤, 𝑄𝑤, 𝑧, 𝑘𝑡) ≥

𝜑(𝑀(𝑤, 𝑄𝑤, 𝑧, 𝑡), 𝑀(𝑤, 𝑤, 𝑧, 𝑡), 𝑀(𝑄𝑤, 𝑄𝑤, 𝑧, 𝑡)) 

                                                = 𝜑(𝑀(𝑤, 𝑄𝑤, 𝑧, 𝑡), 1, 1) > 𝑀(𝑤, 𝑄𝑤, 𝑧, 𝑡) 

hence 𝑄𝑤 = 𝑤. From the previse procedure we have  

𝑆𝑤 = 𝑇𝑤 = 𝐴𝑤 = 𝐵𝑤 = 𝑃𝑤 = 𝑄𝑤 = 𝑤. 
Therefore, 𝑤 is a common fixed point of 𝑆, 𝑇, 𝐴, 𝐵, 𝑃 and 𝑄. The uniqueness of 

the common fixed point holds from inequality (3). 
Theorem 3.4. Let (𝑋, 𝑀,∗) be a complete fuzzy 2-metric space and let 𝑆, 𝐴 

and 𝐵  be three self-mappings of 𝑋 . Let the pair {𝑆, 𝐴𝐵}  be occasionally 

weakly compatible and suppose that 𝐴𝐵 = 𝐵𝐴, 𝐴𝑆 = 𝑆𝐴 and 𝐵𝑆 = 𝑆𝐵 If there 

exists a point 𝑘 ∈ (0,1) such that 

𝑀(𝑆𝑥, 𝑆𝑦, 𝑧, 𝑘𝑡)

≥ 𝛼𝑀(𝐴𝐵𝑥, 𝐴𝐵𝑦, 𝑧, 𝑡) + 𝛽 𝑚𝑖𝑛 {

𝑀(𝐴𝐵𝑥, 𝐴𝐵𝑦, 𝑧, 𝑡),

𝑀(𝑆𝑥, 𝐴𝐵𝑥, 𝑧, 𝑡),
𝑀(𝑆𝑦, 𝐴𝐵𝑦, 𝑧, 𝑡)

}          (4) 
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for all 𝑥, 𝑦, 𝑧 ∈ 𝑋  and 𝑡 > 0 , where 𝛼, 𝛽 > 0, 𝛼 + 𝛽 > 1 . Then 𝑆, 𝐴 and 𝐵 

have a unique common fixed point. 

Proof. Since the pair {𝑆, 𝐴𝐵} is occasionally weakly compatible, so there is a 

point 𝑥 ∈ 𝑋 such that 𝑆𝑥 = 𝐴𝐵𝑥. Suppose that there exist another point 𝑦 ∈
𝑋 for which 𝑆𝑦 = 𝐴𝐵𝑦. We claim that 𝑆𝑥 = 𝑆𝑦. If 𝑆𝑥 ≠ 𝑆𝑦 then by inequality 

(4) we have 

𝑀(𝑆𝑥, 𝑆𝑦, 𝑧, 𝑘𝑡) ≥ 𝛼𝑀(𝐴𝐵𝑥, 𝐴𝐵𝑦, 𝑧, 𝑡) + 𝛽 𝑚𝑖𝑛 {

𝑀(𝐴𝐵𝑥, 𝐴𝐵𝑦, 𝑧, 𝑡),

𝑀(𝑆𝑥, 𝐴𝐵𝑥, 𝑧, 𝑡),
𝑀(𝑆𝑦, 𝐴𝐵𝑦, 𝑧, 𝑡)

}     

                                         = 𝛼𝑀(𝑆𝑥, 𝑆𝑦, 𝑧, 𝑡) + 𝛽 𝑚𝑖𝑛 {

𝑀(𝑆𝑥, 𝑆𝑦, 𝑧, 𝑡),

𝑀(𝑆𝑥, 𝑆𝑥, 𝑧, 𝑡),
𝑀(𝑆𝑦, 𝑆𝑦, 𝑧, 𝑡)

}  

                                         = ( 𝛼𝑀(𝑆𝑥, 𝑆𝑦, 𝑧, 𝑡) + 𝛽 min{𝑀(𝑆𝑥, 𝑆𝑦, 𝑧, 𝑡), 1, 1} ) 

                                         = (𝛼 + 𝛽)𝑀(𝑆𝑥, 𝑆𝑦, 𝑧, 𝑡) 
which is contradiction, since  (𝛼 + 𝛽) > 1 , therefore 𝑆𝑥 = 𝑆𝑦 , so 𝑆𝑥 =
𝐴𝐵𝑥 = 𝑆𝑦 = 𝐴𝐵𝑦. Suppose that there is another point 𝑢 ∈ 𝑋 such that 𝑆𝑢 =
𝑆𝑦 then by inequality (4) we have 𝑆𝑢 = 𝐴𝐵𝑢 = 𝑆𝑦 = 𝐴𝐵𝑦, so 𝑆𝑥 = 𝑆𝑢 = 𝑤 

and 𝑤 = 𝑆𝑥 = 𝐴𝐵𝑥  is the unique point of coincidence of 𝑆  and 𝐴𝐵.  By 

Lemma 2.16, 𝑆 and 𝐴𝐵 have a unique fixed point, which is 𝑤. 

Putting 𝑥 = 𝐴𝑤 and 𝑦 = 𝑤 in inequality (4) we get  

𝑀(𝑆𝐴𝑤, 𝑆𝑤, 𝑧, 𝑘𝑡)

≥ 𝛼𝑀(𝐴𝐵𝐴𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡) + 𝛽 min {
𝑀(𝐴𝐵𝐴𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡),
𝑀(𝑆𝐴𝑤, 𝐴𝐵𝐴𝑤, 𝑧, 𝑡),

𝑀(𝑆𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡)
} 

𝑀(𝐴𝑆𝑤, 𝑆𝑤, 𝑧, 𝑘𝑡)

≥ 𝛼𝑀(𝐴𝐴𝐵𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡) + 𝛽 min {
𝑀(𝐴𝐴𝐵𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡),
𝑀(𝐴𝑆𝑤, 𝐴𝐴𝐵𝑤, 𝑧, 𝑡),

𝑀(𝑆𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡)
} 

              𝑀(𝐴𝑤, 𝑤, 𝑧, 𝑘𝑡) ≥ 𝛼𝑀(𝐴𝑤, 𝑤, 𝑧, 𝑡) + 𝛽 min {
𝑀(𝐴𝑤, 𝑤, 𝑧, 𝑡),

𝑀(𝐴𝑤, 𝐴𝑤, 𝑧, 𝑡),
𝑀(𝑤, 𝑤, 𝑧, 𝑡)

} 

             = 𝛼𝑀(𝐴𝑤, 𝑤, 𝑧, 𝑡) + 𝛽 min{𝑀(𝐴𝑤, 𝑤, 𝑧, 𝑡), 1,1} 

                                         = (𝛼 + 𝛽)𝑀(𝐴𝑤, 𝑤, 𝑧, 𝑡) 

implies that 𝐴𝑤 = 𝑤. Now, put 𝑥 = 𝐵𝑤 and 𝑦 = 𝑤 we obtain 
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𝑀(𝑆𝐵𝑤, 𝑆𝑤, 𝑧, 𝑘𝑡)

≥ 𝛼𝑀(𝐴𝐵𝐵𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡) + 𝛽 min {
𝑀(𝐴𝐵𝐵𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡),
𝑀(𝑆𝐵𝑤, 𝐴𝐵𝐵𝑤, 𝑧, 𝑡),

𝑀(𝑆𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡)
} 

𝑀(𝐵𝑆𝑤, 𝑆𝑤, 𝑧, 𝑘𝑡)

≥ 𝛼𝑀(𝐵𝐴𝐵𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡) + 𝛽 min {
𝑀(𝐵𝐴𝐵𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡),
𝑀(𝐵𝑆𝑤, 𝐵𝐴𝐵𝑤, 𝑧, 𝑡),

𝑀(𝑆𝑤, 𝐴𝐵𝑤, 𝑧, 𝑡)
} 

                𝑀(𝐵𝑤, 𝑤, 𝑧, 𝑘𝑡) ≥ 𝛼𝑀(𝐵𝑤, 𝑤, 𝑧, 𝑡) + 𝛽 min {
𝑀(𝐵𝑤, 𝑤, 𝑧, 𝑡),

𝑀(𝐵𝑤, 𝐵𝑤, 𝑧, 𝑡),
𝑀(𝑤, 𝑤, 𝑧, 𝑡)

} 

             = 𝛼𝑀(𝐵𝑤, 𝑤, 𝑧, 𝑡) + 𝛽 min{𝑀(𝐵𝑤, 𝑤, 𝑧, 𝑡), 1,1} 

                                         = (𝛼 + 𝛽)𝑀(𝐵𝑤, 𝑤, 𝑧, 𝑡) 

Thus 𝐵𝑤 = 𝑤. From the previse procedure we have  

𝑆𝑤 = 𝐴𝑤 = 𝐵𝑤 = 𝑤. 
Therefore, 𝑤 is a common fixed point of 𝑆, 𝐴 and 𝐵. The uniqueness of the 

common fixed point holds from inequality (4). 
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      The object of the present paper is to derive some inequalities for the starlikeness 

and convexity of analytic and p-valent functions in the open unit disk involving 
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1. Introduction and Preliminaries  

Let 𝐴(𝑝) denote the class of functions defined by 

    𝑓(𝑧) = 𝑧𝑝 +∑𝑎𝑝+𝑛

∞

𝑛=1

𝑧𝑝+𝑛    , 𝑎𝑝+𝑛 ∈ 𝑅;  𝑝 ∈ 𝑁                          (1.1) 

which are analytic and p-valent in the open unit disk  𝒰 = {𝑧: |𝑧| < 1},  and set 

𝐴(1) ≡ 𝐴.   A function  𝑓(𝑧) ∈ 𝐴(𝑝) is called p-valent starlike of order 𝛼  if 𝑓(𝑧) 
satisfies the condition 

Re {
𝑧𝑓′(𝑧)

𝑓(𝑧)
} > 𝛼                                                            (1.2) 

for  0 ≤ 𝛼 < 𝑝, 𝑝 ∈ 𝑁 and 𝑧 ∈ 𝒰.  We denote by 𝑆∗(𝑝, 𝛼) the class of all p-valent 

starlike functions of order 𝛼. Also a function 𝑓(𝑧) ∈ 𝐴(𝑝) is called p-valent convex of 

order 𝛼  if 𝑓(𝑧) satisfies the condition 

 

Re {1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
} > 𝛼                                                         (1.3) 

for 0 ≤ 𝛼 < 𝑝, 𝑝 ∈ 𝑁 and 𝑧 ∈ 𝒰. We denote by 𝐾(𝑝, 𝛼) the class of all p-valent 

convex functions of order 𝛼. We note that 

𝑓(𝑧) ∈ 𝐾(𝑝, 𝛼) ⇔
𝑧𝑓′(𝑧)

𝑝
∈ 𝑆∗(𝑝, 𝛼)                                                       (1.4) 

for 0 ≤ 𝛼 < 𝑝. 

       The class 𝑆∗(𝑝, 𝛼) was introduced by Patil and Thakare [10], and the class 

𝐾(𝑝, 𝛼) was introduced by Owa [9]. 

       Let ₂𝐹₁(𝑎, 𝑏; 𝑐; 𝑧) be the Gauss hypergeometric function defined for 𝑧 ∈ 𝒰 by, 

(see Srivastava and Karlsson [12]) 

₂𝐹₁(𝑎, 𝑏; 𝑐; 𝑧) = ∑
(𝑎)𝑛 (𝑏)𝑛  𝑧𝑛

(𝑐)𝑛 𝑛!

∞

𝑛=0

                                                    (1.5) 

where  (𝜆)𝑛  is the Pochhammer symbol defined, in terms of the Gamma function, by 
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(𝜆)𝑛 =
Γ(𝜆 + 𝑛)

Γ(𝜆)
= {

1                                                          , 𝑛 = 0
𝜆(𝜆 + 1)(𝜆 + 2)… . (𝜆 + 𝑛 − 1)  , 𝑛 ∈ 𝑁

            (1.6) 

 for  𝜆 ≠ 0,−1,−2,…                                      

      We recall the following definitions of fractional derivative operators which were 

used by Owa [8], (see also [11]) as follows: 

Definition 1.1. The fractional derivative operator of order 𝜆 is defined,  

    𝐷𝑧
𝜆𝑓(𝑧) =

1

Γ(1 − 𝜆)

𝑑

𝑑𝑧
∫

𝑓(𝜉)

(𝑧 − 𝜉)𝜆
𝑑𝜉

𝑧

0

                                        (1.7) 

where 0 ≤  𝜆 < 1, 𝑓(𝑧) is analytic function in a simply- connected region of the z-

plane containing the origin, and the multiplicity of (𝑧 − 𝜉)−𝜆 is removed by requiring 

log (𝑧 − 𝜉) to be real when 𝑧 − 𝜉 > 0. 
Definition 1.2. Let 0 ≤ 𝜆 < 1, and  𝜇, 𝜂 ∈ 𝑅. Then, in terms of the familiar Gauss’s 

hypergeometric function  ₂F₁ , the generalized fractional derivative operator  𝐽0,𝑧
𝜆,𝜇,𝜂

  is 

𝐽0,𝑧
𝜆,𝜇,𝜂

 𝑓(𝑧) =
𝑑

𝑑𝑧
 (

𝑧𝜆−𝜇

Γ(1 − 𝜆)
∫ (𝑧 − 𝜉)−𝜆𝑓(𝜉) ₂𝐹₁ ( 𝜇 − 𝜆, 1 − 𝜂; 1 − 𝜆; 1
𝑧

0

−
𝜉

𝑧
)𝑑𝜉)  (1.8) 

where 𝑓(𝑧) is analytic function in a simply- connected region of the z-plane 

containing the origin with the order 𝑓(𝑧) = 𝑂(|𝑧|𝜀) , 𝑧 → 0, where 휀 > max{0, 𝜇 −
𝜂} − 1, and the multiplicity of  (𝑧 − 𝜉)−𝜆 is removed by requiring  log (𝑧 − 𝜉) to be 

real when 𝑧 − 𝜉 > 0. 
Definition 1.3. Under the hypotheses of Definition 1.2, the fractional derivative 

operator 𝐽0,𝑧
𝜆+𝑚,𝜇+𝑚,𝜂+𝑚

 𝑓(𝑧) of a function 𝑓(𝑧) is defined by 

𝐽0,𝑧
𝜆+𝑚,𝜇+𝑚,𝜂+𝑚

 𝑓(𝑧) =
𝑑𝑚

𝑑𝑧𝑚
 𝐽0,𝑧
𝜆,𝜇,𝜂

 𝑓(𝑧)                                          (1.9) 

      Notice that 

          𝐽0,𝑧
𝜆,𝜆,𝜂

𝑓(𝑧) = 𝐷𝑧
𝜆𝑓(𝑧),           0 ≤ 𝜆 < 1                                        (1.10) 

      With the aid of the above definitions, we define a modification of the fractional 

derivative 

operator  𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧) by 

𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧) =
Γ(𝑝 + 1 − 𝜇)Γ(𝑝 + 1 − 𝜆 + 𝜂)

Γ(𝑝 + 1)Γ(𝑝 + 1 − 𝜇 + 𝜂)
𝑧𝜇  𝐽0,𝑧

𝜆,𝜇,𝜂
𝑓(𝑧)                     (1.11) 

for 𝑓(𝑧) ∈ 𝐴(𝑝) and  𝜆 ≥ 0;   𝜇 < 𝑝 + 1;  𝜂 > max(𝜆, 𝜇) − 𝑝 − 1; 𝑝 ∈ 𝑁. Then it is 

observed that  𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)  maps 𝐴(𝑝) onto itself as follows: 

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧) = 𝑧𝑝 +∑𝛿𝑛(𝜆, 𝜇, 𝜂, 𝑝)

∞

𝑛=1

𝑎𝑝+𝑛𝑧
𝑝+𝑛                                   (1.12) 

where 

𝛿𝑛(𝜆, 𝜇, 𝜂, 𝑝) =
(𝑝 + 1)𝑛(𝑝 + 1 − 𝜇 + 𝜂)𝑛

(𝑝 + 1 − 𝜇)𝑛(𝑝 + 1 − 𝜆 + 𝜂)𝑛
                               (1.13) 
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      It is easily verified from (1.12) that 

𝑧 ( 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧))
′

= (𝑝 − 𝜇) 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧) + 𝜇 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)                      (1.14) 

This identity plays a critical role in obtaining information about functions defined by 

use of the fractional derivative operator. Our results in this paper will rely heavily on 

the identity. 

      Notice that 

 𝑀0,𝑧
0,0,𝜂

𝑓(𝑧) = 𝑓(𝑧), 

and 

 𝑀0,𝑧
1,1,𝜂

𝑓(𝑧) =
𝑧𝑓′(𝑧)

𝑝
 

       Making use of the fractional derivative operator  𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧), we now introduce an 

interesting generalization of the class 𝑆∗(𝑝, 𝛼) of functions in 𝐴(𝑝) which satisfy the 

inequality (1.2). 
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Definition 1.4.  A function 𝑓(𝑧) ∈ 𝐴(𝑝)  is said to be in the subclass 𝑆𝜆,𝜇,𝜂(𝑝, 𝛼) if it 

satisfies the inequality 

Re {(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
} > 𝛼  ,          𝑧 ∈ 𝒰                                   (1.15) 

(0 ≤ 𝛼 < 𝑝 ;  𝜆 ≥ 0, 𝜇 < 𝑝 + 1 ;  𝜂 > max(𝜆, 𝜇) − 𝑝 − 1 ;  𝑝 ∈ 𝑁) 

Also, a function 𝑓(𝑧) ∈ 𝐴(𝑝)  is said to be in the subclass  𝐾𝜆,𝜇,𝜂(𝑝, 𝛼) iff 

𝑧𝑓′(𝑧)

𝑝
∈ 𝑆𝜆,𝜇,𝜂(𝑝, 𝛼) 

       Observe that, 𝑆0,0,𝜂(𝑝, 𝛼) = 𝑆∗(𝑝, 𝛼)  and   𝐾0,0,𝜂(𝑝, 𝛼) = 𝐾(𝑝, 𝛼). 

 

      There are many papers in which various sufficient conditions for multivalent 

starlikeness have been obtained [1, 2, 3, 4, 6, 7]. In this paper we derive new sufficient 

conditions for the operator  𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧) to be p-valently starlike and p-valently convex 

in 𝒰. For their proofs we used Jack's Lemma (Lemma 1.5) below. Some interesting 

corollaries are also deduced from our main results. 

 

      To establish our results, we shall need the following lemma. 

Lemma 1.5. [5] Let 𝑤(𝑧) be non-constant and analytic function in 𝒰 with 𝑤(0)  =
 0. If |𝑤(𝑧)| attains its maximum value on the circle |𝑧|  =  𝑟, (0 <  𝑟 <  1) at the 

point  𝑧0 , then 𝑧0𝑤
′(𝑧0) = 𝑐𝑤(𝑧0) , where 𝑐 ≥  1. 

 

2.    The main results 

          By using Lemma 1.5, we now prove the following result. 

 

Theorem 2.1. Let 𝑧 ∈ 𝒰;  0 ≤ 𝛼 < 𝑝 ;   𝜆 ≥ 0;   𝜇 < 𝑝 + 1 ;  𝜂 > max(𝜆, 𝜇) − 𝑝 − 1  

and 𝑓(𝑧) ∈ 𝐴(𝑝) and if  𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧) satisfies anyone of the following inequalities: 

 

|

|
1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
− (𝑝 − 𝜇)

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
− (𝑝 − 𝜇)

− 1
|

|

<
1

2𝑝 − 𝜇 − 𝛼
                                                    (2.1) 

|1 + (𝑝 − 𝜇 − 1)
 𝑀0,𝑧

𝜆+2,𝜇+2,𝜂+2
𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
− (𝑝 − 𝜇)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
|

<
𝑝 − 𝛼

2𝑝 − 𝜇 − 𝛼
                        (2.2) 
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|
 𝑀0,𝑧

𝜆,𝜇,𝜂
𝑓(𝑧)

(𝑝 − 𝜇) 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
(1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
) − 1|

<
𝑝 − 𝛼

(2𝑝 − 𝜇 − 𝛼)2
          (2.3) 

 

|(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
(1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)

− (𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
)|       

< (𝑝 − 𝛼)          (2.4) 

Re

{
 
 

 
 

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)

(

  
 
1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
− (𝑝 − 𝜇)

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
− (𝑝 − 𝜇)

− 1

)

  
 

}
 
 

 
 

< 1     (2.5) 

Then   𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧) ∈ 𝑆𝜆,𝜇,𝜂(𝑝, 𝛼). 

Proof.  Let  𝑓(𝑧) ∈ 𝐴(𝑝). Since  

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
= (𝑝 − 𝜇) + 𝑑1𝑧 + 𝑑2𝑧

2 +⋯ ,     𝑧 ∈ 𝒰 

Define the function 𝑤(𝑧) by 

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
= (𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧),     𝑧 ∈ 𝒰;  0 ≤ 𝛼

< 𝑝           (2.6)  
It is clear that 𝑤(𝑧) is analytic in  𝒰 with  𝑤(0) = 0    . Also, we can find from (2.6) 

that 

𝑧 ( 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧))
′

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
−
𝑧 ( 𝑀0,𝑧

𝜆,𝜇,𝜂
𝑓(𝑧))

′

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
=

(𝑝 − 𝛼)𝑧𝑤′(𝑧)

(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧)
                  (2.7) 

By using (1.14) to (2.7), we have 
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(𝑝 − 𝜇 − 1)
 𝑀0,𝑧

𝜆+2,𝜇+2,𝜂+2
𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
− (𝑝 − 𝜇)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
+ 1

=
(𝑝 − 𝛼)𝑧𝑤′(𝑧)

(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧)
  (2.8) 

It follows from (2.6) that 

1 + (𝑝 − 𝜇 − 1)
 𝑀0,𝑧

𝜆+2,𝜇+2,𝜂+2
𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
− (𝑝 − 𝜇) = 

(𝑝 − 𝛼)𝑤(𝑧) (1 +
𝑧𝑤′(𝑧)

𝑤(𝑧)

1

(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧)
)         (2.9) 

 

Hence,  

𝐹1(𝑧) =

1 + (𝑝 − 𝜇 − 1)
 𝑀0,𝑧

𝜆+2,𝜇+2,𝜂+2
𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
− (𝑝 − 𝜇)

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
− (𝑝 − 𝜇)

− 1 

         

=
𝑧𝑤′(𝑧)

𝑤(𝑧)

1

(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧)
                                                                                                  (2.10) 

𝐹2(𝑧) = 1 + (𝑝 − 𝜇 − 1)
 𝑀0,𝑧

𝜆+2,𝜇+2,𝜂+2
𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
− (𝑝 − 𝜇)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
 

            

=
(𝑝 − 𝛼)𝑧𝑤′(𝑧)

(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧)
                                                                                                               (2.11) 

𝐹3(𝑧) =
 𝑀0,𝑧

𝜆,𝜇,𝜂
𝑓(𝑧)

(𝑝 − 𝜇) 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
(1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
) − 1 

            

=
(𝑝 − 𝛼)𝑧𝑤′(𝑧)

[(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧)]2
                                                                                                        (2.12) 

𝐹4(𝑧) = (𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
(1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)

− (𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
) 

= (𝑝
− 𝛼)𝑧𝑤′(𝑧)                                                                                                                 (2.13) 
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𝐹5(𝑧) = (𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)

(

  
 
1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
− (𝑝 − 𝜇)

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
− (𝑝 − 𝜇)

− 1

)

  
 

 

           

=
𝑧𝑤′(𝑧)

𝑤(𝑧)
                                                                                                                                             (2.14) 

If there exist a point  𝑧0 ∈ 𝒰  such that 

max
|𝑧|≤|𝑧0|

|𝑤(𝑧)| = |𝑤(𝑧0)| = 1 

Then by Lemma 1.5, we have 

𝑧0𝑤
′(𝑧0) = 𝑐𝑤(𝑧0),    𝑐 ≥ 1 

Therefore, the equations (2.10)-(2.14) yield, 

|𝐹1(𝑧0)| = |
𝑧0𝑤

′(𝑧0)

𝑤(𝑧0)

1

(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧0)
| =

𝑐|𝑤(𝑧0)|

|(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧0)|
              

                

≥
1

2𝑝 − 𝜇 − 𝛼
                                                                                                                             (2.15) 

|𝐹2(𝑧0)| = |
(𝑝 − 𝛼)𝑧0𝑤

′(𝑧0)

(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧0)
| =

𝑐(𝑝 − 𝛼)|𝑤(𝑧0)|

|(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧0)|
              

                  

≥
(𝑝 − 𝛼)

2𝑝 − 𝜇 − 𝛼
                                                                                                                            (2.16) 

|𝐹3(𝑧0)| = |
(𝑝 − 𝛼)𝑧0𝑤

′(𝑧0)

[(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧0)]
2
| =

𝑐(𝑝 − 𝛼)|𝑤(𝑧0)|

|(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧0)|
2
              

                  

≥
(𝑝 − 𝛼)

(2𝑝 − 𝜇 − 𝛼)2
                                                                                                                      (2.17) 

|𝐹4(𝑧0)| = |(𝑝 − 𝛼)𝑧0𝑤
′(𝑧0)| = 𝑐(𝑝 − 𝛼)|𝑤(𝑧0)|              

                  
≥ 𝑝
− 𝛼                                                                                                                                          (2.18) 
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      Re{𝐹5(𝑧0)} = Re {
𝑧0𝑤

′(𝑧0)

𝑤(𝑧0)
} = 𝑐

≥ 1                                                                                                (2.19) 
which contradict our assumptions (2.1)-(2.5), respectively. Therefore,|𝑤(𝑧)| <  1 

holds true for all 𝑧 ∈ 𝒰. From ( 2.6), we have 

|(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
− (𝑝 − 𝜇)| = (𝑝 − 𝛼)|𝑤(𝑧)| < 𝑝 − 𝛼                        (2.20) 

which implies that 

Re {(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
} > 𝛼   

and hence  𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧) ∈ 𝑆𝜆,𝜇,𝜂(𝑝, 𝛼). 

 

       If we put  
𝑧𝑓′(𝑧)

𝑝
  instead of  𝑓(𝑧)  in Theorem 2.1, we then obtain the following 

theorem. 

Theorem 2.2. Let 𝑧 ∈ 𝒰;  0 ≤ 𝛼 < 𝑝 ;   𝜆 ≥ 0;   𝜇 < 𝑝 + 1 ;  𝜂 > max(𝜆, 𝜇) − 𝑝 − 1  

and 𝑓(𝑧) ∈ 𝐴(𝑝) and if  𝑀0,𝑧
𝜆,𝜇,𝜂

{
𝑧𝑓′(𝑧)

𝑝
}  satisfies anyone of the following inequalities: 

|

|

|1 + (𝑝 − 𝜇 − 1)
 𝑀0,𝑧

𝜆+2,𝜇+2,𝜂+2
{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

{
𝑧𝑓′(𝑧)
𝑝

}
− (𝑝 − 𝜇)

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆,𝜇,𝜂

{
𝑧𝑓′(𝑧)
𝑝

}
− (𝑝 − 𝜇)

− 1

|

|

|

<
1

2𝑝 − 𝜇 − 𝛼
                                      (2.21) 

|1 + (𝑝 − 𝜇 − 1)
 𝑀0,𝑧

𝜆+2,𝜇+2,𝜂+2
{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

{
𝑧𝑓′(𝑧)
𝑝

}
− (𝑝 − 𝜇)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆,𝜇,𝜂

{
𝑧𝑓′(𝑧)
𝑝

}
|

<
𝑝 − 𝛼

2𝑝 − 𝜇 − 𝛼
   (2.22) 

|
 𝑀0,𝑧

𝜆,𝜇,𝜂
{
𝑧𝑓′(𝑧)
𝑝

}

(𝑝 − 𝜇) 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

{
𝑧𝑓′(𝑧)
𝑝

}
(1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

{
𝑧𝑓′(𝑧)
𝑝

}
) − 1| 

<
𝑝 − 𝛼

(2𝑝 − 𝜇 − 𝛼)2
                                                                              (2.23) 



 مجلة التربوي

THE STARLIKENESS AND CONVEXITY OF P-VALENT FUNCTIONS 

INVOLVING CERTAIN FRACTIONAL DERIVATIVE OPERATOR      العدد 
 

387 
 

|(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆,𝜇,𝜂

{
𝑧𝑓′(𝑧)
𝑝

}
(1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

{
𝑧𝑓′(𝑧)
𝑝

}

− (𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆,𝜇,𝜂

{
𝑧𝑓′(𝑧)
𝑝

}
)|

< (𝑝 − 𝛼)                                                     (2.24) 

Re

{
 
 
 

 
 
 

(𝑝

− 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆,𝜇,𝜂

{
𝑧𝑓′(𝑧)
𝑝

}

(

 
 
 
 
 1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

{
𝑧𝑓′(𝑧)
𝑝

}
− (𝑝 − 𝜇)

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆,𝜇,𝜂

{
𝑧𝑓′(𝑧)
𝑝

}
− (𝑝 − 𝜇)

− 1

)

 
 
 
 
 

}
 
 
 

 
 
 

 

< 1                                  (2.25) 

Then   𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧) ∈ 𝐾𝜆,𝜇,𝜂(𝑝, 𝛼). 

 

        By setting 𝜆 = 𝜇 = 0 in Theorem 2.1, we obtain the following result. 

Corollary 2.3. Let 𝑓(𝑧) ∈ 𝐴(𝑝);  𝑧 ∈ 𝒰;  0 ≤ 𝛼 < 𝑝 . If 𝑓(𝑧) satisfies anyone of the 

following inequalities: 

|
1 +

𝑧𝑓′′(𝑧)
𝑓′(𝑧)

− 𝑝

𝑧𝑓′(𝑧)
𝑓(𝑧)

− 𝑝
− 1| <

1

2𝑝 − 𝛼
                                                             (2.26) 
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|1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
−
𝑧𝑓′(𝑧)

𝑓(𝑧)
| <

𝑝 − 𝛼

2𝑝 − 𝛼
                                                              (2.27) 

|
𝑓(𝑧)

𝑧𝑓′(𝑧)
(1 +

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) − 1| <

𝑝 − 𝛼

(2𝑝 − 𝛼)2
                                                      (2.28) 

|
𝑧𝑓′(𝑧)

𝑓(𝑧)
(1 +

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
−
𝑧𝑓′(𝑧)

𝑓(𝑧)
)| < 𝑝 − 𝛼                                                                (2.29) 

Re {
𝑧𝑓′(𝑧)

𝑓(𝑧)
(
1+

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
−𝑝

𝑧𝑓′(𝑧)

𝑓(𝑧)
−𝑝

− 1)} < 1                                                                        (2.30)                                      

Then  𝑓(𝑧) ∈ 𝑆∗(𝑝, 𝛼). 
       If we put  𝑝 = 1  Corollary 2.3, we obtain the following result. 

Corollary 2.4. Let 𝑓(𝑧) ∈ 𝐴;  𝑧 ∈ 𝒰;  0 ≤ 𝛼 < 1 . If 𝑓(𝑧) satisfies anyone of the 

following inequalities: 

|

𝑧𝑓′′(𝑧)
𝑓′(𝑧)

𝑧𝑓′(𝑧)
𝑓(𝑧)

− 1
− 1| <

1

2 − 𝛼
                                                                    (2.31) 

|1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
−
𝑧𝑓′(𝑧)

𝑓(𝑧)
| <

1 − 𝛼

2 − 𝛼
                                                                  (2.32) 

|
𝑓(𝑧)

𝑧𝑓′(𝑧)
(1 +

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) − 1| <

1 − 𝛼

(2 − 𝛼)2
                                                           (2.33) 

|
𝑧𝑓′(𝑧)

𝑓(𝑧)
(1 +

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
−
𝑧𝑓′(𝑧)

𝑓(𝑧)
)| < 1 − 𝛼                                                                 (2.34) 

Re{
𝑧𝑓′(𝑧)

𝑓(𝑧)
(

𝑧𝑓′′(𝑧)
𝑓′(𝑧)

𝑧𝑓′(𝑧)
𝑓(𝑧)

− 1
− 1)} < 1                                                                        (2.35) 

Then 𝑓(𝑧) ∈ 𝑆∗(𝛼). 
         By setting 𝜆 = 𝜇 = 0 in Theorem 2.2, we obtain the following result. 

Corollary 2.5. Let 𝑓(𝑧) ∈ 𝐴(𝑝);  𝑧 ∈ 𝒰;  0 ≤ 𝛼 < 𝑝 . If 𝑓(𝑧) satisfies anyone of the 

following inequalities: 

|
1 +

2𝑧𝑓′′(𝑧) + 𝑧2𝑓′′′(𝑧)
𝑓′(𝑧) + 𝑧𝑓′′(𝑧)

− 𝑝

1 +
𝑧𝑓′′(𝑧)
𝑓′(𝑧)

− 𝑝
− 1| <

1

2𝑝 − 𝛼
                                           (2.36) 

|
2𝑧𝑓′′(𝑧) + 𝑧2𝑓′′′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
−
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
| <

𝑝 − 𝛼

2𝑝 − 𝛼
                                            (2.37) 

|
𝑓′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
(1 +

2𝑧𝑓′′(𝑧) + 𝑧2𝑓′′′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
) − 1|

<
𝑝 − 𝛼

(2𝑝 − 𝛼)2
                                    (2.38) 
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|𝑧 (1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) (
2𝑓′′(𝑧) + 𝑧𝑓′′′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
−
𝑓′′(𝑧)

𝑓′(𝑧)
)|

< 𝑝 − 𝛼                                            (2.39) 

Re{(1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
)(

1 +
2𝑧𝑓′′(𝑧) + 𝑧2𝑓′′′(𝑧)
𝑓′(𝑧) + 𝑧𝑓′′(𝑧)

− 𝑝

1 +
𝑧𝑓′′(𝑧)
𝑓′(𝑧)

− 𝑝
− 1)}

< 1                                  (2.40) 
Then 𝑓(𝑧) ∈ 𝐾(𝑝, 𝛼). 
        If we put  𝑝 = 1  Corollary 2.5, we obtain the following result. 

Corollary 2.6. Let 𝑓(𝑧) ∈ 𝐴;  𝑧 ∈ 𝒰;  0 ≤ 𝛼 < 1 . If 𝑓(𝑧) satisfies anyone of the 

following inequalities: 

|
𝑓′(𝑧)

𝑓′′(𝑧)
(
2𝑓′′(𝑧) + 𝑧𝑓′′′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
) − 1| <

1

2 − 𝛼
                                              (2.41) 

|
2𝑧𝑓′′(𝑧) + 𝑧2𝑓′′′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
−
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
| <

1 − 𝛼

2 − 𝛼
                                             (2.42) 

|
𝑓′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
(1 +

2𝑧𝑓′′(𝑧) + 𝑧2𝑓′′′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
) − 1|

<
1 − 𝛼

(2 − 𝛼)2
                                       (2.43) 

|𝑧 (1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) (
2𝑓′′(𝑧) + 𝑧𝑓′′′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
−
𝑓′′(𝑧)

𝑓′(𝑧)
)|

< 1 − 𝛼                                                (2.44) 

Re {(1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) (
𝑓′(𝑧)[2𝑓′′(𝑧) + 𝑧𝑓′′′(𝑧)]

𝑓′′(𝑧)[𝑓′(𝑧) + 𝑧𝑓′′(𝑧)]
− 1)}

< 1                                               (2.45) 
Then  𝑓(𝑧) ∈ 𝐾(𝛼). 
      Remark: The corollaries 2.3 - 2.6 correspond to the known results given by Irmak 

and Raina [[4], corollaries 1 - 4]. 
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ABSTRACT  

This research is based on theory and an application. The researchers 

tried to introduce new techniques in teaching/learning a foreign language. 

This research took place in Khoms city at both The Light Way primary 

school and Al-majd high school in 2015. Education is one of the central 

processes that have shaped the direction of inquiry into the complex social 

systems/institutions in the last quarter of a century (A, Kara. 2017). 

“Motivation of Libyan secondary school students in learning English” 

(Lawej 2012), Investigating the student’s motivation in learning English 

language, found that there is a lack of using technological aids and labs. 

Starting from this point the researchers tried to present an interesting 

teaching method by using Multi-media technology in the context of the 

Eclectic approach for teaching secondary school students in (2012-2013), 

and using technology in the English learning / teaching processes and 

providing the teachers of secondary schools with methods and approaches to 

enhance their English teaching competence. Using Eclectic approach as a 

combination of elements from methods that supplement one another. It was 

deduced that Multi-media technology offers a sense of reality and functions 

very well. This greatly cultivates students’ interest and motivation in study 

and their involvement in class activities. 

INTRODUCTION 

Education through technology is a high priority and technical strategy 

that helps the learners of English to transcend the complexity of learning 

English language. In this research, the researchers intend to use some 

technological, effective and modern techniques in order to produce a 

scientific English learner as well as enhancing the use of communication 

through this mechanism, also to create a dynamic, comfortable and 

progressive interesting environment for the students, specifically, the 

English students of secondary school grades. In fact, technology in these 

days are considered to be the most transformative act that brought great 

change in this world, starts with the first initial step and begins at one`s 
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home (house). Kapp and O’Driscoll (2010) have indicated while 

summarizing the relationship between a foreign language and technology 

that language is a means of communication and individuals communicate 

with each other by using the same language in social life. 

According to study conducted by Jackson et al. (2006), it has been 

found that students who used the internet more, got higher scores and 

grades. According to the research activities, the internet changes the 

interaction between learners and teachers (Kern, 1995): there is less teacher 

and more learner talk in computer classes. Furthermore, it changes teacher 

and students' roles (Peterson), 1997) and makes learning more students 

centered. (Warschauer, Turbee, and Roberts, 1996). Vision and hearing are 

the two dominant senses that media technology can provide to the students 

and present greater opportunities for learning linguistic inputs. (Linfors, 

1987). As Pope and Golub (2000) asserted, it is also important for English 

educators to model effective practices of teaching with technology. As 

students perform diverse task with the computer, they broaden their 

repertoire of metacognitive, cognitive and effective learning. As Kajder 

(2003) wrote, "Focus has to be placed on learning with the technology rather 

than learning from or about the technology".  

Although students in schools and universities try to acquire 

knowledge, but they are seldom in applying to their own activities (Garrin, 

1993), in reality, academic institutions typically lag adoption of new 

technologies (U.S Congress, 1988). This is certainly true in terms of the 

application of English language through information technology particularly 

in Libya. The black board and the chalk remain the primary teaching 

technologies in many schools. Some private schools in Libya have already 

begun making use of classroom facilities that depends on information 

technology, in hopes to improve the system of teaching and learning the 

English language (EL), one of these private primary schools (the light way) 

in Al-Khoms, Libya, that have established a smart classroom which contains 

of smart board, internet, computers as well as a comfortable and attractive 

view of the school, these technologies which enable the students to learn in a 

modern, technological, technical and effective way, as result of our research 

proposal presented to the school board and the beneficial techniques they got 

while working along the process of our practical part of this research work. 

Smart classrooms enable students to work together while communicating 

electronically and anonymously (Alavi, 1944). This endeavor is our 
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commitment to the pursuit of excellence in learning and teaching of English 

at the secondary and primary school students; therefore, developing their 

personalities with the skills needed for their future career is necessity. 

General Background: 

This research aims to: 

-To automate the information delivery function in classroom. 

- To increase the students’ fluency, accuracy and their comprehensive 

ability. 

-To cultivate the students motivation, concentration, participation in the 

classroom. 

-To improve the process of teaching/learning in the classroom setting. 

- To help the teachers enhance their teaching competence. 

-To make use of time inside the classroom. 

-To make testing and evaluation easy to be achieved by utilizing information 

technology tools. 

- To investigate the complexity and the impediments of acquiring the 

English language as a   foreign language in Libya. 

The precise of this paper is called from its topic titled Utilizing Project-

Based Approach in the Educational System in Libya Through Information 

Technology and Net Support. Recently it's knowledgeable that there is an 

increase usage of long distance learning through technologies in education 

through all over the world. Laptops, computers are revolutionizing and 

transforming the traditional classroom-based learning and teaching into 

anytime anywhere education. In this research we intended to provide general 

idea on the Project-based approach, network support technology. Then 

giving a detailed information and explanation about the process of practicing 

technology through the utilizing of project-based approach. The research 

design and delivery of a graduate level course to manage an advanced 

learning and teaching which have to be used to enable collaborative 

learning/teaching (LT) team to enhance creative methods to improve 

systematic, comfortable process of teaching. This paper reviews different 

models of learning-surface assumptions, which are related to the English 
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language teaching. In this research, it was proposed to use the project-based 

approach through information technology that includes the Smart board and 

the 'Net Support' as a technique to solve and deal with the scarcity of 

competence of teaching/learning in Libya also to automate the information 

delivery function in classroom. Researchers in fact used variety of 

methodologies and approaches, choosing techniques from different methods 

that considered being effective and suitable according to the learning context 

and objectives. This research aims to apply and follow these techniques in 

understanding a new language being taught and do not rely on one specific 

method. The use of variety methods which has been proposed aims to 

improve learners accuracy, fluency and improve the communicative ability, 

study of the minimum level of the communications skills in the second 

language needed by teachers ensure effective use of the communicative 

approach at a given stage (Canale, M, & Swin, M. (1980).  In this research, 

the four linguistic capabilities and skills (listening, speaking, reading, 

writing) were taught and tested through the project-based approach 

alongside to the use of information technology. It is difficult to teach a 

language following or using one method. The researchers shed a light and 

accommodates some notions on the project-based approach, information 

technology that includes Network Support (NWS), Smart Board (SB). In 

addition to bridged concepts about the use of the merits of these mechanisms 

as well as to the exhausting about the matter of the functional and practical 

stand point process through the use of information technology. The 

deduction of using technical strategies will be reviewed on this research. 

Ultimately, discussion and elucidation will be mentioned to the considerable 

methods to be followed for the reason of supporting and enhancing the lack 

of competence of the English language learners as a foreign language in 

schools. 

Key Words: Network Support (NWS), Smart Board (SB), educational 

system, Primary and secondary school, project-based approach (PBA). 

Research Questions: 

  This research intends to answer the following questions: 

   What is project-based approach in learning and teaching process? 

   How to use the Project-based approach and what are its benefits? 

   What is/are the role/s of Network Support in education? 
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    To What extent the Network Support Technology can be used through 

the Project-based Approach in education? 

Significance of the Study: 

In this research, the researchers attempt to reach the idea of that 

learning a foreign language has to be supported by utilizing information 

technology and Network support. This research has been put in 

consideration to be beneficial and effective especially to high school 

students in particular and to foreign language learners in general. This paper 

can be also useful for the readers, teachers. It also can contribute a service 

for the educational planners and those who are specialists on curriculum 

guiding. 

 

Project-Based Approach: 

Project means doing a piece of work that needs skill, effort and 

careful planning. When students conduct a project, teachers guide them to 

complete it . Dewey`s idea of project-based learning (PBL) was introduced 

into the field of second language education two decade ago to reflect the 

principles of student-centered teaching. Since then PBL has became a 

popular activity at various levels and in various context. Students discover or 

explore new issues and topics through learning circles. This is the way of 

giving students a chance to develop their learning outside the classroom too. 

They should feel they are responsible for the process and work on it to 

contribute to it. It is an extended task, which usually integrates language 

skills through a number of activities. 

The Methods and Approaches that Were Used in the Context of the 

Project-Based Approach: 

Communicative Approach or Communicative Language Teaching: 

As an Approach to foreign or second language teaching emphasizes 

that the goal of language learning is Communicative Competence. 

British applied linguists have developed the approach as a reaction to 

grammar-based approaches. During the 1970s, there was a wide spread 

reaction against method that emphasized teaching grammatical forms 
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because little or no attention was paid to how language used everyday 

situation. 

What does This Approach About? 

This approach emphasizes on learning to communicate through 

interaction in the L2, to introduce an authentic text into the learning 

situation. 

It links classroom language learning with language activation outside 

the classroom; so communicative language teaching makes use of real-life 

situations that necessitate communication. 

The Techniques of CLT  

1- Using authentic materials that have been produced to fulfill some social 

purposes in the language community, or materials that are not produced for 

education purposes. 

2- Scrambled sentences  

HOW? 

A- The students are given a passage (a text) in which the sentences are in a 

scrambled order. This may be a passage they have worked with or one they 

have not seen before. They are told to unscramble the sentences so that the 

sentences are restored to their original order. 

3- Language games since they give students valuable communicative 

practice and are regarded enjoyable by students, games are used frequently 

in CLT. Any game that provides learners with the opportunity to practice 

communicating in target language can be used. 

4- Picture strip story with picture strip stories, teacher can do many 

activities. For instance, as an example of problem solving activity, a small 

group might be given a strip story. A member of the group shows the first 

picture of the story and the other members try to predict what the next 

picture would look like. 
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The Benefit of Network and Smart Board Technology in the 

Learning/Teaching Process: 

Network and Smart board Technology featuring audio-visual 

apostolic effect naturally and make it more access to information. 

Network and Smart board Technology are beneficial for testing and 

distance education, and some for teaching spoken English, reading, listening. 

This research can also be beneficial for future researches. The 

deduction of this research could be effectively useful as an accommodated 

material to the heads of the schools, specifically the high school to support 

their teachers and students with modern technological devices. 

*What Net Support is? 

Network: A group of computers and peripheral devices connected to each 

other. 

In other words: A group of computers linked to each other with physical 

lines, exchanging information as digital data. 

*The Benefits of Network Support: 

A computer is a machine used to manipulate data. Human beings 

quickly understood it would be useful to link computers to each other in 

order to exchange information. 

*A Computer Network can Serve Several Distinct Purposes: 

Sharing resource (files, applications or hardware, an Internet Connection, 

etc.) 

Communication between people, (email, live discussion, etc.) 

Communication between processes (such as between industrial computers) 

Guaranteeing full access to information for a specified group of people 

(networked databases) 

Multiplayer video games. 
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*The Properties of a Computer Network: 

 Facilitates interpersonal communications’ people can communicate 

efficiently and easily via email, instant messaging, chat rooms, telephone, 

video telephone calls, and video conferencing. 

Allows sharing of files, data, and other types of information. 

Authorized users may access information stored on other computers on the 

network.  

Providing access to information on shared storage. Devices are an important 

feature of many networks. 

 Allows sharing of network and network computing resources. 

Users may access and use resources provided by devices on the network, 

such as printing a document on a shared network printer.  

*How is Net Support Work? 

Telecommunications network that allows computers to exchange data. 

In computer networks, networked computing devices pass data to each other 

along data connections. The connections (network links) between nodes are 

established using either cable media or wireless media. The best-known 

computer network is the Internet. 

Network support devices that originate, route and terminate the data 

are called network nodes. 

Nodes can include hosts such as personal computer, phones, servers as 

well as networking hardware. Two such devices are said to be networked 

together when one device is able to exchange information with the other 

device, whether or not they have a direct connection to each other. 

Computer networks support applications such as access to the World 

Wide Web, shared use of application and storage servers, printers, fax 

machines, use of email and instant messaging applications. 

Computer networks support different in the physical media used to 

transmit their signals, the communication protocols to organize network 

traffic, the network's size, topology and organizational intent.   
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This program was founded in September 2008 in California by Nicolas 

Borg, Jeff 'Hara. The users of this program are 33,000,000+. Edmodo is 

social learning network in the world. It’s incorporated into classrooms 

through a variety of applications including Reading, Assignments, and paper 

studying. Current uses include posting assignments creating polls for student 

response embedding video clips, create learning groups, posting a quizze for 

students to take, and creating a calendar of events and assignments. Students 

can also turn in assignments or upload assignments for their teachers to view 

and grade. 

Meriden, Kansas, population 813, may be a small town, but Jan Wells, 

a fourth grade teacher at West Jefferson Elementary, has transformed it into 

a World Capital. By skillful use of the educational website Edmodo, 

www.edmodo.com, Jan and her students have raised the roof of their 

classroom, attended the walls, and brought voices from communities far and 

wide into their daily learning. 

Access to this free online community, with over four million users, 

begins with a teacher creating an account. Through this account, a teacher 

can access numerous tools which facilitate learning and collaboration for 

students within a classroom, and with students from other classrooms, both 

near and far. In addition, a teacher can connect with other educators to learn 

more about topics of interest and seek answers to questions about teaching 

and learning  (Dobler, E. 2012.2013) Teachers can annotate the assignments 

directly in Edmodo to provide instant feedback. Parents can also view this 

website, either under their child's username or they may create their own 

account. The parent account allows parents to see their children's 

assignments and grades.    

* The usefulness of this Application:  

1.Students can participate in online discussion. 

2.Can create connections with others students from different school. 

3.Students can upload homework assignments. 

4.Teachers can differentiate instruction by creating subgroups of students. 

5.Teahers can give students positive reinforcement privately.  
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*General Background over the Technical System of the Interactive 

Whiteboard 

Smart board is a digital educational device, which will eventually 

substitute traditional blackboards and chalks in new generations. 

Interactive whiteboard is a combination of the electronic technologies, 

software technologies and Internet technologies. It is the revolution to the 

old blackboards and chalk pattern that has lasted for hundreds of years in our 

country Libya. Smart board is a PC (personal computer) based input 

equipment, which connects the computer and the projector in order to serve 

a purpose of teaching. When the interactive whiteboard is connected with a 

PC and a projector, it can serve functions such as: writing, noting, drawing, 

geometric graphics, editing, printing and storing. 

Interactive whiteboard will become mainstream equipment for 

teaching, meetings, remote education and information exchange in the 

future. 

Features of this Technological Technique (Smart Board) 

* Applying special techniques as well as advanced and reliable technologies 

that can create an interactive environment for teaching and demonstration if 

it is connected with PC (personal computer) and projector under the support 

of dedicated software. 

* Electronic pen can operate you PC instead of mouse. 

*By using electronic pen, you can write, note, erase, copy, clone, replay and 

save files. 

  *The upgradeable and expendable software can offer functions such as 

partially magnifying, partially editing, searchlight, replaying, calligraphy 

effect, camera, screen and customized template.  

*It also features high tracking accuracy, quick response and sensitive 

operation.  

*It also boasts of low reflection, high wear-proof, accurate focus, excellent 

projection effect and suitability for long time watching. 

*It can connect to one more laptops/tablets or any other electronic devices.  
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*It has touch screen technology, so you don’t actually need a computer to 

access the basic functions. 

*What can You do on the Smart Board?  

The tutor can manage a high interactive class through this 

technological technique. He/she has to prepare their lessons in short, clear 

and meaningful attitude one the laptop or computer with the use of illustrates 

symbols like pictures and portrayal drawings.   

The teacher can enhance students to see and practice what he 

comprehended from the tutor by using this mechanism. He can develop the 

students skills of learning the English language-that is what we aim to 

achieve like (listening, speaking, reading and writing) in a successful, 

practical, modern and interactive way of teaching and learning the foreign 

languages. 

The students will be more enjoyable, interest and more active when 

they see their learning curriculum visually, in a colored, transformed and 

comfortable way. Finally, we know that the revision of what the students 

have been earned and what has been explained in the class is a very 

successful way to test the students’ comprehension, so this mechanism gives 

the opportunity to the tutor to play a role in a quick and efficient way. 

*How can We Develop the English Language Skills of the Learners by 

Using the Smart Board? 

Teacher has to write the vocabulary or the symbols that need to be 

listened and accepted on the smart board in a colored and moveable design, 

then the sound track should be worked in a clear and arranged way from the 

native English speakers. When the sound track achieves its place and has 

been completed, the teacher should be responsible and should have the 

ability to replay it again and again until it becomes more understandable and 

comprehensible, so the students can see, hear and read the 

words/sentences/texts or paragraphs in a successful and effective way. 

Secondly, they can pronounce it repeatedly until they reach their goal. 

Last but not least, the tutor can use recorder machines/aids to make students 

record what they listened and then compare his recorders to the provided 

sound track device of the English native speakers. To test the students, 

teacher can perform and create quizzes that depend on gap fill exercises or 
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multiple choice questions, so the students will be able to see and fellow their 

classmates answers, consequently they can correct and share each other's 

responses, also they have the ability to revise something at the same time by 

using some technical devices on the smart board. In brief, the smart 

interactive technological white board is an extremely effective technical 

device that can enhance the amount of motivation, participation, interaction 

and self-confidence of the English language learners, alongside with the Net 

Support. 

METHODOLOGY: 

This qualitative study took place in Light-way school (private school), 

and         Al-majd secondary school (public school) Khoms Libya. It was 

conducted on two different grades by interviewing the students in order to 

get the data needed. 

The researchers selected 10 students from a Primary school in grade 

6( The Light Way primary school). Their age range from 11 to 12 years old. 

These students attend regularly in the school. Smart board and Edmodo were 

used in the context of the Project-based approach. 

 Researchers selected 25 Secondary school students (Al-majd high 

school) of third year specialized in English language, whose age averaged 

around 16 to 17 years old from Al-Maged secondary school. Net Support 

was used to examine lab teaching in the context of the Project-based 

approach. 

Data Collection Analysis 

SPEAKING 

The methods and approaches that the researchers used in the teaching 

process in the context of the project-based approach   

Communicative Approach  

Audio-Lingual  

The process of practicing the project-based approach in teaching speaking: -  

The researchers used the power point application to prepare the lesson 

for the reason of developing the students’ competence in order to be more 

useful, effective and comprehensive. The lesson started by using 
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communicative approach to divided class into group. Each group contains 

five students, gave the exercises through the use of audio-lingual method as 

this method gave basic to the spoke language and communication and helps 

the students. Gain more vocabularies, correctly pronunciation. The new 

vocabularies were taught through giving simple meaning to explain the 

difficult words. The researchers ask the students to pick the accurate 

meaning for the new vocabulary in order to facilitate language learning. The 

students of each group answer one question, the researchers recording. The 

students comprehended conversation, and there were communications and 

interaction. The conversation was given in role-play 

The Steps of Explaining the Lesson: 

A- The researchers presented the planning curriculum education by using 

Scan to PDF picture.  

 

 

Figure 1:  Curriculum presented as a PDF 
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B- The researcher presented the picture of the students’ book, which viewed 

is skill 'B' picture format.  

 

 

 

Figure 2: Students’ book 

 

C- The researchers gave general idea about the topic. 

 

 

Figure 3: Topic 
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D- Presented new vocabularies.  

 

Figure 4: Presenting new vocabularies 

E. A quiz. Presenting some exercises on power point application. Dividing 

the students into two groups and play the exercises as a game, so the 

students listened repeatedly from the teacher, then they were asked to 

answer the exercises. 

 

 

Figure 5: Quiz 

 

The Deduction: 
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The usage of games kept the students motivated to participate. The 

students became more active and the lesson was comprehended. 

LISTINING: 

The Methods and Approaches that Used in the Teaching Process in the 

Context of Project-Based Approach:     

Bilingual method.                                                                                             

Audio-lingual. 

Communicative Approach. 

The Process of Practicing the Project-Based Approach In Teaching 

Listening:  

“Common to all versions of Communicative Language Teaching, 

however, is a theory of language teaching that starts from a communicative 

model of language and language use, and that seeks to translate this into a 

design for an instructional system, for materials, for teacher and learner roles 

and behaviours, and for classroom activities and techniques.” (Richards and 

Rodgers, 1991:69) 

The researchers used network support technology alongside to the 

power point application, to develop the students’ competence in order to be 

more effective and comprehensive. In addition, the researchers used 

bilingual method to explain the lesson, as L1 (first language) was needed to 

explain the meaning of new words. 

Network Support Technology was used, providing a computer to 

every student so they can repeat the lesson many times if needed. The audio-

lingual method was used, by listening to CDs from native speakers, which is 

an effective way to acquire the part of the language successfully and 

comprehensively. Also the researchers recorded their voice through the 

recording devices to make them compare between the English native 

speakers and target English language learners.  

The steps of explaining the lesson:  

 A –Presenting the planning curriculum education by Scanning  
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Figure 6: Presenting the planning curriculum 

B – Presenting the picture of the students’ book viewed in skill 'B' picture 

format. 

 

Figure 7: students’ book 

C –Gave a general idea about the topic  

 

Figure 8: The topic 
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D – Testing the students by presenting some exercises on the network 

support, also using power point application. Also following the way of 

dividing the students into two groups and do the exercises as a game. The 

students listened repeatedly from the recoded native speakers, then they 

ordered to answer the exercises. 

 

Figure 9: Exercise 

The Deduction: 

The researchers found that the methods followed were successful, and 

the students became more comprehensive and acquire the language in a good 

way when listening to native speakers. 

Data Analysis 

Analyzing the collected data, which is conducted by using two 

methods (interview and observation) that fit and considered to be available 

for earning and getting the required information.  

The Interview: 

The participants were students of the third year (Al-majd high school) 

specialized in English language. The total number of the participants were 

"25". All the participants were female, and their ages were between "16" and 

"17" years old. They were divided into two groups. They were 6 

interviewees in group “A” and 11 interviewees in group (B). However, the 

first group which is A underwent a traditional method of teaching (without 

using technology, the second one “B” was evaluated through the using of 
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information technology for instance, the use of power point, net work 

support, for teaching the field of English to enrich and expand their 

knowledge. 

The responses of the interviewees of both groups: 

Group" A" and "B" have chosen the technological techniques for T& 

L the EL. The reason was that the technological tools gave them more 

opportunity to gain a real knowledge, which has a long time learning effects. 

Their viewpoints towards the blackboards and chalks are passive, and 

invalid appliances, also it considered to be a terrible atmosphere which 

created trans the use of these traditional tools as well as to the crucial factor 

of their failing and effecting badly on their knowledgeable state in the 

system of studying the foreign language. 

Thus, to improve the hypothesis of this research paper, the researchers have 

embarked the participants in to an exam; presented a lecture by following 

the systematic guiding book of teaching the English language alongside to 

using the information technology tools. After presenting the lesson through 

this realm, the researchers tested and evaluated the students’ comprehension. 

The result was very satisfied and so optimistic of getting effective and 

creative students. Then to check students’ verification of the information that 

they got into the previous lectures after an interval time, the researchers 

conducted a quiz using information technology tools, results were delightful 

and glorious.  

The Practical Situations of Using the Edmodo (virtual class) EVC, to the 

Primary School 

Edmodo, The researchers guided the students how to use it, Opens the 

teacher page. 
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Figure 10: Edmodo 

Then, the classroom is ready for students, the researchers invite students to 

join by giving them this group code f7dhm. Students sign up for Edmodo 

using this code, the researchers lock the Group Code once the students have 

joined. This code locks 14 days after group creation. Then, the researchers 

named the group Light way school case study. 

 

Figure 11: Edmodo 
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Figure 12: Edmodo 

Selected the subject English, shares folders, create assignments, and get the 

classroom discussion going. The students signing up to Edmodo and dealing 

with Edmodo easily. 

CONCLUSION 

According to the findings of this research, which were mainly conducted to 

deal with the scarcity of teaching and learning competence in schools, the 

researchers found out that using technology inside the classroom is more 

effective than the traditional ways in teaching a foreign language . 

In this research, the researchers used some technological, effective 

and modern techniques in order to produce a scientific English learners as 

well as creating a dynamic, comfortable and progressive interesting 

environment for the students, specifically the English students of secondary 

school grades.  

In this research, the researchers provided information and general 

ideas about the project-based approach, network support technology then 

giving a detailed information and explanation about the process of practicing 

technology through the utilizing of project-based approach. The analysis 

suggests that the initial attempts to bring information technology to manage 

education following modern techniques and strategies more than the 
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accustomed and the traditional and applying them to the learning context and 

objectives. This research aimed to apply and follow these techniques in 

understanding of new language which being taught and don’t rely on one 

specific method. In this research the researchers tested and practiced the four 

linguistic capabilities and skills through project-based approach alongside to 

the use of information technology. The practicing of this resulted in that is 

impossible to teach everything related to language by following or using one 

method, also it showed that the professional English foreign teachers have to 

follow what we call the principled project-based approach where students 

are encouraged to be autonomous in their learning. As a result of the 

proposal research presented to the secondary and primary schools and the 

beneficial results that they got while working along the process of our 

practical part of this research work, so some private schools in Libya have 

begun building classroom facilities that incorporate information technologies 

in hopes to improve the system of teaching and learning the English 

language. Finally while the researchers used Net Work Support in the 

context of Project-Based Approach in teaching, students, has earned 

beneficial and effective results throughout practicing these methods in 

learning English language as a foreign language far away from the 

traditional tools as the blackboards and chalks that considered to be 

ineffective and passive methods of learning English language. The fluency 

of the students has remarkably increased when listening to native speakers; 

learners’ motivation has increased due to the new learning style. Teachers 

got more space and time inside the classroom when involving technology in 

the teaching process plus having time to evaluate students individually.  

RECOMMENDATIONS: 

1/ Technology has so many options for fulfilling to keep students deeply 

engaged in learning. 

2/ Using Edmodo program cant help students to participate online discussion 

and upload homework assignments. 

3/ The researchers encourage the use of technology to provide a 

comprehensive outsource service in teaching. 

4/ Using Smart board in teaching helps students to see, hear and read the 

words /sentences/ texts / paragraphs in a successful and effective attitude. 
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5/ Network Support provides opportunities for teachers to share their 

practices and good ideas with their students to build a repertoire of 

successful activities. 

6/ Edmodo program can provide connection between real life and 

schoolwork. 

7/ Using Edmodo program into lessons and out of the classroom, teachers 

can encourage students to learn independently. 

8/ Technologies like Smart board and Network Support make it easy for 

students to ask questions, find answers, and help other students to learn. 

9/ Using games in teaching help students get instructions and practice before 

starting any activity, and make it more enjoyable and beneficial for students.  
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Abstract: 

This acoustic study is dedicated to investigating the voice onset time (VOT) of stop 

consonants in Alkhomy Libyan Arabic (KLA). This paper aims to provide a better insight into 

the phonological and phonetic features of plosives in KLA. The results show that KLA stops 

have short lags and voicing leads for voiceless and voiced plosives respectively. The data for 

voiceless stops supports previous findings that VOT values increase as the point of 

constriction goes backwards from the lips to the velum. Data for voiced stops contradicts this 

notion as labials and alveolars have longer leads than velars. The voiceless and voiced 

emphatic stops have the shortest and the longest VOT values respectively. The factorial 

analysis shows that stops are affected differently by the vocalic context. The findings also 

indicate that vowel height significantly affects VOT temporal duration (most stops have their 

highest VOT values before high vowels and their lowest values when preceding low vowels). 

Vowel frontness, however, shows no significance correlation with the VOT durations.    

Introduction 

Previous literature shows that VOT is a highly effective feature which distinguishes 

phonemic categories of different languages although they have different assigned 

phonological and phonetic features (Khattab, 2000). In phonetics, a large number of studies 

have investigated the acoustic properties of stop consonants in languages around the world 

(for example, Nearey et al., 1994; Öğüt et al., 2006). However, a few investigators have 

studied VOT in Arabic compared to the studies on other languages such as English.  To the 

best of my knowledge, there has not been a single attempt to explore VOT patterns in 

Alkhomy Libyan Arabic (KLA).   

This paper aims to contribute to the world map of VOT. It examines VOT variation of 

plosives in the initial position according to factors comprising POA, emphasis and the quality 

of the following vowel. To explore this, the production of 52 singleton words starting with 

/b/,/t/,/d/,/T/,/D/,/k/ and /g/ and followed by /i/,/i:/,/a/,/a:/,/u:/,/u/, /e:/ and /o:/ are analysed 

acoustically to describe the voicing system in KLA. 

Literature review 

 Standard Arabic and KLA stops 

The stop consonants have been termed “al-asswat al-infijariyya” meaning “explosive 

sounds” by Arab linguists (Al-Jaburi, 1971: 59). These sounds are also classified by early 

Arab grammarians into six groups on the basis of their place of articulation (POA) (makhraj) 

in the oral cavity. These groups are bilabial (shafawiyyah) /b/, alveolar (lathawiyya) /t/ and 

/d/, emphatic alveolar (al-mutbaqa) /T/ and /D/, velar (akssa al-hanak) /k/, uvula (lahawiyya) 

/q/ and glottal /ʔ /. These groups can also be classified according to the voicing quality into 

voiced (majhuura) and voiceless (mahmuusa). Whilst /b/, /d/, /D/ and /g/ are classified as 

majhuura, /t/,/T/ and /k/ are considered to be mahmuusa (AlDahri, and Alotaibi, 2010). 

However, Sibawayh regards /T/ as majhuura (Al-Nassir, 1993, 37-38). In both MSA and 

KLA, the voiceless plosive /p/ does not exist, so they have only a single bilabial plosive /b/. 

The uvula stop /q/ is not very common in KLA. Instead, this uvular stop moves forward to the 

velar region, and is realized as /g/. 



بويمجلة التر  

An Acoustic Study of Voice Onset Time in Libyan Arabic  العدد 

416 
 

 

               Table 1: MSA and KLA stop consonant classification based on the diagram of outlets of Arabic 

consonants (Heselwood and Hassan, 2011: 7). 

Definition of VOT 

Lisker and Abramson (1967:1) define voice onset time as “the time interval between 

the burst that marks the release of stop closure and the onset of quasiperiodicity which reflects 

laryngeal vibration". Based on the VOT values of the prevocalic stops at the initial position, 

VOT continuum is referred to in the literature as having four categories. When the excitation 

of the vocal folds starts before the release, it is referred to as pre-voiced or voicing lead (with 

a negative value) with a range of -125 to -75ms (e.g. -100 ms median value as in the case of 

voiced unaspirated stops in Italian). When voicing starts at the release, VOT is zero in this 

case. When voicing starts after the release, the VOT is given a positive value. If voicing 

begins up to 25 ms (e.g. + 10 ms median value as in the case of Italian voiceless unaspirated 

stops),  VOT falls in the category of short lag. Finally, when voicing starts after 25 ms and up 

to 100 ms (+ 75 median value), VOT is described as having a long lag as in the case of 

voiceless aspirated stops (Lisker and Abramson, 1964: 403; Abramson, 1977: 296; Öğüt et al., 

2006: 1095; Gósy, 2001: 76). However, VOT continuum is split up differently by different 

researchers. That is to say, each category has a number of different values related to it. 

Consider the following diagram adapted from Ashby and Maidment (2005: 95) where the 

VOT duration is indicated by arrows: 
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Figure 1: An illustration of the VOT possibilities for stop consonants 
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Factors affecting VOT          

Previous studies reported that VOT values are influenced by a number of variables 

such as the POA, the voicing quality of the plosive sound and the effect of the following 

vowel.   

As for POA, VOT values become greater as the point of articulation moves further 

back in the oral cavity from the labial towards the velar region (Lisker and Abramson, 1964; 

Volaitis and Miller, 1992; Cho and Ladefoged, 1997). That is to say, initial stops have longer 

VOT before velars than before alveolars and bilabials respectively. This is attributable to 

physiological or bio-mechanical factors (Chomsky and Hall, 1968).  

As regard to vowel context and voicing quality, It has been found that vowel quality 

has a significant effect on VOT values (contradicting Lisker and Abramson (1967) who 

indicate that the effect of the following vowel on VOT values is not robust). Investigators 

have concluded that VOT durations vary as the vowel context varies (Rochet and Fei, 1991; 

Esposito, 2000; Docherty 1992). For example, Thornburgh and Ryalls (1998: 224) stated that 

voiceless stops followed by high vowels /i, u/ have longer VOT durations than stops followed 

by a low vowel /a/. Generally, studies concluded that voiceless stops have a shorter phonation 

onset before a low vowel rather than a high vowel (for example, Thornburgh and Ryalls, 

1998). However, a few studies concluded that plosives have longer VOTs before low vowels 

(for example, Fant, 1973, cited in Cheng, 2013).  

Other factors may include volume notion (see Hardcastle, 1973, cited in Abdelli-

Beruh, 2009), status of the glottis (see Cho and Ladefoged, 1997), extent of articulatory 

contact region (Steven, 1999), mobility of the articulators notion ( Kuehn and Moll, 1976, 

cited in Cho and Ladefoged, 1997), speaking rate (Kessinger and Blumstein, 1997; Miller and 

Baer 1983), the effect of the last consonant (Port and Rotunno, 1979), gender (Whiteside and 

Irving, 1998) and stress (Docherty, 1992). 

Experimental studies on VOT 

1 Cross linguistic studies on VOT 

In his experiment, Klatt (1975) tested the acoustic characteristics of the English stops 

in monosyllabic and disyllabic words which are embedded in a carrier phrase. He investigated 

the effect of POA on VOT durations in singleton words in the initial position in the context of 

four vowels /i, ɛ , ai, u/ and noted that voiceless stops /p, t, k/ have longer VOT values (about 

15 %) when they precede high vowels /i, u/ than when the following vowels are /ai, ɛ /. 

Chao and Chen (2008) investigated the acoustic characteristics of Mandarin Chinese 

voiceless plosives. Eleven native Chinese female speakers produced 73 disyllabic words with 

aspirated /p’, t’, k’/ and un-aspirated /p, t, k/ in the initial position followed by two high 

vowels /i, u/ and a low vowel /a/. Because of Chinese phonotactics, the aspirated and 

unaspirated velars are only investigated in the context of /u, a/. Their findings tend to 

contradict the widespread belief that VOT value increases as the POA goes further back in the 

mouth. They found that the aspirated bilabial /p’/ has a slightly longer VOT duration than the 

aspirated alveolar /t’/. VOT values were 82 ms (from 35 ms to 147 ms) and 81 ms (from 45 

ms to 123 ms) respectively, which is not a significant difference. However, the highest VOT 

values were recorded in the case of the velar /k = 27 ms, k’= 92 ms). ANOVA showed a 

significant influence of the vowel context except in the case of /t’/ (82, 82, 81 ms in the 

context of /i, u, a/ respectively). All the other stops had longer phonation onset when they 

preceded the two high vowels /i, u/ than when they were followed by a low vowel /a/. The 

VOT values for /p’, k’/ when they preceded the vowels /i, u, a/ were 90, 87, 70 ms and x, 33, 

22 ms for /p’/ and /k’/ respectively.  
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Abdelli-Beruh (2009) examined the effect of place of occlusion on the duration of lag-

VOT, stop closure and voiceless interval (closure plus VOT). Twelve monosyllabic words 

(CVC) produced by nine Parisian French speakers were embedded in two kinds of carrier 

sentences, namely post-voiced /pa/ and post-voiceless fricative /pas/ with /p, b, t, d, k, g/ in 

the initial position before /ɔ , ɛ /. The correlation between lag-VOT and voiceless interval 

were only analysed in the case of post-voiced context. Results showed that the effect of place 

of constriction on the short lag VOT was robust [F (2, 16) = 52.34, p<0.001]. In other words, 

VOT duration is significantly longer for velars (k = 32 ms), alveolars (t = 23 ms), and labials 

(p = 15 ms). Results showed no significance effects between POA on voiceless interval (p = 

106 ms, t = 109 ms, k = 111 ms). This intimates that the correlation between VOT and stop 

closure is not completely governed by physiological factors in Parisian French. One limitation 

of this study is that the researcher ignored the vowel context in his/her data analysis although 

he/she lists it as one of the variables.  

Öğüt (2006) studied the acoustic properties of Turkish initial stop consonants /p, t, k, b, 

d, g) produced by 15 female and 15 males in monosyllabic words. Each stop is examined in 

the context of the following vowels /ɯ, e,ɑ , i, y, ɔ , œ, u/. The difference between voiceless 

and voiced plosives was 107 ms, 103 ms, 79 ms for bilabials, alveolars, and velars 

respectively. One way ANOVA showed a statistically significant correlation between VOT 

and POA (p<0.001) and the results also showed velars are significantly different from 

bilabials (p<0.001) and alveolars (p< 0.007). However, the difference between bilabials and 

alveolars was not robust (p = 0.478). The context of the vowel and VOT measurements are 

not statistically significant.   

2 Voice onset time in Arabic 

Only a small number of investigators have studied VOT in Arabic compared to the 

studies on the other languages such as English. Yeni-Komshian et al. (1977, cited in Al-

Nuzaili, 1993) conducted a study to investigate Lebanese Arabic stops in the initial stops 

before three vowels, namely, /i, a, u/. VOT values indicate that Lebanese Arabic stops fall 

into categories: VOT values for voiced plosives are in the lead, whereas VOT durations for 

voiceless stops occur in the short lag. They found an overlap of VOT between the plain and 

emphatic pairs /t, d/ and /T, D/ respectively. This overlap ranged from zero to 30 ms voicing 

lag in the case of /t, d/, and ranged from zero to 20 ms in the case of the two emphatic pairs, 

especially when they occurred before /ii/ and /uu/. Additionally, they also observed that all 

stops had a unified pattern in that they had longer lags and shorter leads before vowels /i, ii/ 

than before /aa, uu/. However, they observed that the voiced /b/ is voiceless and has its VOT 

in the lag time in a range between zero and twenty ms despite the following vowel. 

Al-Nuzaili (1993b) analysed the acoustic correlate of eight Yemeni Arabic stop 

consonants in order to understand the effect of emphasis and vowel context on VOT. One 

speaker produced 52 singleton words with eight stops /b, t, d, T, D, k, g, q/ in initial position 

preceding the four high vowels /i, i:, u, u:/ and two low vowels /a, a:/ in the initial position in 

a CVC structure. It could be argued that one speaker participant (who is the researcher 

himself) does not constitute a representative sample, which casts doubt on this study and its 

generalizability. The results illustrated that VOT timing duration for /t/ was slightly higher 

than that of the emphatic /T/, with VOT values ranging from 15 to 55 ms and -30 to 25 for /t/ 

and /T/ respectively. Likewise, /k/ had a slightly longer VOT (ranges from 0 to 80 ms) than 

/q/ (ranges from 5 to 75 ms). T-test results showed that the difference between the two non-

emphatic pairs and the two velars was robust (p< 0.01). Similarly, there was a significant 

difference between the emphatic alveolars (p< 0.05). On this basis, the researcher described 

Yemeni Arabic /t/ and /k/ as having a long lag, whereas /T/ and /q/ have a short lag. Voiced 
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stops had a long voicing lead with a maximum duration of -120 ms and -130 ms for /b, D/ and 

/d, g/ respectively. As for the vocalic context, voiced stops had shorter voicing leads before 

/uu/ and /aa/ than before /i:/; with the exception of the two minimal pair tokens which had a 

shorter voicing lead in Di:n than in Da:r and similarly in gi:s than ga:d.  

This conclusion contradicted the results from Yeni-Komshian et al. (1977) as stated 

above. Generally, the results indicated that voiced stops had longer VOT values before high 

front vowels /i, i:/ than when they preceded the high back vowels /u, u:/. Voiceless stops did 

not exhibit any tendency as their values varied from one vowel to another. That is to say, their 

values depended on the POA rather than the vowel context. For instance, /t/ exhibited a longer 

voicing lag (about 23.35%) when it preceded close-front vowels /i, i:/ than when the 

following vowel was open-front /a, a:, u, u:/. The emphatic /T/, however, had longer VOT 

values before back vowels /u, u:/ than before front ones /i, i:, a, a:/. The velar and uvular stops 

showed non-systematic VOT variation with regard to the vowel context.  

The acoustic measurements of Jordanian Arabic stops were investigated in the initial 

position in Mitleb’s study (2001) which was restricted to non-emphatic alveolar and velar 

stops in an environment of the short and long vowel /a/. The findings demonstrated that vowel 

length had a robust effect on all consonants. All stops had a longer VOT duration before a 

long vowel than a short one (p<.001). While /t/, /d/, /k/, /g/ had a VOT value of 37, 10, 39, 15 

ms respectively in the context of a short vowel, their VOT durations were 24, 23, 60, 23 ms 

respectively before a long vowel.  

The voicing quality of the stop consonant also affected the duration of VOT. There 

was a significant difference between voiced and voiceless pairs in the context of both 

environments of the two vowels. The durational value for /t/ was 27 % and 37 % longer than 

/d/ before short and long vowels respectively. There was a 40 ms contrast between /k/ and /g/ 

before a long vowel, which is robust.  

As for place-related effects, it was found that POA had no significant effect on VOT 

in the context of the two vowels. For example, the difference between /t/ and /k/ was only 2 

and 4 ms before the short and the long vowel respectively. These results contradicted the 

findings of previous studies (for example Lisker and Abramson, 1964) that VOT values 

increase as the POA moves further back from the lips to the velum. In their study, Lisker and 

Abramson (1964) reported that /t/ and /k/ had VOT values of 67 and 84 ms respectively.  

In another study, the effect of close and non-close vowels on the VOT patterns of the 

six Mosuli Iraqi Arabic plosives /p, b, t, d, k, g/ in the initial position was examined by Rahim 

and Kasim (2009). This study also attempted to examine the effect of voicing on VOT 

measurements. To examine the effect of voicing, they used minimal pair stimuli, which 

controlled the effect of the last consonant on the VOT value (Docherty, 1992: 28-29). 

However, some methodological problems affected the validity of this study. First, only one 

pair of stimulus was used to test the voiced/voiceless distinction for each point of articulation 

namely, bilabial, alveolar and velar. Secondly, their samples were not homogenous in terms 

of number of participants for the two genders (6 males and 4 females). Whiteside and Irving 

(1998) reported that males had shorter VOTs than females. Another methodological problem 

was the inconsistency in age (21-52) as some previous studies have indicated that younger 

people usually have a longer VOT than older ones (for example, Ryalls et al., 2004).  

Leaving aside these methodological problems, the results showed that the VOT of 

voiceless stops had shorter values when followed by a non-close vowel /a:/ than a close vowel 

/i:/. Also, voiceless stops exhibited a tendency of VOT duration before both vowels in which 

VOT values increased as the place of occlusion went backwards. On the other hand, voiced 

stops did not show these similarities in pattern. Voiced stops have very close VOT durations 

before non-close vowel, but they had different values if the following vowel was close. In 
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addition to this, the results indicated that the distinction between voiced and voiceless stops 

were greatest between /t/ and /d/, intermediate between /k/ and /g/ and least between /p/ and 

/b/.    

Alotaibi and AlDahri (2011) compared the VOT of /b/ and /k/ in Arabic to other 

languages.  The two target stops were inserted into a carrier phrase CV-CV-CV, where the 

second C indicated /b/ or /k/. The other stops were carefully chosen to be identical so that they 

had the same environment. The native Arab and non-native Arab speakers were instructed to 

read the stimuli as they would read them in MSA. To ensure they did this, all participants 

were selected on the basis of their mastering of Qur’anic recitation. The sample selection 

method was somewhat problematic in this study since the participants were not homogenous 

with regard to their L1.  

The outcomes showed that the two MSA stops always fell in the category of lag 

regardless of whether the stop was voiceless or voiced. The results also demonstrated that the 

VOT for the voiced /b/ was two times shorter than that for the voiceless /k/. The VOT 

durations for /b/ and /k/ were 16 (ranging from 9 to 25) and 54 ms (ranging from 34 to 80) 

respectively. These finding contradict other studies which found that voiced stops had a 

voicing lead (for example Klatt, 1975). 

 Research questions and hypotheses  
This paper focuses on an acoustic study of VOT in Alkhomsy Libyan Arabic stop consonants. 

It attempts to address the following research questions:   

1. Does VOT vary as a function of place of articulation (POA)? And does the voicing 

quality of the plosive have a robust effect on the VOT duration? 

2. Is there a significant difference in VOT values between emphatic and non-emphatic 

sounds  

3. Does VOT vary as a function of the following vowel vary? 

The following null hypotheses are suggested to answer the above questions: 

1. The VOT values are the same across the different places of articulation 

2. The voiced and voiceless distinction of oral stops is not a significant determiner of 

VOT durations . 

3. The VOT for each single stop consonant is the same in all vowel contexts.  

Method  

1 Participants 

Four male participants took part in this study, and all of them were aged 30. Non-

probability sampling was used in this study, that is to say, the selection of the participants was 

conducted by applying a convenience sampling method. Buchestaller and Khattab (2013: 74) 

point out that this kind of sampling is widely used in linguistics (for example, phonology) 

because it is presumed that the “interpersonal variation” is not significant.  

The participants in this study share a number of similarities. They were all born in the 

same regional area of Libya (being almost neighbours) and have lived there for their entire 

life to date. All the members of their families speak the same dialect and they were 

monolinguals in their childhood. (They speak only KLA in their daily life). None of the 

participants reported any history of speech or listening disorders. All the information above 

was collected from a short questionnaire which was administered after the consent forms had 

been signed. Participants were compensated for their time.  

2. The material 

The material consisted of a sample of 52 frequently occurring words in KLA. All of 

these words contained one of the singleton stops /b, t, d, T, D, k, g/ in initial position followed 

by the vowels /i, i:, a, a:, u:, u, e:, o:/. The phonotactics of KLA do not permit some 

combinations; therefore, the total number of tokens totalled 52 instead of 56 (see Appendix 
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One). These words were embedded in the Arabic carrier sentence ‘magu:li:sh ________ 

halba’ (Don’t say ________ many times) and written in Arabic script on different lists. Each 

repetition was written in a different order in three lists. As Ladefoged (2003: 8-9) and Auzou 

(2000: 134) note, using a carrier sentence helps to control the effect of pitch and vowel 

durations on the production of each word. Words read as a list are usually produced with a 

lower (for example, falling) intonation and longer vowel duration than when the same words 

are read in a carrier sentence. This can also be helpful when determining the closure and 

release points of plosives. To sum up, this technique ensures that speakers have pronunciation 

stability and that all words have the same neighbouring rhythmic and stress position.  

3. Procedure 

The present study has a within-subjects design. Participants were instructed to read 52 

monosyllabic words (CVC) inserted in carrier sentences from 24 lists. Each embedded word 

was produced three times at a normal conversational speaking rate, and recorded and then 

saved onto the computer. Audacity software (version 2.0.5, 2013) was used to record the 

samples in mono. This means a total of 612 utterances (51 words x 3 repetitions x 4 speakers). 

Because VOT has been found to increase as speaking rate decreases and vice-versa (Miller 

and Baer, 1983), participants were instructed to read the sentences as normally as possible as 

if they were speaking to their close friends in a natural informal conversation.  

The participants were given a general description of the purpose of the study but were 

not informed in detail about the exact focus of this experiment in order to ensure that they did 

not place particular emphasis on the sounds under investigation. If this had happened, it could 

have led to inaccurate results. In addition to this, the tokens were randomized. One more point 

to bear in mind is that KLA is not usually presented in written form, being used only as a 

spoken form. To eliminate or control possible interference from MSA on the production of 

the speakers, subjects were told to read the whole list of utterances before starting to record in 

order to ensure that they would pronounce the target words in the usual way. This technique 

of testing materials beforehand and randomizing the stimuli into blocks controls the speaking 

rate of subjects which usually increases as the test progresses (Turk et al., 2006: 20).  

4. Measurements 

The VOT duration measurements were taken from waveforms and wideband 

spectrograms simultaneously which helped the researchers to determine the onset and the 

offset of segments according to the procedure recommended by Ladefoged (2003: 103-138). 

For acoustic analysis, 624 wav-files were cut (extracted) from the recordings using the 

Audacity software. Praat software (version 64-bit: praat5378, 2014) was utilized to analyse 

each wav-file as illustrated in figure 2. 

 

Figure 2: The word /kib/ (pour) as produced by participant one 
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5. Data analysis 

SPSS software was used for statistical analysis. The normality test shows the VOT 

values were not normally distributed (p = 0.00) as indicated in Table 2. Therefore, the use of 

non-parametric tests was required. Firstly, the non-parametric counterpart of the one-way 

ANOVA test (i.e. the Kruskal–Wallis test) was used in order to find any statistically 

significant effect of POA and the vocalic context on VOT. In the case of comparing different 

levels of each independent variable, a Mann-Whitney independent sample U test was run. As 

stated by Field (2005: 8), this test is suitable for comparing between two categorical or binary 

variables when the data does not meet the assumptions of a parametric test.   

 

Table 2:  Kolmogorov–Smirnov test and Shapiro–Wilk tests of normality 

Results 

The findings of this acoustic investigation of stop consonants in initial position in 

KLA, the effect of both the POA and vocalic context on acoustic measurements of VOT will 

be discussed below.   

1. Results by POA  

   1.1. Voiceless stops 

The results from the independent variable t-test illustrate that the effect of POA on the 

average values of VOT is significant (H (6) = 486.154, p<0.001). A number of previous 

studies have shown that the VOT values increase as the point of occlusion goes backwards 

(e.g. Lisker and Abramson, 1964; Abramson, 1977). Figure 3 and Figure 4 show that this 

notion is only true for voiceless stops. Voiceless stops exhibit a unified pattern, with VOT 

means decreasing as the POA becomes more interior (velar: /k/ = 34.06 ms, STD = 7.658; 

alveolar: /t/ = 26.56 ms, STD = 7.023, /T/ = 21. 76 ms, STD = 5.146). One more thing to 

report is that the values of standard deviation show that voiceless alveolars allow less 

variation in VOT means than in the voiceless velar plosive (see Figure 3). 

  
           Figure 3: VOT means and standard deviations of voiceless stop consonants in all vowel 

 contexts 

 

The Mann-Whitney U test results indicate that VOT mean difference between /t/ and 

/k/ is significance (U = 1498. 50, Z = -6.280, p<0.001). Additionally, the differences between 

/T/ and /k/ tend to be robust (U = 752.00, Z = - 10.024, p<0.001).  

Statistic df Sig. Statistic df Sig.

VOT 0.22 612 0 0.858 612 0
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1.2. Voiced stops 

On the other hand, voiced stops tend not to follow the above tendency, with velars 

having the shortest VOT means (/g/ = -51.83 ms, STD = 21.193). Although the VOT 

durations for the bilabial plosive (M = -61.88 ms, STD = 20.88) are slightly shorter than the 

apical plain alveolar (M = -62.8, STD = 17.089), this difference does not approach 

significance (U = 3783.50, Z = -0.713, p = 0.4770). The bilabial stop is significantly longer 

than the velar one (U = 3112.00, U = 2.639, p<0.01]. The results also reveal a significant 

difference between /b/ and /D/, in which the latter is 10 ms longer than the former [U = 

2019.50, Z = 3.572, p<0.01)].  The emphatic sound /D/ is also 20 ms longer than the velar /g/ 

[U = 1167.50, Z = -7.337, p<0.01)]. It is clear that the voiced emphatic alveolar stop (/D/ = -

71.71 ms, STD = 11.925) has the longest VOT mean value among KLA stops.  

  
           Figure 4:  VOT means and standards deviation of voiced stop consonants in all vowel contexts 

 

1.3. Emphatic stops  

On average, the independent t-test shows that the voiceless non-emphatic alveolar has 

longer delays (M = 26.56, SD = 7.023) than its emphatic counterpart (M = 21.76, SD = 5.146). 

This durational difference reaches significance (U = 1989.00, Z = -4.711, p<0.01). However, 

the voiced plain dental-alveolar has shorter VOT durations (M = -62.81, SD = 17.089) than 

the voiced emphatic sound (M = -71.71, SD = 11.925). This difference seems to be significant 

(U = 2327.50, Z = -3.619, p<0.01). It is also clear that the VOT of the voiced emphatic 

alveolar is significantly longer than that of voiceless emphatic one (U = 0.00, Z = -11.08, 

p<0.001) regardless of the fact that they are produced at the same POA. This means that 

voicing quality of the alveolar sounds has a robust effect on VOT (see Figure 5). In addition 

to this, the emphatics /T/ and /D/ have the lowest and the highest VOT mean values among 

KLA stops, with a minimum VOT value of 18 ms and a maximum of 77 ms for /T/ and /D/ 

respectively (except for participant three who produces longer voicing delays for /b/ than /D/ 

in some of his receptions).  
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Figure 5:  VOT mean values for emphatic and non-emphatic stops 

 

2. Results by vowel context  

Overall, the results show that the vowel context in which KLA stops occur does not 

significantly affect VOT durations (p= 0.107). As for the vowel length factor, the independent 

sample Kruskal-Wallis test shows that the vowel length does not have a significant effect on 

the VOT temporal duration (H (1)= 0.154, p= 0.695) as shown in Figure 6:   

 
Figure 6:  Mean VOT values and standard deviations according to vowel length 

A single analysis of each of the three vowel pairs (namely, /i, i:/, /a, a:/ and /u, u:/) 

reveals similar results. In the context of the long /i:/, the VOT is slightly longer than that of its 

short counterpart (M= 22.29 and 20.46 respectively), but this distinction does not reach 

significance (H (1)= 0.281, p= 0.596). VOT mean values of plosives before /a/ and /a:/ are 

exactly the same (M= 23 ms; H (1) = 0.104, p= 0.747). Also, the long back vowel /u:/ results 

in a slightly longer VOT (about 5 ms) than its short pair. Moreover, the results show that the 

vowel height does not affect VOT duration significantly (H (1) =0.805, p=0.448).  

 

 

Figure 7: VOT means of stop consonants before short and long vowels 
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Although the results state the vocalic context does not significantly affect the temporal 

durations of VOT, examination of the effect of the eight vowels on the phonation onset of 

each single stop consonant reveals different results. It seems that KLA stops are influenced 

differently by the vowel which follows. The results show that the vowel context does 

significantly affect the VOT values of the preceding consonants /b, t, T, k/ and /g/. However, 

the effect of the vocalic context seems not to be robust for both voiced alveolars /d/ and /D/, 

as indicated in Table 3: 

 

Table 3: Kruskal-Wallis test results for the effect of vocalic context on each POA 

As regards vowel length, the Kruskal-Wallis test shows that the vowel length has 

different degrees of effect on each POA. The front-close pair affects all stops significantly 

except /b/, /d/ and /g/. The speakers produced longer lags and leads for /t, T, k/ and /d, D/ 

before /i:/ than before /i/ respectively. However, they produced longer leads for /b/ and /g/ 

before /i/. The bilabial and the velar are 16 ms and 6 ms longer in the context of /i/ 

respectively. The low vowels pair /a/ and /a:/ display a different tendency, only having a 

robust effect on /b/ and /g/. It is clear that voiceless stops show a unified pattern in that they 

have slightly longer lags before /a/ than /a:/ (almost 3 ms). For voiced stops, /b/ and /d/ 

display the same tendency as voiceless stops, while /D/ and /g/ have higher mean VOT values 

before /a:/ than /a/. Moreover, the mean VOT values of plosives (except /d/ which exhibits 

nearly the same VOT in /u/ and /u:/) significantly differ when the following vowel is a back 

high vowel. Both voiceless and voiced stops have longer VOTs before /u:/ than /u/. For 

example, /T/ and /k/ have lags of 20 and 31 ms and 23 and 40 ms for /T/ and /k/ before/u/ and 

/u:/ respectively. Also, it is clear that the VOT values for /b/ and /g/ are 20 ms longer before 

/u:/ than /u/. As for the vowel frontness and backness factor  (/i, i:/ vs. /u, u:/), the VOT shows 

that this factor does not significantly affect VOT (p> 0.05), except with /b/ in which the 

bilabial has a greater VOT (about 35 ms) before /i/ than /u/ (U = 7.00, Z = -3.75, p<0.01). 

Furthermore, the results for voiced stops above state that bilabials are generally 

produced with slower glottal pulsing delays than voiced velars. However, examining the 

behaviour of both sounds in different vocalic contexts reveals that this tendency is not true in 

the context of the high back vowels, whereby the voiced velar has greater VOT values than 

the bilabial /b/. This difference appears to be robust before /u/ with VOT mean values of 48 

ms (median = 46) and 68 ms (median = 55) for /b/ and /g/ respectively. The two stops seem to 

have similar mean values in the context of /u:/, with a mean of 68.5 ms. However, if the 

median is considered to be the basis of comparison as suggested by some researchers in the 

case of non-parametric data (for example, Müller and Ball, 2013: 259), it is clear that VOT 

median value for /g/ is 6 ms longer than that of /b/. In addition to this, by considering the 

closure durations of both sounds, it is evident that /b/ always has longer closure durations than 

/b/ except before /u/ and /u:/, which may explain why /b/ has longer VOTs than /g/. Consider 

Table 4: 

Chi-Square 26.15 Chi-Square 24.65

df 6.00 df 7.00

 Sig. 0.00  Sig. 0.00

Chi-Square 24.04 Chi-Square 5.29

df 5.00 df 7.00

Sig. 0.00 Sig. 0.62

Chi-Square 30.91 Chi-Square 4.98

df 7.00 df 5.00

Sig. 0.00 Sig. 0.42

Chi-Square 26.01

df 7.00

Sig. 0.00
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Table 4: Mean closure durations in milliseconds for /b/ and /g/ before KLA vowels 

Another point to mention here is that all voiceless stops show a tendency in that they 

all have their lowest mean VOT values before low vowels /a, a:/ and their highest VOTs 

before both front-high and back-high vowels. Voiced stops, however, show a non-systematic 

pattern in terms of the highest VOT value. It is very clear that they have their lowest mean 

values before the back mid vowels /o:, e:/ (except for /g/ which has its shortest leads before 

low vowels). Additionally, it is evident that the vocalic context ( except for /o:/) has nearly no 

effect on /d/ [H(1) =1.473, p=0.225] since the difference in mean VOT values is no more than 

3 ms in all vocalic context as shown in Figure 7.  

 

Figure 7:  Mean VOT values for /d/ in different vocalic contexts 

 

Discussion 

The aim of the present study is to gain better insight into the phonetic and 

phonological behaviour of KLA stops by examining the effects of POA and the vowel context 

on VOT. Based on the results above,  a discussion of the two null hypotheses and each 

research question will be discussed below. 

1 Null hypothesis 1 and 2 

The first null hypothesis proposes that neither the place of occlusion nor the voicing 

quality of the oral stop consonant affect the distribution of VOT durational values. The results 

from the Kruskal-Wallis Test reveal that this hypothesis is not correct since there is a 

significant durational difference of VOT measurements for different places of articulation 

(p<0.01).  

 1.1 Research Question 1 

The first research questions relates to whether the POA has a strong influence on VOT 

or not. In this study, the POA effects on VOT durations have been found to be robust. These 

findings support previous cross-linguistic studies which found that place-related effects were 

a significant cue for distinguishing plosives in the languages of the word (for example, Lisker 

and Abramson, 1964; Cho and Ladefoged, 1997).  

First, the results show that voiceless stops seem to display a tendency in that VOT 

becomes greater as the POA moves from the alveolar to the velar region. On the other hand, 

KLA speakers seem to have a slower articulatory velocity for bilabials and voiced alveolars 

than they do for velars which results in longer delays for bilabials and voiced alveolars. To 

spell out what is meant by this, the results show that the velar /g/ has the shortest voicing 

onset delays among the voiced stops. This stop (which has a more extended contact area and a 
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greater pressure than other stops) was expected to have a slower intra-oral pressure drop. That 

is to say, glottal pulsing would be delayed and hence a longer VOT value would be obtained. 

However, it appears that the contact region length of a stop is not an important determiner of 

the temporal durational values of VOT in KLA voiced stops. This is not in agreement with 

explanations offered by Klatt (1975) regarding the physiological factors. In addition to this, 

the distinction between bilabial /b/ (or the alveolar /d/) and velar /g/ is significant (regardless 

of some considerable overlapping). These findings accord with the reports from previous 

studies on languages such Puerto Rican Spanish (see Lisker and Abramson, 1964) in which 

bilabials have a greater VOT than velars (/b/ = 138 ms and /g/ = 108 ms) and to a certain 

extent is similar to Dahalo (spoken in Kenya) in which alveolars have a longer VOT than 

velars (see Cho and Ladefoged, 1999). However, they do not support the findings from 

Mitleb’s study (2001) on Jordanian Arabic as /g/ has the greatest VOT duration among voiced 

stops. This also contrasts with the results for English (Docherty, 2002) whereby bilabials have 

the shortest voicing onset delays among English plosives.  

On the other hand, it has been found that /g/ always has shorter leads than /b/ except   

before high back vowels. This can be explained by the nature of velars. The closure location 

for velars is very large so that it can be articulated further forward or further backward in the 

velar area. Accordingly, the constriction point for velars varies as a function of the following 

vowel. The occlusion point of back vowels is more posterior than that of front vowels (Olive 

et al., 1993: 140). Therefore, it could be argued that KLA speakers produce voiced velars at a 

more interior point meaning that the target transition for all the vowels (except /u/) becomes 

shorter.  

Another reason for this could be the difference of the closure duration of both sounds. 

It has been found that /g/ has shorter closure durations before all vowels except the high-back 

pair ( in which case the /g/ has slightly longer hold phase). This contrasts to some extent with 

the Keating’s (1984, cited in Abdelli-Beruh, 2009) findings which state that velars have 

shorter closure durations than bilabials regardless of the vocalic context.   

The distinction between voiced and voiceless is very clear across all KLA stop 

consonants. The results reveal that none of the two pairs (voiceless/voiced) has any overlap in 

their delays. It is evident that the greatest difference is found between /t/ and /d/, which agrees 

with results from the study by Rahim and Kasim (2009) of Iraqi Mosuli Arabic. The least 

distinction is found between /k/ and /g/. Based on this conclusion, we could infer that listener 

perception of the /t/ and /k/ will be higher than that for /k/ and /g/.  

1.2 Research question 2 

The second question aims to answer whether emphasis has a significant effect on VOT 

temporal durations or not. The results reveal that emphasis has a significant effect on VOT. 

They indicate that /T/ always occupies the voicing lag in all vocalic contexts. This is not in 

line with the findings of Al-Nuzaili (1993) in Yemeni Arabic, who noted that /T/ have a 

voicing lead before /i:/ and a short lag in the other vocalic contexts. KLA speakers make a 

clear distinction between /t/ and /T/ with the former having a longer VOT value than the latter 

regardless of the fact that they have the same MOA. As highlighted by Khattab et al. (2002: 

137-8), this conclusion does not follow what is predicted by the Law of Aerodynamics. They 

demonstrated that /T/ is produced with a narrower and tenser glottal opening, which is 

ascribed to the fact that /T/ has two articulatory constrictions. The secondary occlusion at the 

pharyngeal wall causes the primary point of articulation to trap a smaller volume of air than in 

the case of /t/. On this basis, there is a greater pressure in the case of /T/ than /t/and hence it is 

supposed to have a longer VOT. They attribute the earlier glottal pulsing in /T/ to the fact that 

the vocal cords are very close to each other “under medial compression” during the closure, 

permitting less air to pass. Consequently, the vibration of the vocal folds is accelerated. 
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2 Null hypothesis 2 

The second null hypothesis presumes that voicing onset delays are the same across all 

categories of the eight vowels in KLA. The statistical test has confirmed this hypothesis (p 

=0.202).   

2.1 Research question 3 

This question is intended to address whether the vocalic context has a robust effect on 

VOT values or not. The findings reveal that the vowel quality only seems to be a significant 

predictor of the temporal durations of VOT for certain stops. In other words, the effect of 

vocalic context mainly depends on the POA. Generally speaking, the results indicate that 

voiceless plosives exhibit a unified pattern in that they have a higher mean VOT values before 

high vowels /i, i:, u, u:/ than before low vowels /a, a:/. These results are in line with previous 

studies on British English (for example Klatt, 1975; Summerfield, 1975) and Yemeni Arabic 

(Al-Nuzaili, 1993). This can be traced back to the articulatory mechanism of high vowels 

which are uttered with a more constricted vocal cavity and a slower intra-oral pressure release 

than low vowels. Because the tongue is very close to the roof of the mouth (Ashby and 

Maidment, 2005: 73), the air-stream release (i.e. VOT) is lengthened.  

Additionally, it seems that the tongue location (front vs. back) appears to play no role 

in the distinction of VOT produced by KLA speakers, except for /bi/ which is significantly 

longer than /bu/. This finding is in agreement with Cheng’s study (2013) where he finds that 

vowel frontness has no significant effect on VOT in Hakka. However, these findings contrast 

with those of research by Yeni-Komshian et al., (1977) on Lebanese Arabic in which vowel 

frontness played a significant role in VOT differences. What is more, the tongue position is 

higher in the articulation of /i/ than /u/ (Cheng, 2013). Therefore, whilst it is not unexpected 

to find that /bi/ has longer delays than /bu/, it is not obvious why no robust distinction of VOT 

between /i/ and /u/ exists in the other stops. Moreover, the two voiced stops /D/ and /g/ are not 

in line with other KLA stops in which they have their highest mean VOTs when preceding 

low vowels, which contrasts the articulatory mechanism of vowels explained above. Al-

Nuzaili (1993) found exactly the same results in Yemeni Arabic and was unable to account 

for this.  Fant (1973, cited in Cheng, 2013) suggested that the existence of these two 

phenomena namely, (1) the difference between /D/ and /g/ and other stops and (2) why only 

/bi/ is longer than /bu/ called for further investigation.  

 Conclusion  

 The results show that KLA stops have a voicing lead and short lag for voiced and 

voiceless stops respectively. This is in line with the hypothesis that languages can be 

categorised with regard to their VOT values. They either have a short lag and a long lag, as in 

the case of English, or a voicing lead and a short lag, as in the case of Spanish (Docherty, 

1992).  

The results show that POA significantly affects VOT temporal durations, with the 

VOT values having a monotonic decrease as the POA is more fronted in the case of short lag 

VOTs. According to the classification of voiceless sounds proposed by Cho and Ladefoged 

(1999), it is clear that /t/ and /T/ are un-aspirated and /k/ is aspirated in KLA. Voiced plosives, 

however, oppose this notion with bilabials and alveolars having longer delays than velars. 

This does not support the model of the passive aerodynamic mechanism presented in Chapter 

One. Emphatic sounds /T/ and /D/ have the shortest and the longest VOT values.  

With regard to the vowel context, there is variability in the effect of the vocalic 

context mainly depending on POA rather than on the vowel quality.  This variability is due to 

the fact that vowels of different qualities have different glottal settings and various degrees of 

stricture (Higgins et al., 1998). For instance, voiced alveolars show no significant change in 

VOT values across different vowel contexts. The results agree with many studies that 
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voiceless stops VOTs are greater before high vowels than low vowels. However, voiced stops 

lack this tendency. This could be ascribed to a language-specificity tendency.   

This study has raised a number of issues which call for further investigations. First, the 

reason why bilabials have longer VOT values than velars need to be investigated by choosing 

different tokens (minimal pairs as far as possible to eliminate the effect of the last consonant). 

Additionally, the correlation between the hold phase and the vowel duration with VOT values 

needs to be studied. Future studies should include larger samples to control for personal 

differences. Future research could also include repetitions of token with different speaking 

rates and different genders. It is hoped that this study will motivate more researchers to 

investigate KLA stops in greater depth.  
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