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Some Oscillation Criteria for a Class of Nonlinear Second Order Damped Differential
Equations

M. J. Saad®, N. Kumaresan? and Kuru Ratnavelu?

!Department of Mathematics, Faculty of Education, Sirte University, Sirte- Libya.
’Institute of Mathematical Sciences, University Of Malaya, 50603, Kuala Lumpur, Malaysia.

Abstract:
This paper deals with the oscillatory behavior of solutions of the second order nonlinear ordinary
differential equation of the form

(r(t)wx(t))i(t)j + (1) X(1) + qOD(G(X(D)), FE)P(X(D) X()) = H (L, x(t), X(1))

Our results which obtained by using Riccati Technique, complement and improve some beforehand results
obtained in the literature. Some illustrated examples are presented.
Keywords: Second Order, Damped Differential Equations, Oscillatory Behavior, Riccati Technique.
AMO (MOS) Subiject Classification: 34 A 34, 34 K 11.
1. Introduction

Consider the second order non-linear ordinary differential equation of the form

[r(t)?(x(t))%(t)j +h(t) X(t) + qEO)D(G(X(D), FE) L) X(B) = H(t, X(0), (1)) (1)

Where r, h and q are continuous functions on the interval [t,,), t, >0, € C(R,R")and r(t)is a
positive function. g is continuously differentiable function on the real line R except possibly at 0
with xg(x)>0 and g'(x)>k >0 for all x=0,® is a continuous function on RxR with
ud(u,v) >0 for all u=0 and ®(Au, Av) = A®(u,v) for any A e (0,00) and H is a continuous

function on [to,oo)XRXR with H(t,x(t),i(t))/g(x(t)) < p(t) forall x=0and t>t,.

Throughout this paper, we restrict our attention only to the solutions of the differential ordinary
equation (1) that exist on some ray [tx,oo), where t, may depend on the particular solution.

A solution x(t) of the differential equation (1) is said to be oscillatory if it has arbitrary large

zeros, and otherwise it is said to be non-oscillatory. Equation (1) is called oscillatory if all its
solutions are oscillatory, and otherwise it is called non-oscillatory. Particular cases of the
equation (1) have been considered by many authors for example [1-19]. Some of these particular
cases can be classified as follows
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X(0)+q(t)x(t) =0 2)
X(t)+ q(t) D(X(t), X(1)) = 0 ©)
(r(t)ia)j +q(t) g(x(1)) = H(t, x(1)) (4)
[r(t) %<t)j +p)X(t) + q(t) F (g(x(t)) =0 (5)
[r(t)?(x(t» %<t>j L0 g(x() = 0 (6)
(r(t)‘P(x(t)) %(t)) +q() D)), rE) LX) X(D)) = O (7)

The oscillation of linear equation (2) has brought the attention of many authors since because of

Fite [5]. He proved that if q(t) >Ofor all t>t, and jq(s) ds= oo, then every solution of the
to
equation (2) is oscillatory. Wintner [18] extended the result of Fite [5] to an equation in which q

is of arbitrary sign and supposed that
t

!im% (t—s)(s)ds = oo,
to

then, every solution of the equation (2) is oscillatory. In the following, Kamenev [9] has proved a
new integral criterion for the oscillation of the differential equation (2) based on the use of the n
the primitive of the coefficient q(t), which has Wintner’s result [18] as a particular case. He has

showed that the equation (2) is oscillatory if
- l F n-1 _
!msuptn—_lJ(t—s) q(s) ds = o,

for some integer n > 3. The oscillation of the equation (3) has brought the attention of some
authors because of Bihari [3] who has proved that if g(t) > Oforall t>t, and

Jats)ds = o,

then, every solution of the equation (3) is oscillatory. The following result extended the result of
Bihari [3] to an equation in which q is of arbitrary sign, in this theorem, Kartsatos [10] has
supposed

(i) There exists a constant C € R™ =(—o0,0) such that

G(m) = | AU Cforall meR,
5 @(,u)

http://tarbawej.elmergib.edu.ly 1176
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(i) [a(s)ds=c»,

then, every solution of equation (3) is oscillatory. Many authors are concerned with the
oscillation criteria of solutions of the homogeneous second order nonlinear differential equations.
However, of the non-homogeneous equation, little is known. Greaf et al. [8] gave some
oscillation theorems for the non-homogeneous equation (4), they proved that if

1) r)<a,a >0,
@ tim ] [(a(e) - p(e))ducs = oo

thlp

then, all solutions of equation (4) are oscillatory.
Beqiri et al. [2] have considered the differential equation (5) and established some sufficient
conditions for oscillation of the equation (5). Grace [6], Elabbasy [4], Manojlovic [11] and
Tiryaki et al. [16] obtained some results for the oscillation of equation (6). Saad et al. [14] by
using the Riccati technique, have studied the oscillatory and non-oscillatory solutions of the
equation (7) and established some oscillation results for the equation (7).
2. MAIN RESULTS

In this section, Riccati technique is used to reduce the higher-order equations to the first-
order Riccati equation or inequality to establish sufficient conditions for oscillation of (1).
Comparisons between our results and the previously known are presented and some examples
illustrate the main results.
Theorem?2.1: Suppose that
1 a<¥(x<a,, a,a,>0andfor xeR,

@ Gm-=| q)f'lss)

Assume that there exists p be a positive continuous differentiable function on the interval
[t,,0) with p(t) is an increasing function on the interval [t,,c0)and such that

>-B", B" >0 for every meR.

: 1 IR O N
@ limsup— j p(s){coq(s) p(s) 4a*r(s)}ds‘ ,

where, p:[t,,o0) — (0,00), then every solution of equation (1) is oscillatory.

Proof: Without loss of generality, we may assume that there exists a solution x(t) of equation (1)
such that x(t) >0 on [T,) for some T >t, > 0. Define

o) - LOTOFOXO o
9(x()

By equation (1) and condition (1), we obtain

L0y < ooty LONOXQ e oy PO g akoOrOX® o
o) = pOPO - 2 L = POAOOL 0/ p0) + 2 S-S

Thus, we have

http://tarbawej.elmergib.edu.ly 1177
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o(t) L pHNDX() a1k/9(t)r(t)x(t) T
()( ()] < p)p(t) - p(OaO)P L, w(t)/p(1)) - J(x(1) 02 (x(t)) 12

Dividing the last inequality by CD(L a)(t)/p(t))> 0, we have

pO@®)/p®O) __ pOPH SOU(0) - pODXE) a,kp()r(t) X0 -
DL o)/ pt) ~ 0L alt)/ (1)) DL o)/ pM)I(x(t) DL o)/ pt)a’* (X))’

Since (L, w(t)/ p(t)) > 0 then, there exists a positive constant Co such that ®(L, w(t)/p(t)) > C,
1 1

< —.
(L a(t)/p(t)) C,

Then, fort > T, we obtain

Cop@®)/p®)  CophOX®)  Coakp®r)x()
DL o)/ pt) O o)/ pt)g(x(t) OLot)/ pM)a*(xt)’

Integrate the last inequality from T to t, we obtain

[ L) @(s)/p(s))"
Ip(s) Coa(s) - p(s)]ds < —C j Do) o) "

_cj (P(S)h(s) X(s) L aKko(S)r(s) x(9) ]ds (1-1)

thus, 0<

p®[Ca(t) - p)] < -

O(L,w(s)/p(5)) 9(X()) DL (s)/ p(s)) g*(X(5))

Since p(t) in the first integral in R. H. S. of the inequality (1-1) is an increasing function and by
applying the Bonnet’s theorem, we see that for eacht > T, there exists T, € [T,t] such that

Ip(S) (@(s)/p(s)) o) I (@(s)/p(s))

D(L w(s)/ p(s)) DL, w(s)/ p(S)

From tbe second integral in R. H. S. of (1- 1) we have

pONE)  X(6) | akp®r(E)  x() |,
PL0(5)/p(9) 9(X(s) - PLa(s)/p(s)) 9% (x(5)

(1-2)

_CO

—_ —

(L [Cake®)rs)  x(s) 1 £(s) LGt e
-C, = h d
1 J DL 0(s)/p(s)) 9(X() 2 J a ki (s)O(L (s) p(9)) (S)] ok (0006 PO
1 ¢ p(s)h*(s) ~
! © ds (1-3)

Where a” =ak.
From inequality (1-2) and (1-3) in inequality (1-1), we have

http://tarbawej.elmergib.edu.ly 1178
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<-Cyp(t)

(@(s)/p(s))
D(L o(s)/ p(5))
w0)p00 du

oty DL U)

By condition (2), dividing the last inequality by p(t) and taking the limit superior on both sides,
we obtain

. 1
imsup— | p(s){coq(s)

T

ot)/p(t)

ofT)/p(T) O(Lu)

2
- h*(s) ds <-C, limsup
4a'r(s) t

{542

<C Ilmsup[ (w(gl)))]+8*]<oo
t—mc ,D 1

as t — oo, which contradicts to the condition (3). Hence the proof is completed.

Example2.1:
Consider the differential equation

(x t+2° ()j' x(t) (ﬁ +32c:ostjx(t) _ X(t) .xi(4t)cosx(t) >0,
X*(t) +1 t t(x(t)+1)
* +3cost

, 9(X)=x, ®(u,v)=uand

We have r(t) =1, h(t) :%,q(t) =

t?

@ w00 =20%2 6and 15w =14 — - <2 forallxeR
x“(t)+1 x“(t)+1
2 H(tx(), X(©) cosx(t) X(t) = p(t) forallt >0andx 0. Taking p(t) =t* such that
9x®) ey )

: 1 h?(s) : 1 ,C,s®+3C,coss 1 1
3) limsup—— | p(s)| C,q(s) — p(s) - ds = limsup— | s?| — L -
(3) lim pp(t)l"() 0(8) ~ P(S) 4a*r(s)} lim ptzj X .

= 00,

All conditions of Theorem2.1 are satisfied and hence every solution of the given equation is
oscillatory. To ensure that our result in Theorem2.1 is true we also find the numerical solutions
of the given differential equation in Example2.1 using the Runge Kutta method (RK4).

1179
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We have
o4
XM = ftx(t),x(t) = XX % 305

X+1

with initial conditions x(1) =1, ;<(1) =1 on the chosen interval [1,100], the function ¥(x) =1and

finding values of the functions r, g, f and h where we consider H(t, x, >.<) = f (@) I(x, ;<) at t=1,
n=900 and h=0.9999.

ti X(t)

1 1
0.0001 | 0.0001
0.0001 | 0.0001

WN X

8 | 0.0002 | -0.0094
9 |0.0002|-00175
10 | 0.0002 | -0.024

24 | 0.0003 | 0.0002
25 | 0.0003 | 0.0043
26 | 0.0004 | 0.0079

37 |0.0005 | -0.0002
38 | 0.0005 | -0.002
39 | 0.0005 | -0.0035

Table 1: Numerical Solution of ODE
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-2000

-4000
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Figurel: Solution Curve of ODE 1
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Remark 2.1: Theorem 2.1 is extension of the results of Bihari [3], Kartsatos [10], Kamenev [9],
Saad et al. [14] and Wintiner [18]. All results of them [3], [10], [9], [14] and [18] cannot be
applied to the given equation in example2.1.

Theorem 2.2: Suppose, in addition to the conditions (1) and (2) hold that

(4) h(t)=0 fortx>t,,
(5) d@Lv)<C,C >0 forveR,

6

©) D(Lv)

Assume that p be a positive continuous differentiable function on the interval [t,, o) with p(t)
is a decreasing function on the interval [t,,c)and such that

(@) limsup | p(s) 9(6) -k r&)P(S) -k, “2(3)}@ —o0
toe s r(s)

where, k, =a,C,/4k, k, =a,/4ka’C, and p:[t,,0)—(0,0), then every solution of equation

(1) is oscillatory.
Proof: Without loss of generality, we may assume that there exists a solution x(t) of equation (1)
such that x(t) >0 on [T,) for some T >t, > 0. Define

o) - LOTOFOIXO |

<v forallveR,.

g(x(t))

Thus, by equation (1) and condition (1), we have
' __hO p) ko,
a(t) < p(t)p(t) r(t)\P(x(t))w(t) P(t)Q(t)q)(l,w(t)//?(t))Jrp(t)w(t) azr(t)p(t)w(t)
From the last inequality, we get
p(t)[@}sp(t)p(t)—Lw(o—p(t)q(t)@(l,w(t)/p(t»—Laf(t),tZT

p(t) r(t)¥(x(t)) a,r(t)p(t)
Dividing the last inequality by ®(L a(t)/ o(t))> 0 and by condition (5), we have
pt)(ot)/ pt)) [ . ht) j 0 ot k "
oo/ p0) " rremeten o) Y 0ot a0 0

Integrate the last inequality from T to t, we obtain

http://tarbawej.elmergib.edu.ly 1181
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I p(s)(@(s)/ p(s)) ds < _j‘ 2(s)q(s)ds

®(L w(s)/ p(s))
. J K o (PO =D TP X(ENOL 0(s) p(5))| g
1V ar(s)p(s)0L o(s)/ p(s)) 2,k/a,r(s) p(s)@(L, «(s)/ p(s))
t h(s) i
e AOLCLER T (S))( PO v el w(s)/p(s))) ds

Then, fort > T and by conditions (1), (4) and (5), we get

PE)@(S)/ p()) 4o . | 3, | 2 h?(s)
j Dl 0(5) @) Jp(s)q(s)ds+ o jp(s)[clr(s)p (S)+afC0r(s)JdS

Thus
h*(s) |y p(s) 60(3)//0(3))
p(s)| A(s) —k,r(s)p*(s) —k, ds 1-4)
I r(s ) I D(L, w(s)/p(s))
Slnce p(t) is a decreasing function and by the Bonnet’s theorem, we see that for each t > T, there
exists a, €[T,t] such that

J‘P(S) (@(s)/p(5)) . o(T) J (a(s)/p(s)) (1-5)
(L a(s)/p(s)) DL a(s)/ p(S))

From inequality (1-5) in mequallty (1-4), the condition (2) and taking the limit superior on both

sides, we obtain

nmsupj (5) ()~ kur(s) p°(

() % (o))
T }dsg“’ IR (36 oy o)™

o(a,)/p(a) du
<—p(T)limsup —
S0 e L)

o(T)/p(T) du o(a)/p(ay) du
oLu) d)(l,u)]

0

<= p(M)lim sup[—

. o(T) .
< p(T)lim sup[G(—] +B j <,
o p(T)
as t — oo, which contradicts to the condition (6). Hence the proof is completed.

Example2.2:
Consider the following differential equation

0

http://tarbawej.elmergib.edu.ly 1182
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[(t5+1)(x4()+4) j X [t5+4t5005t] )+ X7 (1) :Ztsxg(t)sin(;((t)) (50

2(x* (1) +3) t*+1 Xls(t)+[(t5+l)4(x4(t)+4) )-((t)jz to+t2)
2(x*(t)+3)

5 3

Here r(t)——(t5+1) h(t) =k, q(t)_M g(x) =x°, dUV) =u+———,
+1 us+v
‘) +4 _4 d H(t,x(t),x(t)):2tssin(x(t))< 2t s

LW () = 013 < forallxeRan o x(0) ) @) p(t) for

5 .
all t >0and x=#0. Let p(t):tt—:l, p(t) :—t% forallt > 0 and such that

IlmsupIP(S)[Q(S) k,r(s)p*(s) —k, (s )}ds—Ilmsupj'ssjl[ss+4sscoss _( fkl j_( 25k25 ﬂds
r(s) s

o s°+1 s°+1) (s°+1

= 00,

We get all conditions of Theorem2.2 are satisfied and hence every solution of the given equation
is oscillatory. The numerical solutions of the given differential equation are found out using the
Runge Kutta method of fourth order (RK4).

We have

;(t) = f(t,x(t),;<(t)) = x9(t)sin().((t))_2_49(X9(t) N x?’ (t)

)
X2 (t) + X (t)

with initial conditions x(2) =0.5, >.<(1):1 on the chosen interval [1,100], the functions
Y(x)=landh(t) =0, finding values of the functions r, q, f where we consider

H(t,x,x) = f (t)1(x,x) att=1, n=500 and h=0.198,

http://tarbawej.elmergib.edu.ly 1183
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k|t X(t)

1|1 0.5
2 1198 |0.6978
3 |1.396 | 0.8916

10 | 2.782 | -0.2024
11| 2,98 | -0.4413
12 | 3.178 | -0.6799

20 | 4.762 | 0.0143
21| 496 | 0.2105
22 | 5.158 | 0.4067

32 | 7.138 | -0.2168
33 | 7.336 | -0.4375
34 | 7534 | -0.658

Table 2: Numerical Solution of ODE 2

1.5

0.5

1.5 r r r r r r r r r
o 10 20 30 40 50 60 70 80 90 100

Figure2: Solution Curve of ODE 2

Theorem 2.3: Suppose, in addition to the conditions (1) and (4) hold that

®) ‘J-\P(u)du %

b ()

for all £ >0.

Assume that there exist a differentiable function p: [t,, %)~ (0,00) such thatp >0, (pr) <0
and

http://tarbawej.elmergib.edu.ly 1184
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5 (W) EOLRO
" ” o) | air(u)

(9 limsu

t—w

duds < oo,

(10)  limsup’ J ] () [Co0u) - () iuds = =

to t,

Then, every solution of equation (1) is oscillatory.

Proof: Without loss of generality, we assume that there exists a solution x(t) of equation (1) such
that x(t) > 0 on [T,c)for some T >t, > 0. We define the function «(t) as

oy~ LOTOYCE)X®
g(x(v)) ’
Thus for every t > T and by equation (1) and condition (1) we obtain
. _h(t) P( ) _ K 2
w(t) < p(t) p(t) ar®) a(t) — p(t)a(t) D, v(t)) + 0 w(t) 2 (O (D @ (t)

_ ot)
where, v(t) = A "
Since ®(L, v(t)) >0 then, there exists Co such that ®(Lv(t)) >C, forallv e R, and integrate the

last inequality from T to t we have

oft) < o(T) - jp(s) C,(5) - p(s))ds - j[waﬂs)—[% ahﬁ))J ()]ds

Then, for t>T , and by the condition (4), we have

PO PO < o7y - jp(s) Coa(s) - p(s))ds+—jp(s)(){ L) _ “(S))ds

g(x(1)) (s)  a,r(s)

2, H £ (1(5) , (o3
<o)~ jp(s) Con(s)— plo)His+ g [| £ O 50 s

Integrate the last inequality from T to t, we have

Ip(s)r(s)‘ig)(s» X(3) 4o < o(T)(t-T) - j j p(u)(Coa(u) ~ p(u)Huds

a (| p (U)r(U) L pUh*(u) ~
EJ I o) ) duds (1-6)

Since (p(t)r(t))is a non-increasing function and by the Bonnet’s theorem, we see that for each
t>T, there exists S, € [T,t]such that

http://tarbawej.elmergib.edu.ly 1185
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y x(B)
J.p(S)r(S)EI;E;()()S))X(S) ds = )r(T)I\P(X(Sz))X)(S) ds= p(T)r(T) I \Pg(l'(ll);)ju
x(T)
Since p(t)r(t) > 0 and the condition (8), we have
! W(x(5)) X(5) . 9w (u)du
s)r(s) ———~+=ds > h f po(T
1 PN = gy 0 = A where A, =inf )rcr)x(iz) O

Thus, the inequality (1-6) becomes

rotco-oomarcn-n-n {0020

—_—

Dividing the last inequality byt, taking the limit superior ast — o and the condition (9), we
obtain

lim Sup%ﬁp(U)(Coq(U) ~ p(u) Huds < limsup a)(T)[l__(T il As)j

i

TT

(U)r(u) L pWh*(u)
p(u) a,r(u)

which contradicts to the condition (10). Hence, the proof is completed.
Example 2.3: Consider the differential equation

b +2) ()J “)+t (e +

Ilmsu

t~>oc

duds < oo,

X15 (t)

0 | O () +2) x(0)
X (t”[ %(x%mz)]

X (t)sm(x(t))

th ’

(tsix 2(t) +1) 7) =

3

Here r(t):%>0, h(t):i9 q(t) =t°, g(x)=x",d(u,v) =u+ R
t t u - +v

. X @)sin(x(t)) Htx(t),x®) sin(x(t

H (t, X(t), X(t)) = ()tm( ©) (g()((()t))( ) _ Em( ) _t —p(t) forallt >0 and x # 0.

Y(x) = x22(t)+2 >0and 1<W(x) = Xz(t)+2 = 5 1 <2 forallxeR and
X“(t)+1 X“(t)+1 X“(t)+1

0<T‘P(X)dx s_deX 1 % forall >0,

te g(X) te X5 284

Taking p(t) =t* >0 fort>0, p(t) = 4> > 0 and (pM)r)) = -% <0 forallt > 0.
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ts| °
@ lim sup-j | ZOLOMOLEO ) e lim sup j j (_6+i]duds
t—>oo teol p(u) a’r(u) u* u

. 1¢ 16 1 16 1
=I|msup—j— st s +——[|ds <o
et 38T Ts 3f,° Tt

(2) limsup > Hp(u) C,q(u) — p(u))duds = lim sup > II (C u —u—j duds

to to t0 to

=t|iﬂlSUp “'(Cu - jduds—oo

to to
It follows from Theorem2.3 that the given equation is oscillatory. The numerical solutions of the
given differential equation are found out using the Runge Kutta method of fourth order (RK4).
We have

15 (t)
X (t) + X (t)

X(t) = T (tx(R), X(1)) = X (©) sin(x (1)) — (X° (1) + )

with initial conditions x(l):0.5,;<(1):1 on the chosen interval [LlOO], the functions
Y(x)=landh(t) =0, finding values of the functions r, q, f where we consider

H(t,x x) = f(£)I(x,%) att=1, n=500 and h=0.198.

k |t X(t)

1 1 0.5

2 1.98 | 0.6978
3

1.396 | 0.894

11| 2.98 | -0.2872
12 | 3.178 | -0.595
13 | 3.376 | -0.8943

22 | 5.158 | 0.0629
23 | 5.356 | 0.2599
24 | 5.554 | 0.4568

34 | 7.534 | -0.2111
35 | 7.732 | -05174
36| 7.93 | -0.82
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Table 3: Numerical Solution of ODE 3
1.5
1 -
0.5 -
= ot 4
0.5~
-1
135 10 20 30 20 50 60 70 80 90 100
Figure3: Solution Curve of ODE 3
Remark?2.2: If (i) r(t) = 1. (i) cb(g(x(t)),r(t)lp(x)a'c(t)) = O (x(t), x(t)) and

(iii) H(t,x(t),x(t)) =0 then Theorem 2.2 and Theorem 2.3 extend results of Bihari [3],
Kartsatos [10] and Saad et al. [14]. All results of Bihari [3], Kartsatos[10] and Saad et al. [14]
can’t be applied to the given equation in Example2.2 and Example2.3.
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