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 رـتحريالة ـــهيئ

ن المدهوند.  رئيس هيئة التحرير:   سالم حسير
ي  مدير التحرير: 

ن
 د. عطية رمضان الكيلاب

 أ. سالم مصطفن الديب سكرتتر المجلة: 
 

 ها بعد التحكيم . المجلة ترحب ب  ما يرد عليها من أبحاث وعلى استعداد لنشر
     .   ن وتعمل بمقتضاها ام آراء المحكمير م كل الاحتر  المجلة تحتر
 ا . تبعاته كافة الآراء والأفكار المنشورة تعت  عن آراء أصحابها ولا تتحمل المجلة 
 يتحمل الباحث مسؤولية الأمانة العلمية وهو المسؤول عما ينشر له   . 
     ت أو لم تنشر  .    البحوث المقدمة للنشر لا ترد لأصحابها نشر

 )حقوق الطبع محفوظة للكلية(
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 :  ضوابط النشر
ي : 
ي البحوث العلمية المقدمة للنشر أن يراعى فيها ما يأتر

 
ط ف  يشتر

 أصول البحث العلمي وقواعده  .  

ها أو كانت جزءا من رسالة    علمية . ألا تكون المادة العلمية قد سبق نشر

 يرفق بالبحث تزكية لغوية وفق أنموذج معد  .  

 تعدل البحوث المقبولة وتصحح وفق ما يراه المحكمون .  

ات   ي وضعتها المجلة من عدد الصفحات ، ونوع الخط ورقمه ، والفتر
ام الباحث بالضوابط التر التر 

 الزمنية الممنوحة للتعديل ، وما يستجد من ضوابط تضعها المجلة مستقبلا  . 
 :  تنبيهات

ي تعديل البحث أو طلب تعديله أو رفضه .  
 
 للمجلة الحق ف

ي النشر لأولويات المجلة وسياستها .  
 
 يخضع البحث ف

 البحوث المنشورة تعتر عن وجهة نظر أصحابها ، ولا تعتر عن وجهة نظر المجلة .  
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DIMENSION FUNCTIONS ON TOPOLOGICAL SPACES 
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Abstract 

This paper investigates the inductive and covering dimension functions in topological spaces, 

highlighting their significance in the classification and analysis of such spaces. Particular 

attention is given to zero-dimensional and strongly zero-dimensional spaces, with an emphasis 

on characterizing their properties and determining the conditions under which these spaces 

possess an inductive and covering dimension of zero. The study underscores the broader 

relevance of dimension theory in understanding and organizing the fundamental structure of 

topological spaces.  

Keywords: Clopen set, cover, covering dimension, dimension function, inductive dimension, 

order, refinment, strongly zero-dimension space, subspace, shrinking, Tychonoff space, zero-

sets, zero-dimension space. 

 ملخص:

ه وتحليل هذ ي تصنيففوالغطائية في الفضاءات التبولوجية، مع توضيح أهميتها هذه الورقة تتحقق من دوال البعد الاستقرائية 

ى لعمع التركيز  الفضاءات. الاهتمام الخاص في هذه الورقة يكون للفضاءت ذات البعد الصفري والفضاءات الصفرية القوية،

ه الدراسة ؤكد هذتائيا مساويا للصفر. توصيف خصائصها وتحديد الظروف التي تمتلك فيها هذه الفضاءات بعدا استقرائيا وغط

 على الأهمية الاوسع لنظرية الابعاد لفهم وتنظيم البنية الأساسية للفضاءات التبولوجية.

 

1. Introduction  

       Dimension theory has a rich history, dating back to significant contributions from pioneers 

like Henri Lebesgue, Pavel Urysohn, and Karl Menger. These mathematicians extended the 

concept of dimension beyond simple geometric settings, formalizing it for more general 

topological spaces. Their work established the rigorous foundations of modern dimension theory, 

introducing essential concepts such as the inductive and covering dimension functions. 

       Dimension functions are crucial for understanding and classifying topological spaces, 

particularly zero-dimensional spaces. These are spaces where every point has a basis of clopen 

sets (sets that are both open and closed). Zero-dimensional spaces play an essential role in 

topology, offering foundational insights into the structure and behavior of more complex spaces. 

Moreover, they share a unique and significant relationship with dimension functions, particularly 

the inductive dimensions ind, Ind, and covering dimension dim, which aid in the classification 

and analysis of topological spaces.  

For any topological space X, three key numerical dimensions can be assigned: the small 

inductive dimension ind(X), the large inductive dimension Ind(X), and the covering dimension 

dim(X). Each of these dimensions characterizes spaces in distinct ways. The natural domains for 

ind, Ind, and dim are regular, normal, and Tychonoff spaces, respectively. These dimensions 

provide a comprehensive framework for studying the complexity and structure of topological 

spaces. 

The primary focus of this paper is Section 4, which introduces Theorems 4.1, 4.5, 4.8, and 4.10. 

These theorems provide necessary and sufficient conditions for typical spaces to possess 

dimension functions equal to zero. By thoroughly analyzing these conditions, the study aims to 

advance the understanding of dimension functions and their practical relevance. These 
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characterizations highlight the broader importance of dimension functions in classifying 

topological spaces and reveal the intricate connections between zero-dimensionality and more 

complex dimensional structures. 

2. Definitions and Preliminaries 

         Dimension functions are various mathematical functions that assign "dimension" to a 

topological space depending on the structure and properties of the space. These functions aim to 

capture different aspects of dimensionality. The common dimension functions on topology are 

the small ( ) and large ( ) inductive dimensions and the covering dimension ( ).  

  The dimension function ind(X) of a topological space X defines the "dimension" of the space X 

by examining the complexity of boundaries of open subsets of the space. 

 The definition of the small inductive dimension is stated as follows: 

Definition 2.1  Let  be a regular space and let ind(X) be an integer larger than or equal to -1 or 

the “infinite number” . We define ind(X) to be the small inductive dimension function of 

 
(1)  if and only if ; 

(2) , where , if any point  and any neighborhood  of  there 

exists an open set  where  and . 

(3) ind(X) = n if and only if ind(X) ≤ n and ind(X) > n-1, so that  does not hold; 

(4)  if  for .  

The dimension function  is called the Menger-Urysohn dimension. 

The regularity property on a space  is hereditary, therefore if ind(X) is defined on , it is 

defined for any subspace of . 

The dimension function ind(X) of a topological space X is the smallest integer n such that every 

point x ∈ X has arbitrarily small neighborhoods whose boundaries have dimension n−1. If no 

such n exists, we say ind(X)= ∞. 

Let , the Euclidean plane, and consider any point . Take a small open ball B(x) 

centered at x with radius . The boundary of this open ball is a circle  with 1-dimensional. 

Since every point in X has neighborhoods whose boundaries are 1-dimensional then ind(X)=2. 

Theorem 2.2 If  is any subspace of a regular space  then .  

Proof. The theorem is true if . Suppose that . To use induction for 

. If , then by (MU1), , which implies , hence . 

Assume that the inequality is proved for all spaces  with . Consider a regular 

space  with , let  be a subspace of , such that  and a neighborhood  of the 

point . Thus there exists an open subset  of  that satisfies . Since , so 

by (MU2) there exists an open set  such that  and . The set 

 is open in  and satisfies  and . Thus 

 is a subspace of , hence by the inequality assumption  

which together with (MU2) yields the inequality .  

      The dimension function Ind(X) of a topological space is similar to dimension function ind(X) 

but is defined by the existence of neighborhoods whose boundaries have dimensions that 

gradually decrease. Here’s how it is defined : 

Definition 2.3  Let  be a normal space and let Ind(X) be an integer larger than or equal to -1 or 



 

بــلة الــمج ويــتر  
Journal of Educational 

ISSN: 2011- 421X 
Arcif Q3 

ي  2024لسنة  2.17معامل التأثتر العرب   

2025يناير  26 العدد   

 

342 http://tarbawej.elmergib.edu.ly                                                                                                   

            

the “infinite number” . We define Ind(X) to be the large inductive dimension function of 

 
(1)  if and only if ; 

(2) , where , if any closed set  and any open set  which 

contains  , there exists an open set  where  and . 

(3)  if and only if  and ; 

(4)  if  for .  

 The dimension function  is called the Brouwer-Cech dimension.  

If  is defined then  is defined for every closed subspace  of . 

The next theorem is in [6] 

 Theorem 2.4 If  is a closed subspace of a normal space  then   

      In the last theorem, when  is any subspace of  but not closed, the theorem does not hold. 

For examle, consider , the usual Euclidean plane, which is a normal space with Ind( )=2. 

Define  the complement of the closed unit disk 

 The set A consists of the Euclidean plane with the interior of the 

unit disk removed, leaving a space with a hole. Let  

be a closed subset of the subspace A. To satisfy Ind(A) ≤ 2, the boundary bd(U) where U is a 

neighborhood in A must be separable into disjoint closed subsets by removing a subset of 

dimension ≤ 1. Since bd(U) cannot be separated by removing subsets of dimension ≤1, the 

condition for Ind(A ) ≤ 2 fails. This implies that Ind(A) > 2. 

The order of a family: Let  be a family of subsets of a set  which is the largest 

integer  such that the family  contains  sets with non-empty intersection, or the “infinite 

number” , if no such integer exists. Thus if the order of a family  equals  then for any  

members  of  we have . The order of a family  

is denoted by . 

       Remark that if  a family  has order  then  it consists of the empty set alone and if it has  

order  consists of pairwise disjoint sets not all of which are empty. 

       A subset  of a space  is called zero-set if there exists a continuous function  

such that . If M is a zero-set, then  is called a cozero-set. The countable 

intersection of zero-sets is a zero-set and the countable union of cozero-sets is a cozero-set. 

       If  is a continuous real-valued function on a space , then ,  and 

 are zero-sets and the set  is a cozero-set for all . 

      Before stating the definition of the covering dimension “ ”, we provide the following 

definitions: 

(i) Let   be a cover of a space  is a refinement of another cover  of the same space 

 if for every  there exists  such that . Then , and every 

subcover of  is a refinement of . 

(ii) Let  of a space . Then a cover  of  is a shrinking of  

if  for all . A shrinking is open (closed) if all its members are open (closed) subsets 

of the space . 

Note that: Every shrinking  of a cover  is a refinement of  and . 

The covering dimension (dim) of a topological space X is closely linked to cozero-sets and finite 

refinements. Cozero-sets, which form open covers of X, serve as building blocks for finite 
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refinements. For a space with , every open cover can be refined so that no point is 

included in more than n+1 sets. By organizing cozero-sets through partitions of unity or 

continuous functions, they reflect the local topological complexity of X. This connection 

highlights how dim quantifies the "layered" structure of a space. Cozero-sets help verify whether 

refinements satisfy dimensional constraints, offering a practical tool for analyzing topological 

spaces and deepening our understanding of their structure. 

      This concept of covering dimension is defined as follows: 

Definition 2.5  Let  be a Tychonoff space and let dim(X) be an integer larger than or equal to -

1 or the “infinite number” . We define dim(X) to be the covering dimension function of 

 
(1)  if and only if ; 

(2) , if every finite cover by cozero-sets of the space  has a finite refinement 

consisting of cozero-sets of order ; 

(3)  if  and ; 

(4)  if  for   

 The covering dimension  is called the Cech-Lebasgue dimension. 

Le S be a subset f a space  . Then S is called -embedded in a space  if every continuous 

function  can be extended to a continuous function . This property ensures a 

strong topological connection between S and X, which plays a role in preserving dimension 

related properties. 

For the proof of the next theorem see [5]. 

Theorem 2.6  If  is a -embedded subspace of aTychonoff space , then . 

     The next two theorems show that finite covers, shrinkings, and cozero-sets are central to 

characterizing the condition dim(X) ≤ n for a Tychonoff space X. These characterizations 

connect the concepts of finite covers, shrinkability, and cozero-sets to dimension theory.  

Theorem 2.7 Any Tychonoff space  has  if and only if any finite cover by cozero-

sets of the space  has a shrinking contains cozer-sets of order .  

Proof. ( ) Let  be a cover by cozero-sets of a Tychonoff space  satisfying 

. Then there exists a refinement  consists of cozero-sets of order  

and for each  choose an  such that . Let . The 

collection  is a shrinking consisting of cozero-sets of the cover  and has order not 

exceeding . Since each point of  is in some members of  and then in some , each point of 

 is in ant most  members of . Implies that each of them is associated with a unique . 

Therefore  is at most in  elements of . 

         ( ) Let  be a cover by a shrinking  consisting of cozero-sets of order  

and by the definition of shrinking  is a finite refinement consisting of cozero-sets of 

order . So . 

The next theorem was proved in [3]. 

Theorem 2.8  A Tychonoff space  has  if and only if every finite cover  by 

cozero-sets of  has a shrinking  consisting of cozero-sets such that . 

3.Topological spaces with zero-dimensionality property: 
     The zero-dimensionality property of topological spaces is a fundamental concept in topology, 

characterized by simplicity in structure and lack of connectedness. A topological space with this 

property is called a zero-dimensional space and has features such as a basis consisting of clopen 



 

بــلة الــمج ويــتر  
Journal of Educational 

ISSN: 2011- 421X 
Arcif Q3 

ي  2024لسنة  2.17معامل التأثتر العرب   

2025يناير  26 العدد   

 

344 http://tarbawej.elmergib.edu.ly                                                                                                   

            

(simultaneously open and closed) sets, and a dimension of zero in both the inductive and 

covering dimension senses. It serves as a basic, concrete example for exploring fundamental 

topological concepts like dimension, separability, and disconnectedness.  

Definition 3.1 A space  is called zero-dimensional if  is a non-empty -space and has a base 

consisting of clopen sets. 

      Any set with a discrete topology (where every subset is open) is zero-dimensional. This is 

because it satisfies the  separation property and has a base of clopen sets. 

      Let  be the set of real numbers and  be the family of all intervals  where , 

. Then the members of  are clopen with respect to the topology generated by  on . This 

topology is zero-dimensional space and called “Sorgenfrey-line” and we denote it by  

Proposition 3.2  Every non-empty subspace of a zero-dimensional space is zero-dimensional.  

Proof. Since every subspace of a -space is , so zero-dimensionality property will be a 

hereditary property.  

The following proposition presents the natural relationship between Tychonoff spaces and zero-

dimensional spaces. 

Proposition 3.3 A topological space is Tychonoff if it is zero-dimensional space.  

Proof. Let  be a zero-dimensional space. Let  and  be a closed subset of  such that 

. Then , where  is open set in . By zero-dimensionality of , there exists a 

clopen set  in  such that . Let  be the continuous function defined by 

f(x)=0, if  Then   and  for each . 

Therefore,  is a Tychonoff space. 

      The real line  with the usual topology is an example of a Tychonoff space which is not 

zero-dimensional. The space  is a Tychonoff space because it can be separate points from 

closed sets with continuous functions. However,  is not zero-dimensional because it is not 

totally disconnected. A zero-dimensional space is totally disconnected, meaning its connected 

components are singletons. In , the connected components are intervals (not single points), 

which makes it non-zero-dimensional. 

 Theorem 3.4 The cartesian product  where  and  for all  is a zero-

dimensional space if and only if  is zero-dimensional for all .  

Proof. ( ) Let  be a zero-dimensional space. To show that  is zero-dimensional 

for each . For each ,  is homeomorphic to a subspace of . Since  is a -space and 

 is hereditary property so by Proposition 3.2,  is zero-dimensional for all . 

( ) Let  and  be an open set in  with . Let 

 be a basic neighborhood of  such that . 

Since  then  is an open set containing  for all . Since  is zero-

dimensional, let  be a clopen set in such that . Let 

, then  is a copen set in  such that 

. Therefore  and because  is a -space so  is zero-dimensional.  
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Definition 3.5 A space  is called strongly zero-dimensional if  is a non-empty Tychonoff 

space and  any cover  of  by cozero-sets has an open refinement  such that 

 whenever .  

       In the above definition the refinement  consists of clopen sets and thus is a cover of  

by cozero-sets. 

      A strongly zero-dimensional space is a space where every open set has a clopen base. A 

subspace of a strongly zero-dimensional space inherits the property of having a basis consisting 

of clopen sets in the subspace topology. Thus, subspaces of strongly zero-dimensional spaces 

retain a zero-dimensional structure. However, the subspace of strongly zero-dimension space 

does not necessarily inherit the property of having a clopen basis for all open sets in the 

subspace. Therefore, not every subspace of strongly zero-dimensional space is strongly zero-

dimensional space. 

      Let  and  be two subsets of a space  are called completely separated if 

there exists a continuous function  such that  for each  and 

 for each  then we say that  separates the sets  and . 

Proposition 3.6  Let  and  be disjoint zero-sets in the space . Then A and B are completely 

separated.  

Proof. Let  such that  and . Let  be a function 

defined by f(x)=g(x)/(g(x)+h(x)) for each . Since , hence  is a continuous 

function and if  then  and if  then .  

     If  and  are disjoint zero-sets in a space  then  and  for some 

continuous function . 

The next theorem is in [5]. 

Theorem 3.7  Let X be a non-empty Tychonoff space. Then X is strongly zero-dimensional 

space if and only if for every pair  of completely separated subsets of  there exists a clopen 

set  where . 

 

 

4.  Applications of dimension functions to zero-dimensional spaces: 

       This section presents the main results of the paper, which provide various characterizations 

of topological spaces where the dimension functions are zero. By exploring these 

characterizations, we aim to deepen the understanding of the conditions that lead to zero-

dimensional spaces exhibiting these dimension properties. 

Note that if  is a clopen subset of a space , then . 

The regularity of a space offers a clear characterization for a space X to have  along 

with the zero-dimensionality property. The following theorem provides a concrete interpretation 

of this concept. 

Theorem 4.1 A regular space  has ind(x)=0 if and only if X is zero-dimensional.  
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Proof. (  Let  be a regular space with . Let  and  open in  such that 

. Since , there exists open set  in  such that . So 

 and then  is clopen and . Implies that  has a base  consisting of 

clopen sets where  is clopen . Since  so  is zero-dimensional.  

(  Let  and  be open in , where . Since  has a base  consisting of clopen 

sets, there exists  such that  and . Hence  and 

. Since , so . 

Corollary 4.2  A regular space  has  if and only if any point in  has a local base 

consists of clopen sets.  

Proposition 4.3 Every non-empty countable metrizable space  is zero-dimensional.  

Proof. Let  be any point of a countable metrizable space  and  be the set of 

other points in . Let  be a metric on  and  for all . The set  is 

a countable subset of . If  is any spherical neighborhood of ., then there exists a 

positive real number ,  and  for all . Thus  and there are 

no points of  at a distance  from x. Hence the set  and  is a clopen 

set. This means  has a local base consisting of clopen sets. Since  was any point in  so by 

Corollary 4.2,  is zero-dimansional.  

Corollary 4.4 The set of rational numbers with the usual topology is zero-dimensional. 

  

      Note that not every metrizable space  is zero-dimensional. For example, the set  with the 

usual topology is metrizable but not zero-dimensional. 

The following theorem shows that the compactness of a topological space offers a 

characterization that allows a space X to have  in addition to possessing the zero-

dimensionality property. This result can be found in Nagata's work on compact Hausdorff spaces 

and the theory of dimension see [7]. 

Theorem 4.5 Let X be a compact Housdorff space. Then X has Ind(X)=0 if and only if X is 

zero-dimensional. 

Proof. ( ) Let  be a compact Hausdorff space with . Let  and  be an open 

subset of  containing . So  is a closed set in  and  and . 

Implies that  and then  is a clopen set. Therefore,  has a base  consisting of 

clopen sets where  is open in . Since , hence  is zero-dimension. 

Let  be a compact Hausdorff space and  be a closed subset of . Let  be an open set 

with . By zero-dimensionality of , there exists a clopen set  in  and for each , 

we have  and . Since  is a compact set , there exist 

 such that  where  is a clopen set in a normal space . 

Thus  which is mean that . Since , therefore 

. 
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Theorem 4.6 A normal space  has  if and only if any disjoint pair of closed sets 

can be separated by clopen sets.  

Proof. ( ) Let  be a normal space with . Let  be disjoint closed sets in . 

Since  and  hence there exists a clopen set  such that . Because 

 so  and then  are disjoint clopen sets such that  and .  

( ) Let  be closed and  be open subsets of a normal space  with . So . 

Then  are disjoint closed sets and by our hypothesis there exist  which are clopen in  

such that  and  and , . Therefore, 

 and then . Thus  and then . Since  

so . 

     By a swelling of a family  of a space  we mean any family  of subsets of the 

space  such that  for all  and for any finite set of indices  we have 

 if and only if . 

       Note that swelling is open if its members are open subsets of the space  and every swelling 

 of a family  satisfies the equality . 

Remark that a finite family consists of zero-sets of a space  has a swelling consisting of cozero-

sets. 

Proposition 4.7  Every finite cover by cozero-sets of a space  has a shrinking consists of zero-

sets.  

Proof. Let  be a cover of cozero-sets of the space . The family  consists 

of zero-sets with empty intersection because if  and  then  and 

 for each , which gives a contradiction. The family  has a swelling 

 consisting of cozero-sets. Then the family  is a stringing of  consisting of zero-

sets. 

       In a normal space X, dim(X)=0 is equivalent to Ind(X)=0, both measuring the "degree of 

separation" within the space. dim(X)=0 means every point has a clopen neighborhood base, 

while Ind(X)=0 means closed sets can be separated by open sets in line with the inductive 

dimension. This equivalence shows that in normal spaces, topological and inductive dimensions 

coincide when the space is zero-dimensional as stated in the next theorem (see [4]). 

Theorem 4.8 A normal space  has  if and only if .  

Proof. ( ) Suppose , to show that . Let  be closed in  and  be 

open in  with . Then  are disjoint closed sets in . Then there exists a continuous 

function  such that . Let , 

then  is a cover of  by cozero-sets and since , so by Theorem 2.8, there 

exists a shrinking  consisting of cozero-sets such that  and . 

Implies that  are clopen sets in  and  such that . Thus 

. since  so . 
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( ) Let  be a normal space a normal space where . Let  be an open cover 

of  by cozero-sets. If , let . Then  is a cozero-set in  and . Since 

, so there exists a clopen set  such that . Let , then  is 

a cover of  by clopen sets and  such that  and . Therefore 

 and then . Since , so .  

     The next proposition shows that the strongly zero-dimensional spaces are sub-classes of zero-

dimensional spaces.  

Proposition 4.9 Every strongly zero-dimensional space  is zero-dimensional.  

Proof. Let  and an open subset  of  containing . Let  be a continuous function 

defined by  and . Let  and . Therefore  and 

 are two disjoint zero-sets and by Propoosition 3.7,  and  are completely separated sets. 

Since  is strongly zero-dimensional, hence there exists a clopen set  such that 

. Thus  and then . Since , hence 

 and . Because , so  and then  is zero-dimensional.  

         Remark that not every zero-dimensional space is strongly zero-dimensional. For examle, 

the Sorgenfrey line  defined above is zero-dimensional but is not strongly zero-dimensional. 

Because there are open covers in this topology that cannot be refined into a finite collection of 

clopen sets. For example, the open cover {[x,r): x, r  and x < r} does not admit a finite 

refinement of clopen sets, since the open sets are not "small enough" to be separated by a finite 

number of clopen sets. 

       The comming theorem demonstrates the equivalence of dim(X)=0 and strong zero-

dimensionality in a Tychonoff space, highlighting a key connection between dimension theory 

and separation properties. In particular, a space X is strongly zero-dimensional if and only if 

dim(X)=0, which implies that any two disjoint closed sets in X can be separated by a clopen set. 

This equivalence is guaranteed in Tychonoff spaces, where the separation axioms ensure the 

presence of sufficient clopen sets. It emphasizes that the zero-dimensionality of a space is 

intrinsically linked to its capacity to separate disjoint closed sets with clopen sets, establishing its 

importance as a fundamental concept in topology. 

The statement of the next theorem might be found in many difrent works (see [6] and [7]) 

dealing with the finer distinctions between various classes of zero-dimensional spaces, like in 

Nagata's research or other foundational texts in dimension theory, which explore the 

relationships between inductive dimension and zero-dimensionality. 

Theorem 4.10  A space  has dim(X) = 0 if and only if X is strongly zero-dimensional.  

Proof. ( ) Suppose . Let  be a cover of  by cozero-sets. By Proposition 

4.7, the cover has a shrinking  consisting of cozero-sets such that . 

Therefore  is strongly zero-dimensional. 

) Let  be a strongly zero-dimensional space and let  be a cover of  by cozero-

sets. By Definition 2.5, the cover  has a finite open refinement  consisting of 
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cozero-sets and  whenever  and . Thus  and by Definition 

2.5, we have . since , hence . 

Every strongly zero-dimensional space is normal because the strongly zero-dimensional property 

ensures that any two closed sets with empty intersection can be separated by a clopen set. This 

separation condition is stronger than the standard separation condition required for normal 

spaces. However, the converse is not true. For instance, the real line with the usual topology is a 

normal space but fails to be strongly zero-dimensional. 

The following corollary follows from the last theorem and the previous discussion. 

Corollary 4.11 A normal space  has  if and only if  is strongly zero-dimensional.  

Proposition 4.12 Let  be a strongly zero-dimensional space and  be a -embedded subspace 

of . Then  is strongly zero-dimensional.  

Proof. Since  is strongly zero-dimensional, hence by Theorem 4.10, we have  and 

by Theorem 2.6, we have . Since , hence  and therefore  is 

strongly zero-dimensional subspace of .  

Conclusion  

      This study has presented characterizations of zero-dimensional spaces in terms of their 

inductive and covering dimensions, focusing on the conditions under which these dimensions 

equal zero. Defined by their clopen bases, zero-dimensional spaces are fundamental in topology, 

and their relationship with dimension functions provides critical insights into the classification 

and structural behavior of topological spaces. This paper examined the structural properties that 

result in zero values for the dimension functions ind, Ind, and dim. This study has made 

connections between various topological concepts, enhancing the understanding of these unique 

spaces. Additionally, the study highlighted the equivalences and distinctions among dimension 

functions in zero-dimensional and strongly zero-dimensional spaces, contributing to a more 

unified perspective within dimension theory.  

We recommend that future research explore the behaviour of dimension functions in broader 

contexts, providing deeper insights into their properties and enhancing our understanding of their 

operation across diverse topological settings. 
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  تصيب أسماك الهامور الداكنة )

 Epinephelusالتعريف بالطفيليات الت 
marginatus ليبيا -( المصطادة من شواط  مدينة الخمس 

   رمضان عطية
  الكيلائن

 أبوسديل صالح عبدالسلام 
 الشافع   الصيد ميلود

723-729 

73 
  المسائل المتعلقة "

ن
  الأحناف ف

ن شيخ الإسلام ابن تيمية ومحقف  التوافق بي 
  ": جمعا ودراسةلوهيةالأ توحيد بالإيمان بالله و 

ن   مختار حسي 
 حسن محمد حسن ماخذي

730-742 

  إزالة النجاسة وما يتعلق بها من آداب  74
ن
 758-743 سليمان امحمد بن عمر حكم الاتجار بماء زمزم واستخدامها ف
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75 
Simulation and Comparison of Control Messages Effect on 

AODV and DSR Protocols in Mobile Ad-hoc Networks 
Ragb O. M. Saleh 759-771 

76 
INVESTIGATING THE EFFECT OF ALKALINE 

TREATMENT ON THE PHYSICAL CHARACTERISTICS 

OF HAY-EPOXY COMPOSITES 

Ghayth M. Ali 

Ilyas A. Salem 

Fathalla S. Othman 

Abdulati Othman Aboukirra 

Ayiman H. Abusaediyah 

Ashraf Amoura 

772-777 

77 
ن أداء الشبكة المحلية ) اتة باستخدام الشبكة LANتحسي  ( بكلية العلوم صي 

 (VLANالمحلية الظاهرية )
 نهلة أحمد فرج محمود

 أحمد أدم عبد الكريم عيس
778-785 

78 
Evaluation of the efficacy of leave Extract of  Ziziphus spina-

Christi against three Bacterial species 
Reem Amhemmed Masoud 786-791 

79 
Saffron Adulteration: Simple Methods for Identification of Fake 

Saffron 

Ruwida M. Kamour 

Zaema A. El Baroudi 

Taha H.Elsheredi 

792-799 

80 
ورية لتدريس مادة علم  مدى ممارسة معلم  القسم الادئ   للكفايات التعليمية الصرن

  المرحلة الثانوية لبعض مدارس تعليم الساحل الغرئ   
ن
 النفس العام ف

 813-800 فريال فتح  محمد الصياح

81 
  العملية التعل

ن
 عليتها لدىمية ومدي فاياستخدام مواقع التواصل الاجتماع  ف

مس)دراسة ميدانية عل طلبة   الطلبة
ُ
مس /بلدية الخ

ُ
 (كلية تقنية المعلومات الخ

 نموذجا( )الواتساب

 سعاد صالح بلقاسم
 ايناس محمد ميلاد

814-824 

 832-825 ذكريات عبد المولى سالم العيساوي حل مشكلة التخصيص الضبائ   بطريقة التصنيف للأعداد الضبابية الرباعية 82

83 
نطية ن  النظام البازيليك  للكنائس البي 

قية بقورينا "شحات"  دراسة أثرية تطبيقية للكنيسة السّر
 851-833 عباس رجب عبدالرحيم

  نسّر علوم السنة النبوية: دراسة تحليلية المكتبات الرقمية 84
ن
 860-852 محمد نجم الهدى ودورها ف

85 
Using electronic resource mobilization to develop mathematical 

thinking skills among higher institute students. 
Munera Shaili Asaki 861-875 

86 
Evaluation   of some Chemical components of the ground water 

in four regions of Tourist area 

Hend ALkhamaesi  

ALmabrouk ALhireereeq  
876-881 

87 
  الإعلام الغرئ   وإهانته للمقدسات الإسلامية وموقف الإسلام 

ن
المخاطر العقدية ف

 من ذلك
وكة سعد أحمد عل    905-882 مي 

88 
ودور الخجل الاجتماع  لدى الأطفال دراسة اضطرابات النطق وعلاقتها ب

  الحد منه
ن
  ا الاختصاض  الاجتماع  ف

ن  وضعاف السمعوالبكم الصم  بمدرسة)دراسة ميدانية    (بمدينة زليي 
 924-906 ةـغفو ـأب رجب صالح

س بالنظافة وص 89
ُ
ل
َ
د
ْ
ن
َ
 935-925 نور الهدى نوري مجي   حة البيئةعناية أهل الأ

90 
  الشعر العرئ   

ن
 كان وأخواتها ف

 جا(ذ)ديوان المعتمد بن عباد أنمو 
  
 950-936 عبد الرؤوف محمد عبد الساتر الذرعائن

91 
ونية الأنظمة توظيف    الالكي 

ن
 الصح   المجال ف

   نظام إنشاء)
وئن ن  مدينة صيدليات لأحد  الكي   (زليي 

 سليم عل   السلام عبد  حنان
 الهرم مإبراهي سعاد 

952-957 

92 
وْس   كتاب  أحاديث من نماذج" 

َ
ور   الفِرْد

ُ
ابِ  بِمَأث

َ
ئ ِ  "  الخِط

َ
جَاعٍ، لِأ

ُ
وْيَه ش ُ ْ  بْنُ  شِي 

ار 
َ
هْرَد

َ
مِ   ش

َ
يْل
َّ
 "ودراسة تحقيقا  ،(ه509-445) الد

 977-958 زكريا محمد 

93 
 الصلبة النفايات وتكدس تراكم ظاهرة

  (  القمامة) 
ن
 الخمس/   الخميس سوق منطقة ف

يف محمد  نورية  989-978 السّر

94 
Vitamin D deficiency and its effect on human health in the city 

of Al-Jamil 

Ahmid Emhemed Daw Altomi 

Zahia Kalifa Daw Musdeq 
990-1004 

95 
بية حصة  الدراس   بالتحصيل وعلاقتها  البدنية الي 

 العجيلات ببلدية الثانوي للتعليم النهائية المرحلة تلاميذ  لدى
 1014-1005 الهوش رحومة محمد  محمود 

96 
ها عل الأمن القوم  السعودي  التهديدات الإيرانية وتأثي 

ة من "   اليمن خلال الفي 
ن
اع ف ن   "2014إلى  2011دراسة تحليلية للين

 1031-1015 عبد المنعم منصور الحر

97 
A Review of mAs Optimization Strategies in CT Imaging: 

Maximizing Quality and Minimizing Dose simultaneously 

Fuzi Elkut  

Sabri M. Shalbi  
1032-1040 

98 
An overview of fish muscle physiology, omics, environmental, 

and nutritional strategies for enhanced aquaculture 

Mostafa Omar Sharif  Adel 

Omar Aboudabous 
1041-1049 

99 
_ مصراتة لمدينة المحلية البيئة عل التوحدي الطفل مقياس وثبات صدق دلالات

 سنوات( 10_  3) من للأعمار  ليبيا
 1058-1050 الصل الهادي عبد  محمد  أنيس
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100 The Role and Effect of AI in Translation 
Abdaladeem Mohammad 

Hdidan 
1059-1067 

101 
   التعزير 
ن
يعة ف    وتطبيقاته الإسلامية السّر

ن
   القانون ف

 دراسة: المعاصر  الجنائ 
 الليت    القانون عل تطبيقية

 1077-1068 صالح عل   معتوق عل  

102 
Antagonistic Activity of Rhizobium sp Against some Human 

Pathogenic Microorganisms 

Hana Wanis Elfallah 

 Hnady Hisham Alsiywi 
1078-1083 

103 
Determination of Arsenic and Cadmium in the Seawater 

Samples using Atomic Absorption Spectrometry 

Fuzi Mohamed Fartas  

Ramdan Ali Aldomani  

Ahmed Mohammed Mawloud 

Alqeeb   

Galal M. Zaiad 

1084-1089 

   التحديات"  104
   الخمس بمدينة الرياضية الأندية تواجه الت 

ن
 "اليد كرة  فرق تشكيل ف

  انبيص عل   صالح السلام عبد 
يف محمد  مفتاح مصعب  السّر

1090-1096 

 1097 الفهرس


