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 رـتحريالة ـــهيئ

ن المدهوند.  رئيس هيئة التحرير:   سالم حسير
ي  مدير التحرير: 

ن
 د. عطية رمضان الكيلاب

 أ. سالم مصطفن الديب سكرتتر المجلة: 
 

 ها بعد التحكيم . المجلة ترحب ب  ما يرد عليها من أبحاث وعلى استعداد لنشر
     .   ن وتعمل بمقتضاها ام آراء المحكمير م كل الاحتر  المجلة تحتر
 ا . تبعاته كافة الآراء والأفكار المنشورة تعت  عن آراء أصحابها ولا تتحمل المجلة 
 يتحمل الباحث مسؤولية الأمانة العلمية وهو المسؤول عما ينشر له   . 
     ت أو لم تنشر  .    البحوث المقدمة للنشر لا ترد لأصحابها نشر

 )حقوق الطبع محفوظة للكلية(
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 :  ضوابط النشر
ي : 
ي البحوث العلمية المقدمة للنشر أن يراعى فيها ما يأتر

 
ط ف  يشتر

 أصول البحث العلمي وقواعده  .  

ها أو كانت جزءا من رسالة    علمية . ألا تكون المادة العلمية قد سبق نشر

 يرفق بالبحث تزكية لغوية وفق أنموذج معد  .  

 تعدل البحوث المقبولة وتصحح وفق ما يراه المحكمون .  

ات   ي وضعتها المجلة من عدد الصفحات ، ونوع الخط ورقمه ، والفتر
ام الباحث بالضوابط التر التر 

 الزمنية الممنوحة للتعديل ، وما يستجد من ضوابط تضعها المجلة مستقبلا  . 
 :  تنبيهات

ي تعديل البحث أو طلب تعديله أو رفضه .  
 
 للمجلة الحق ف

ي النشر لأولويات المجلة وسياستها .  
 
 يخضع البحث ف

 البحوث المنشورة تعتر عن وجهة نظر أصحابها ، ولا تعتر عن وجهة نظر المجلة .  
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Inclusion Relations For K-Uniformly Starlike Functions Defined By Linear Operator 
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a b s t r a c t 

        In this paper, the authors investigate of the subclasses  functions. 

Also, some applications involving integral operator are considered associated with the 

operator      

Keywords:  -valent Analytic Functions, uniformly starlike, uniformly convex,   Hadamard  

product , linear operator.  

 

1. Introduction.  

     Let  in the form  

                  

                                 (1) 

 

and  

Let be given by (1) and  be given by    

                  

            (2) 

 

The Hadamard product (or convolution) (  is defined by 

  

                      (                   (3) 

 

If  and  are holomorphic in , we called is subordinate to , written  

 or , if there exists a Schwartz function in which (by 

definition) is analytic in  with  

 and  

 such that  

 
If the function   is univalent in  we have the following equivalence [15],[16] 

 and  

A function  is said to be in the class of -uniformly  -valent starlike functions of 

order  denoted by  ([8],[2])if 

 
Replacing in (4) by  we obtain the condition 
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required for the function  to be in the class  of  - uniformly  -valent convex 

functions of order   

     Also, a function  is said to be in the class of uniformly close-to-convex 

functions of order   and type  denoted by  ( ) if 

 

 
for some   (see [8] and [2]), and it is said to be in the class of 

uniformly quasi-convex functions of order   and type  denoted by  if 

 

 
for some   (see [8] and [13]). 

Goodman[1] introduced uniformly -valent sterlike and -valent convex when  and [3] 

when   which then were further studied by other researchers. 

      Setting  

                 (8) 

  with          or      and considering the functions which 

maps  on to the conic domain   , such that  , we may rewrite the conditions (4) 

or (5) in the form  

. 

    We introduce the function   as the following : 

(9) 
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where =  and 𝜉 is so that  . By virtue of the Characteristics of the 

domains  we have 

 .                                      (10) 

El-Ashwah and Drbuk [11],[10],[7],[5] defined the linear operator  

 by the following: 

 

 
(11) 

where  and  be such that 

 and  

 It is readily from (11) that 

  
and  

 
(13) 

Now ,we can define the following classes of analytic functions by using the operator 

as follows: 

             (14) 

              (15) 

               (16)       

              (17) 

We note that 

 (18) 

and 

 (19) 

2. Preliminaries Results. 

The following lemmas are required to demonstrate the primary finding. 

  

" Lemma 1[6]: Let  and  be complex constants and  be univalently convex in the unit disk  

with and  Let  be analytic in  Then 
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." 

"Lemma 2[14]: Let  be convex in the unit disk  and let   Suppose   is analytic in 

 with  If   is analytic in  and  Then 

 
3. Inclusion Relations. 
We will examine the inclusion relationships in the following results. 

 

Theorem 1. Let  ,  and  Then 

  

Proof. Let  and set  

                                      (20) 

where  is analytic in with  and  for all  

  

From (10), we can write  

 

                                         (22) 

By logarithmically differentiating both sides of the equation (22), we get  

 

 
Applying lemma 1 to (23), it follows that  that is   

the first part of Theorem 1 is completed. To prove the second inclusion relationship confirmed 

by Theorem 1, let , and put  

                                      (24) 

 From (13), we can write  
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                        (26) 

By logarithmically differentiating both sides of the equation (26), we get  

 

 

where the function  is analytic in with  Then by lemma 1 and 

  it follows that   which implies that  

 
The proof of Theorem 1 is completed. 

Theorem 2. Let  ,  and  Then 

 

  

Proof. Applying (18) and Theorem 1, we observe that  

 

⟺  

                                              ⟹  

                                         

and 

                                           

                                              ⟺  

                                              ⟹  

                                         

which evidently proves Theorem 2. 

Theorem 3. Let  ,  and  Then 

  

Proof. Let Then , from the definition of   ( ) there  

exists a function  such that  
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 . 

Choose the function  such that  so we have  

 .                       (28) 

Now, we set 

                                     (29) 

where  is analytic in with  and  for all  

  

From (12), we can write  

 

 

                                                          

                            .            (30) 

Since , and by Theorem 1, we can write 

 where  

 
From (29), we consider that  

 
differentiating both sides of (31) with respect to  and divided by  we have  
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Using (31) and (33), we obtain  

 

                                                                                                 (34)  

From (28) and (34), we conclude that 

 
Putting  and  , web obtain  

 
therefore, the inequality (35) satisfies the conditions required by lemma 2. Hence 

so that  

     To prove the second inclusion relationship confirmed by Theorem 3, using arguments similar 

to those detailed above with equation (13),we obtain 

 
Thus, the proof of Theorem 3 is completed. 

Theorem 4. Let  ,  and  Then 

  

Proof. Applying (19) and Theorem 3, we observe that  

 

⟺  

                                              ⟹  

                                         

and 

                                           

                                              ⟺  

                                              ⟹  
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which evidently proves Theorem 2.      

           Next, we study the closure properties of generalized Bernardi integral operator ( [12],[9] 

and [4]) defined by: 

 

Theorem 5. Let   and . If  then 

 
Proof.  From (36), and the linear operator  we have   

   
(37)    

Setting   

 
where  is analytic in with  and  for all  

  

From (37), we have  

 
By logarithmically differentiating both sides of the equation (38), we have  

 

 
Since   then by applying Lemma 1, we obtain the result .  

Theorem 6. Let   and . If  then 

 
Proof. Consider the following   

 

⟺  
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                                                          ⟹  

                                                    

the proof is completed. 

Theorem 7. Let   and . If  then 

 
Proof.  Let Then , from the definition of   ( ) there  exists a 

function  such that  

 . 

Choose the function  such that  so we have  

 .                       (39) 

Now, we set 

                                     (40) 

where  is analytic in with  and  for all  

  

From (35) we have 

 

                                                

                                .                 (41)                 

Since , and by Theorem 5, we have  

. 

Setting  
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Also, we can define  by 

 
differentiating both sides of (43) with respect to  and divided by  we 

have  

                       

     

 
Using (41) and (44), we obtain  

 

                                                                          (45) 

From (39) and (45), we conclude that 

 

Putting  and  , we obtain  , if  , therefore, the 

inequality (35) satisfies the conditions required by Lemma  

2. Hence so, the proof is completed. 

Theorem 8. Let   and . If  then 

 
Proof. We can prove this theorem as we proved Theorem 7. 
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