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 رـتحريالة ـــهيئ

ن المدهوند.  رئيس هيئة التحرير:   سالم حسير
ي  مدير التحرير: 

ن
 د. عطية رمضان الكيلاب

 أ. سالم مصطفن الديب سكرتتر المجلة: 
 

 ها بعد التحكيم . المجلة ترحب ب  ما يرد عليها من أبحاث وعلى استعداد لنشر
     .   ن وتعمل بمقتضاها ام آراء المحكمير م كل الاحتر  المجلة تحتر
 ا . تبعاته كافة الآراء والأفكار المنشورة تعت  عن آراء أصحابها ولا تتحمل المجلة 
 يتحمل الباحث مسؤولية الأمانة العلمية وهو المسؤول عما ينشر له   . 
     ت أو لم تنشر  .    البحوث المقدمة للنشر لا ترد لأصحابها نشر

 )حقوق الطبع محفوظة للكلية(
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 :  ضوابط النشر
ي : 
ي البحوث العلمية المقدمة للنشر أن يراعى فيها ما يأتر

 
ط ف  يشتر

 أصول البحث العلمي وقواعده  .  

ها أو كانت جزءا من رسالة    علمية . ألا تكون المادة العلمية قد سبق نشر

 يرفق بالبحث تزكية لغوية وفق أنموذج معد  .  

 تعدل البحوث المقبولة وتصحح وفق ما يراه المحكمون .  

ات   ي وضعتها المجلة من عدد الصفحات ، ونوع الخط ورقمه ، والفتر
ام الباحث بالضوابط التر التر 

 الزمنية الممنوحة للتعديل ، وما يستجد من ضوابط تضعها المجلة مستقبلا  . 
 :  تنبيهات

ي تعديل البحث أو طلب تعديله أو رفضه .  
 
 للمجلة الحق ف

ي النشر لأولويات المجلة وسياستها .  
 
 يخضع البحث ف

 البحوث المنشورة تعتر عن وجهة نظر أصحابها ، ولا تعتر عن وجهة نظر المجلة .  
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Abstract:  

      This paper deals with the oscillatory behavior of solutions of the second order nonlinear ordinary 

differential equation of the form  

             ))(),(,())())(()()),((()()()()())(()( txtxtHtxtxtrtxgtqtxthtxtxtr













  

Our results which obtained by using Riccati Technique, complement and improve some beforehand results 

obtained in the literature. Some illustrated examples are presented.                                

Keywords: Second Order, Damped Differential Equations, Oscillatory Behavior, Riccati Technique. 

AMO (MOS) Subject Classification: 34 A 34, 34 K 11. 

1. Introduction 

         Consider the second order non-linear ordinary differential equation of the form  

   

)1())(),(,())())(()()),((()()()()())(()( txtxtHtxtxtrtxgtqtxthtxtxtr













  

Where hr,  and q are continuous functions on the interval   ),(,0,, 00

 RRCtt and )(tr is a 

positive function.  g is continuously differentiable function on the real line R except possibly at 0 

with 0)( xxg  and 0)(  kxg  for all ,0x   is a continuous function on RxR with 

0),(  vuu  for all u 0  and ),(),( vuvu    for any ),0(   and H is a continuous 

function on  ,0t ×R×R with )())(())(),(,( tptxgtxtxtH 


 for all x 0 and 0tt  . 

Throughout this paper, we restrict our attention only to the solutions of the differential ordinary 

equation (1) that exist on some ray  ,,xt where xt may depend on the particular solution. 

A solution )(tx  of the differential equation (1) is said to be oscillatory if it has arbitrary large 

zeros, and otherwise it is said to be non-oscillatory. Equation (1) is called oscillatory if all its 

solutions are oscillatory, and otherwise it is called non-oscillatory. Particular cases of the 

equation (1) have been considered by many authors for example [1-19]. Some of these particular 

cases can be classified as follows  
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)6(0))(()()())(()(

)5(0)))((()()()()()(
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)3(0))(,)(()()(

)2(0)()()(
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


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
























































txtxtrtxgtqtxtxtr

txgtqtxtxtr

txgftqtxtptxtr

txtHtxgtqtxtr

txtxtqtx

txtqtx

   

The oscillation of linear equation (2) has brought the attention of many authors since because of 

Fite [5]. He proved that if 0)( tq for all 0tt   and 




0

,)(
t

dssq  then every solution of the 

equation (2) is oscillatory. Wintner [18] extended the result of Fite [5] to an equation in which q 

is of arbitrary sign and supposed that   

  ,)(
1

lim

0


dssqst

t

t

t
t

 

then, every solution of the equation (2) is oscillatory. In the following, Kamenev [9] has proved a 

new integral criterion for the oscillation of the differential equation (2) based on the use of the n 

the primitive of the coefficient )(tq , which has Wintner’s result [18] as a particular case. He has 

showed that the equation (2) is oscillatory if   

  ,)(
1

suplim

0

1

1





dssqst

t

t

t

n

nt
 

 for some integer 3n . The oscillation of the equation (3) has brought the attention of some 

authors because of Bihari [3] who has proved that if 0 q(t) for all 0tt   and 

,)(

0





t

dssq  

then, every solution of the equation (3) is oscillatory. The following result extended the result of 

Bihari [3] to an equation in which q is of arbitrary sign, in this theorem, Kartsatos [10] has 

supposed  

(i)  There exists a constant  0, RC such that  

                                  




m

C
u

du
mG

0
),1(

)(  for all ,Rm  
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(ii)  ,)(

0





t

dssq  

then, every solution of equation (3) is oscillatory. Many authors are concerned with the 

oscillation criteria of solutions of the homogeneous second order nonlinear differential equations. 

However, of the non-homogeneous equation, little is known. Greaf et al. [8] gave some 

oscillation theorems for the non-homogeneous equation (4), they proved that if 

(1)   ,0,)( 11  aatr  

(2)      


t

t

s

t
t

dudsupuq
t

0 0

,)()(
1

lim  

then, all solutions of equation (4) are oscillatory. 

 Beqiri et al. [2] have considered the differential equation (5) and established some sufficient 

conditions for oscillation of the equation (5). Grace [6], Elabbasy [4], Manojlovic [11] and 

Tiryaki et al. [16] obtained some results for the oscillation of equation (6). Saad et al. [14] by 

using the Riccati technique, have studied the oscillatory and non-oscillatory solutions of the 

equation (7) and established some oscillation results for the equation (7).  

2. MAIN RESULTS 

      In this section, Riccati technique is used to reduce the higher-order equations to the first-

order Riccati equation or inequality to establish sufficient conditions for oscillation of (1). 

Comparisons between our results and the previously known are presented and some examples 

illustrate the main results. 

Theorem2.1: Suppose that  

(1)      0,,)( 2121  aaaxa and for ,Rx  

(2)      




m

meveryforBB
s

ds
mG

0

** 0,
),1(

)( R.  

Assume that there exists   be a positive continuous differentiable function on the interval 

 ,0t  with )(t  is an increasing function on the interval  ,0t and such that  

(3)      ,
)(4

)(
)()()(

)(

1
suplim

*

2

0 









t

T
t

ds
sra

sh
spsqCs

t



 

 where,     ,0,: 0tp , then every solution of equation (1)  is oscillatory. 

Proof: Without loss of generality, we may assume that there exists a solution x(t) of equation (1)  

such that   0,0)( 0  tTsomeforTontx . Define    

 
Tt

txg

txtxtrt
t 






,
)(

)())(()()(
)(




 
By equation (1) and condition (1), we obtain 

 
Tt

txg

txtrtka
t

t

t
tttqt

txg

txtht
tptt 




,
)(

)()()(
)(

)(

)(
))()(,1()()(

))((

)()()(
)()()(

2

2

1 








  

Thus, we have 
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 
Tt

txg

txtrtka

txg

txtht
tttqttpt

t

t
t 










,
)(

)()()(

))((

)()()(
))()(,1()()()()(

)(

)(
)(

2

2

1 





  

Dividing the last inequality by   ,0)()(,1  tt   we have 

 
         

Tt
txgtt

txtrtka

txgtt

txtht
tqt

tt

tpt

tt

ttt
















,
)()()(,1

)()()(

))(()()(,1

)()()(
)()(

)()(,1

)()(

)()(,1

)()()(
2

2

1


















 

Since 0))()(,1(  tt   then, there exists a positive constant C0 such that 0))()(,1( Ctt  
 

 thus, 
  0

1

)()(,1

1
0

Ctt






. 

Then, for ,Tt   we obtain 

 
 

       
Tt

txgtt

txtrtkaC

txgtt

txthtC

tt

tttC
tptqCt 













,
)()()(,1

)()()(

))(()()(,1

)()()(

)()(,1

)()()(
)()()(

2

2

1000

0













 

Integrate the last inequality from T to t, we obtain 

 
 

 

     
)11(

)(

)(

)()(,1

)()(

))((

)(

)()(,1

)()(

)()(,1

)()()(
)()()(

2

2

1
0

00

































ds
sxg

sx

ss

srska

sxg

sx

ss

shs
C

ds
ss

sss
CdsspsqCs

t

T

t

T

t

T














Since )(t  in the first integral in R. H. S. of the inequality (1-1) is an increasing function and by 

applying the Bonnet’s theorem, we see that for each ,Tt  there exists  tTT ,1   such that 

               
 

 
 
 

ds
ss

ss
tds

ss

sss
t

T

t

T

 







1
)()(,1

)()(
)(

)()(,1

)()()(









                                               (1-2) 

From the second integral in R. H. S. of (1-1), we have 

     

     

)31(
)(

)()(

4

1

)()(,1)(
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4
)(

)()(,1)(
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2
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))((

)(

)()(,1

)()(
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)(
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0

2

1

1
0

2
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1
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





















































ds
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shs

a

ds
sssr

shs

ka

C
dssh

ssskra

s

sxg

sx

ss

srska
C

ds
sxg

sx

ss

srska

sxg

sx

ss

shs
C

t

T

t

T

t

T

t

T























Where kaa 1

*  . 

From inequality (1-2) and (1-3) in inequality (1-1), we have 
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By condition (2), dividing the last inequality by )(t and taking the limit superior on both sides, 

we obtain 
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T
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t
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T
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u
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C
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sra

sh
spsqCs

t

t

t
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t

tt

TT
t

t

T
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

















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,tas which contradicts to the condition (3). Hence the proof is completed.  

Example2.1: 

 Consider the differential equation 

.0,

)1)((

)(cos)()(
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     We have 
2

3

3
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All conditions of Theorem2.1 are satisfied and hence every solution of the given equation is 

oscillatory. To ensure that our result in Theorem2.1 is true we also find the numerical solutions 

of the given differential equation in Example2.1 using the Runge Kutta method (RK4).  
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Table 1: Numerical Solution of ODE  

 

 
Figure1: Solution Curve of ODE 1 
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Remark 2.1: Theorem 2.1 is extension of the results of Bihari [3], Kartsatos [10], Kamenev [9], 

Saad et al. [14] and Wintiner [18]. All results of them [3], [10], [9], [14] and [18] cannot be 

applied to the given equation in example2.1. 

Theorem 2.2: Suppose, in addition to the conditions (1) and (2) hold that 
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Integrate the last inequality from T to t, we obtain 
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,tas which contradicts to the condition (6). Hence the proof is completed. 

Example2.2: 

Consider the following differential equation  
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We get all conditions ofTheorem2.2 are satisfied and hence every solution of the given equation 

is oscillatory. The numerical solutions of the given differential equation are found out using the 

Runge Kutta method of fourth order (RK4).  
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Table 2: Numerical Solution of ODE 2 

 

 
Figure2: Solution Curve of ODE 2 
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Then, every solution of equation (1)  is oscillatory. 
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which contradicts to the condition (10). Hence, the proof is completed.
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It follows from Theorem2.3 that the given equation is oscillatory. The numerical solutions of the 

given differential equation are found out using the Runge Kutta method of fourth order (RK4). 
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Table 3: Numerical Solution of ODE 3 
 

 
Figure3: Solution Curve of ODE 3 

 

Remark2.2:.If                                                         and 

                         then Theorem 2.2 and Theorem 2.3 extend results of Bihari [3], 

Kartsatos [10] and Saad et al. [14]. All results of Bihari [3], Kartsatos[10] and Saad et al. [14] 

can’t be applied to the given equation in Example2.2 and Example2.3. 
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 1014-1005 الهوش رحومة محمد مودمح
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