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Inclusion Relations For K-Uniformly Starlike Functions Defined By Linear Operator
Fatma A. Alusta and Milad E. Drbuk®
! Department- Mathematics Faculty of Arts and Science - Mesllata, EImergib University.

abstract
In this paper, the authors investigate of the subclasses UST,UCV,UKC,UQC, functions.

Also, some applications involving integral operator are considered associated with the
operator ;7" (+, €, R).

Keywords: p -valent Analytic Functions, uniformly starlike, uniformly convex, Hadamard
product , linear operator.

1. Introduction.
Let A, in the form

flaw) =aw?P+ X7 sa,w™ (pEN={123..}) ()

andD ={w e (; |lw|< 1}
Let f € A, be given by (1) and g be given by

g(w)=w? + 37, byw™ (PEN={123..).
The Hadamard product (or convolution) (f # g) is defined by
(f * 9)(w) = w? + Eff:pﬂ a,b,w" = (g *f)(=). (3)

If “F(1¢r) and®C(<e+) are holomorphic in D, we called °F(««) is subordinate to “C(=e+) , written

°F < °C or °F(ar) < °C(a), if there exists a Schwartz function a(w)in D, which (by

definition) is analytic in D with

a(0) =0and |a(w)| <=1 (weD)

such that

*Flawr) = “C[cx(ﬂf])[ﬂf E D).

If the function °C(+¢) is univalent in D, we have the following equivalence [15],[16]

*Fluwr) < °C{ar)(wr € D) = °F(0) = °C(0) and °F(D) = °C(D).

A function f(4) € A, is said to be in the class of k-uniformly p -valent starlike functions of

order ¥ denoted by UST(y, £) ([8],[2])if

Re{LL G, p e ) _
f () f(w)

Replacing £ in (4) by < f' we obtain the condition

pl+y B=z00<y<1B+y=0,w€D). (4

http://tarbawej.elmergib.edu.ly 368
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(Bz00<y<1,B+y=0, weD) (5)

required for the function f to be in the class UCV(y.8) of k - uniformly p -valent convex
functions of order y.
Also, a function f () € <A, is said to be in the class of uniformly close-to-convex

functions of order ¥ and type [ denoted by UKC (y, ) if
Re {«m'f'(ﬂm']} - w ' ()
g(w) g (1)

(Bz=00=y=1,B8+y=0, weD) (6

for some g € UST(y, ) (see [8] and [2]), and it is said to be in the class of

uniformly quasi-convex functions of order ¥ and type [ denoted by UQC(y. ) if
[,mf («m)) [«z{:r'}‘"(«z-[:r'))f

[ g' () g' (w)
(Bz00=y<1,B+y=0,weD) (7)

for some g € UKC(y, ) (see [8] and [13]).

Goodman[1] introduced uniformly p-valent sterlike and p-valent convex when p = 1and [3]

when p = 1, p € N which then were further studied by other researchers.

p|+vy

—p|tYy

Setting
Q,py = {u tivu=B(u—p)P+vi+y,f=00=<sy=<1 } (8)
Py
with  plae) = “;—ﬁ‘;} or plw)=1+Z f :} and considering the functions which
maps D on to the conic domain 0,z .. , such that 1 € 0,5, We may rewrite the conditions (4)
or (5) in the form
plw) <P, g (w).
We introduce the function P, .. as the following :
s p+ip— 2yl —
prE i (B =0),
2(p—y] 1Ty _
p + e {iﬂgl \,'-TT) (ﬁ - 1]!
- J.+\,-t,|:
Popy =3 f_;z cos{ (cos™ lﬁ)z!og f E (0=pf <1), 9
plar)
i JB v'5’ PV
—sin | - f T (8 =1),
'\E—l f.ﬁ‘} 'lr*,,l.ﬁ‘r* E‘ -1
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where u(wj_ il EE and ¢ is so that 5 = cc-shfé . By virtue of the Characteristics of the
domains 1, .. we have
Re(p(w)) = RE(PFE v (fmj) = Bty (10)

g+1
El-Ashwah and Drbuk [11],[10],[7],[5] defined the linear operator
Jiy (r,6,R):A, — A, by the following:

T

r(++R®p) © (p-l-f-l—i[n—p])mf"(«r‘-l-nﬂ]
r(++nR) "

o » '!R 1= F
Jy g (e, R) flar) = w +F[fr‘—|-,'Rp] . —

11
\(Nhgl’e meZ={.,—-2.-1012,..} and R>=0,4=0,f>—p,+,e€C be such that
Re(e —#) = 0 and Re(+) = —Rp.

It is readily from (11) that
Jis (m+ L, R)f (a0) =

mp(fr‘ e, .'R)f[«m]+

—_ ( mp[:fr‘ £, R]f[«m)) (12)

++Rp
and
m A T j’ T !
ITR (0, R) faw) = (l—pp—_l_i:)(j‘i (r e R (w) + = (I (e, R ()
(13)

Now ,we can define the following classes of analytic functions by using the operator
J 7 as follows:

UST;® (e, R.B.¥) ={f € A,: Iy f(w) €EUST (B,y);w €D} (14)

ucvy? (re.R.B.Y) = {f €A, : 77 f(w) e UCV (B.y); w € D} (15)

UKCY? (r.e,R.B.y) ={f €A, : Iy f(w) € UKC(B,¥);w € D} (16)
UQCy (re,R.B.y) ={f €A, : J; ¢ flaw) € UQC (B.y); w € D}. 17)

We note that f

f eUCV(y,B) & % € UST(y, B) (18)

and f

f € UQC(.B) & L € UKC(.B). (19)

2. Preliminaries Results.
The following lemmas are required to demonstrate the primary finding.

" Lemma 1[6]: Let 5 and ¥ be complex constants and h be univalently convex in the unit disk D
with 1(0) = ¢ and Re(Bh(w) +¥) = 0. Let g(aer) = ¢+ X 7=, b, «+" be analytic in D. Then
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gla) —I— bl ';:} < h(w) = g(w) < h{w)."

"Lemma 2[14]. Let h be convex in the unit disk D and let 4 = 0. Suppose B (1) is analytic in
D with Re(B (1)) = A. If gisanalyticinD and g(0) = h(0). Then

Awrg" (10¢) + Blaw)wrg' (10) + g(ar) < h(w) = glawr) < h(aer)."

3. Inclusion Relations.

We will examine the inclusion relationships in the following results.

REW} _ Bpiy ptsf

g+1 ' A E
UST}? ( + 1,.9.,32,;?, y) € UST}® (e, R, B.y) C USTy; ¥ (r,6,R,B,7).
Proof. Let f € UST,;” (+ + 1,, R, B,¥), and set

Theorem 1. Let 1 Erand f e A,. Then

¥

wl g7 (r R f (1))
J;_n{ Pl R) Flae)

plw) = (1 ED) (20)

where p(w) =1+ p, 1 + p,awr® + - s analytic in D, with p(0) = p and p(w) # 0, for all
i €D,
From (10), we can write

w {Jﬂp [’?“rf’:R]f[ﬂ*']) (»r + Rp)ﬂi T+ LeR)f(w) -

- 21
T (e, R)F o) R ) g enfw ® Y
riRp\dpg (rileR)flw) R
[ = ) J;H{F""f" s,ﬂ:lflf-{,tr':l —_ p("ﬂj‘] + E . (22)
By logarithmically d|fferent|at|ng both sides of the equatlon (22), we get
1 {3.1 "Plr+ 1 R]f(»m]) wr (3.1 F (o, e, .’R]f[w]) wp' (1)
Jig (r,e,R)f () die reRf(w)  plw)+%
w(Jrs (+ 1,6 R)f(w) v (1
& calh ) - p(ﬂj-)+M <P, g, (w). (23)
fj‘_ll_f ['7’“: f!rR]f[’fU'] p(-ﬂ?') +ﬁ

Applying lemma 1 to (23), it follows that p(w) < P, g, (1), thatis f € USTﬂ’*’ (+,8,R,B.¥)

the first part of Theorem 1 is completed. To prove the second inclusion relationship confirmed
by Theorem 1, let f € UST;;* (+,¢,R,B,y), and put

¥

wl g7 (r R f (1))
J;_n{ Pl R) Flae)

glw) = (1 ED) (24)

From (13), we can write

T"'{Jjﬂ-p (’?"rf’:R]f(’”"])f _ (p—|—£) me(d" e, R)flwr) (P _|_,g_ ) (25)
Jre (e, R)f () A ) grE (e, Rf (w) PR
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m+ L e
p+i\ Jpg  maeRIflw) pHi
[ 4 ) JT{F':r,sE}f':w} - q(“jrj +( a F')- (26)

By logarithmically differentiating both sides of the equation (26), we get

w {J’”+Lp (*?",fl,ij(-ﬂfj) wr (J?ﬂp(’?"rﬂrﬂjf[“”j)f N wq' (1)
gy P& R)f(w) T e Rfw) o)+ (BEL- )
1w {J o (r f:rR]f[’“Y])f wq' (1)
m D = w)+ ":PJJ 1?’,[2?]
e R ) a(aw) + (3L —p) o)

where the function g(z) is analytic in D with g(0) =p. Then by lemma 1 and

Re(P,,. (w)) = % it follows that q(+r) < P, 5 (a*), which implies that

o.ly BBy

f €UST; ™ (7,6, R.B.7).
The proof of Theorem 1 is completed.

REW} _ Bpiy ptsf
Theorem 2. Let e 2

+landen-‘l . Then

ucvy® (r +1,6,R,A,B,y) cUCV}” (r,6,R,B,y) € UCVF (r,6,R, B,7).

Proof. Applying (18) and Theorem 1, we observe that
flw) e UCV® (4 1,6,R,B,7)

PN iEUSTM*P (r+1,6R,B.y)

:ﬂEUST’”(areRﬁyj

& f(w) € UCV,T (,6,R,B.7)

and
flaw) € UCL{{” F (re.R,B.y)

-{.:rf m.p
& - €UST” (,6,R,6,7)
r

= “L e UsT];™" (1,6, R, B,y)

fe]
= fw) e UCY; 7 (me,R, B,7)
which evidently proves Theorem 2.

Rﬂ'*} _ Bpty piSf
Theorem 3. Let e 5

UKCT" (m+1, e,R, B.y) € UKC® (r,e,R,B,y) € UKC]T ™ (6, R, B, 7).
Proof. Let f € UKC,;” (++ 1,¢,R,B,y). Then , from the definition of UKC (y,B) there
exists a function w(+) € UST(y, £) such that

Handf € A,. Then

http://tarbawej.elmergib.edu.ly 372
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Re [ﬂr(ﬂf‘ffﬁiﬁﬂ?‘f'ﬁ"?‘} ‘

o0 (< Pppy(w)  (wED).

Choose the function g() such that 7;7;" (+~ + 1,e, R)g(+r) = ¥(2e), S0 We have

< Py (ar) (€ D). (28)

J;_n{ Plrt1,eR) gla)

o

[ (a7 r1em 'iﬁ'l'}

Now, we set
)
wl{JT{p(f L RIF ':w]'}

plar) = TP el (29)

where p(w) = 1+ p, 1 + p,wr” + - is analytic in D, with p(0) = p and p(w) # 0, for all
i €D,
From (12), we can write

1w {J‘d (»+ 1,¢, R]f(ﬂf]) Jj:;p (v +1,e,R)(1rf' (1))
I +1,6,R)g(w) I +1,6,R)g(w)

. t g .
_ w(gf e (of' (0)) +(Z)I54 e R s (1))

[
g - T . I -
“'(JJ ¢ reRg '*“':'} Hz)ay s (raR)gle)

aaft] (1 '-'.r"-'"l r;'gg{r'*ﬁﬂ'l".ufhdu'l

J; ¥, [ R glar] I J:]{Fldﬁgﬂlgla_l;l

= T . (30)
.-lblul]‘!_l.f\-ﬁ:ﬂlgl.dbll -
.1.{ (s R)glar) lr }

Since  g(w) € UST;;” (++ 1,6,R,B,¥), and by Theorem 1, we can write

ﬁrlifj;_"{p (4, s,ﬁ'}g(w}}f

= r(w), where Re{r (1)} = 0, (w» € D),

Iy 5 (reR) glw)
f 1{:’[:3 e [«r‘ e, R)(wf' (1{:’]))
¥ {Jjﬂf (++ 1, f:,:R:]f(aurj) B -Lf a6, R) g () ( ) (2er) -
JrE (o +1,6,R)g(w) r(ae) + (%)
From (29), we consider that
1w {th‘f (7, f:,.'R]f(«ur]) = Ji}’_p (4, e, R) g (1 )p(aer) (32)

differentiating both sides of (31) with respect to « and divided by J;7;” (+~,¢, R) g(2e), we have

Eris [«ur (ﬂjﬁp («r‘, f:,ij[:«ur)}f] =
Jis (e, R)glaw) (wp' (1)) +p (1) 1w (Jyy (.6, R) g ()’

http://tarbawej.elmergib.edu.ly 373
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1w [ﬂr (JA,I (-, e, .’R]f[ﬂr)} ]
= qwp' (w) + r(w)p(awr). (33)

I p (4, e, R) g ()
Using (31) and (33), we obtain

1w {Jiﬂf (++ 1,8, R]f(ﬂr]) p () + r(ae)p(awr) + ( }p(ﬂr}
Jj”p[fr‘ +1,6,R)g(w) r(a) + {_)

ﬁp'ﬁ}

‘p(«r,.[r) + }+lr4ﬁ\}

(34)

From (28) and (34), we conclude that

plae) + —«ur;::' ()

<P,p, (10r).
) + {%) g

Putting D =0 and B(1w) = f*} web obtain
1
Re{B(w)}= =~ Re [’r[«uf) + (i}] =0,
Y- R
‘T‘(ﬂ?’j + {ﬁ
therefore, the inequality (35) satisfies the conditions required by lemma 2. Hence
plwr) < Pg (1), s0 that f € UKCJ{E’F (1.6, R, B.v).

To prove the second inclusion relationship confirmed by Theorem 3, using arguments similar
to those detailed above with equation (13),we obtain
UKC]S® (.e,R,B,y) CUKC, % (,e,R, B,7).
Thus, the proof of Theorem 3 is completed.

9'*} _ Bpiy ptsf
Theorem 4. Let 2l 7 }Eﬂandf € A,. Then

uQeyy (r+1, e,R,ﬁ, y) € UQCyY (e, R,B.y) © UQCYy P (r,e,R.B.¥).
Proof. Applying (19) and Theorem 3, we observe that
flw) € UQCY (r+ L,e.R,B.7)

PN % € UKC,;” (»+1,6,R,B.v)

(35)

= i € UKC]Y (r.e,R,B.7)

= f(ﬂr] € UQCyy” (r.e,R.B.¥)
and
flw) eUQCTY (.6, R,B.¥)
'{-i”f‘l L

ol
r

= “L e urc]7'? (r,e.RB.Y)
p

]
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— f[‘ﬁ-‘f'] = UQC‘;;-l-Lp ['rrf!.-Rrﬁr }'r]

which evidently proves Theorem 2.
Next, we study the closure properties of generalized Bernardi integral operator ( [12],[9]
and [4]) defined by:

c+p
£ fw) =

ALF

t Lt dt (e= —p). (36)

o

Theorem 5. Let ¢ = —L;”:f and f €A, If 377 (7, e,R)f(w) € UST(y, B), then

L., (377 (r, e, R)f (w)) € UST (v, B).
Proof. From (36), and the linear operator ;" (+,¢, R) f(+), we have
w (37 (e, RV L f () =

(c+P)I7E (r e, R)f (w) — gy (.6, R) (£, ,f () )

(37)
Setting

w (I7F (e, R) Lo f () )
I (e, R) (£, ,f ()
where p(w) = 1+ p, 1 + p,awr® + - is analytic in D, with p(0) = p and p(w) = 0, for all
i €D,
From (37), we have

plw) =

m’_p e, R i
plar) = (e p)— moRf) . (38)
p[«f‘ € .'R)(LE pf[«m)}

By Iogarlthmlcally dlfferentlatmg both sides of the equatlon (38), we have
1w {,j‘d f (+, &, ij[ﬂ?j) 1 (JA F (e R],.Emf(«m)) wp' (1)

" = +
Jis (r, e, R)f (1) Jig (1,6,R) (Lc o f (e )} plw)+c
w (I (e, R f () wp' ()
m,u = p[:'ﬁf + — 1 PP:E:}‘ [:*‘t{?'j.
e, R) far) plawr) +c
Since Re{FpJEJ}, + ¢} = 0, then by applying Lemma 1, we obtain the result .

% and f € A,. If g7 (r, e, R)f(1wr) € UCV(y, ), then

£, (377 (e, R)f (w) ) € UCV(y, B).

Proof. Consider the following
flw) €UCV (v, B)

r
o L e UST (.8)

Theorem 6. Let ¢ = —

http://tarbawej.elmergib.edu.ly 375
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wlEep™™)) ¢ ysT (v, 8)

=N ,Emf[ﬂr] € UCV (y. )
the proof is completed.

Theorem 7. Let ¢ = % and f € A, If g7 (.6, R)f(ar) € UKC(y, B), then

L., (,jj’l;*’ (7, e,ﬂajf(mj) € UKC(y, B).
Proof. Let f e Uﬁ'cﬂ_’*’ (#,e,R,B,¥). Then , from the definition of UKC (y, ) there exists a
function (1) € UST(y, B) such that

[w(gffcm,m ,r":w.‘-'}f
=

e I <P,p,(w)  (weD).
Choose the function g() such that 7;7;" (¢, R)g(2e) = (ar), so we have

wliJ?{p':ﬂs,H}f':w}}
J?{ Plome ) gla)

I

1 < P,p, () (1r € D). (39)

Now, we set

wl gl (r e R I:w}}f
J?{F(ﬂsﬂﬁgiw}

where p(w) = 1+ p, 1 + p,awr® + - is analytic in D, with p(0) = p and p(w) # 0, for all

i €D,

From (35) we have

awr {Jjﬂfp [’?",r’:,R]f(ﬂf])f _ mp(fr‘ e, R) (1wf' (1))
mp(df‘ e, R)g(u) mp(ar‘ e, R)g ()

p(aw) = (40)

. oL [J;ﬂ{ F':'f“ _.S,ﬁ'}.’:l:- pl:-{,;rfl' |:,uy:|:|} +o J;ﬂ{;-‘ ':'f" ,SE}.-CE pl:-{,;pfh:.ur:l }

[
T |I J;“{ Ploe )L, pglar) } +c J;"{F (#.2R) Lo pg (1)

o
.]{I .H'.-L'E-nlzf'b'll Jl]{'d"‘sﬂ'.,fg |-"Lf"'b'|
JT{F'*ﬁﬂlif“_ﬂ" wl I T{F'*‘ﬁﬁ'icp‘g'.v'

L. !
"-FIIJJ_{FI'Fd‘RI‘L‘EFg“'FI ]

™ +c
™
d; {”ldﬁ.s.RI.L‘,;- pg 2]

Since g(w) € UST;” (e, R, B.¥), and by Theorem 5, we have
£, ,9(w) € UST;® (.6, R, B.v).
Setting
'
1w {J jﬂf (+, e, R].JEGJP glw) )
Jff (e, R)L, ,g(1r)

= H(w). (42)
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Also, we can define (1) by

1 {Jj "Flr,e,R)L, of(ar )) = J‘ff‘f’_p (a,c,A)L, ,g(w)[h(w)], (43)
differentiating both sides of (43) with respect to « and divided by 7,7 (+.e, R) L, g(w) , we
have

4 [am (‘-T.iffp (e R)L, pf(sz{:r])]
35 (e, R)L, ,g(aw) (wh'(w)) + h(ww)w(J;y (e, R) L, g(aw))

1

awr [fw' (Ji’;p (4, f!,R]LCpr[w']) ]
Jig (r,e,R)L, ,g(wr)
= qwh'(w)+ h(w)H(w) . (44)
Using (41) and (44), we obtain
w {J.-; e R)f(w )) w'h’(w') + h(aw)H (1) + ch(aer)
,,j‘j” Fla e, R) gl H(w)+ ¢

¥

hlﬁ}

= h(w) + e
From (39) and (45), we conclude that

awh' (1)
() + m <P, p, (). (46)

Putting D = 0 and B(1) =

(45)

HI:;}“ , we obtain Re{B(w)}=> 0 | ifc > — i”:}’ therefore, the
inequality (35) satisfies the conditions required by Lemma
2. Hence p(w) < P, g (1), s0, the proof is completed.

Theorem 8. Let ¢ = —% and f € A, If g7 (.6, R)f(ar) € UQC(y, B), then

£, (37 Or e, R)F () ) € UQC(y, B).
Proof. We can prove this theorem as we proved Theorem 7.
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