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Abstract
In this paper, we study some types of dense sets in topological spaces called regular dense sets
and generalized dense sets. The relation between dense sets and semi-open sets is also studied.
Some interesting results and properties of these concepts are investigated.
Keywords: Dense set, Regular dense set, Generalized dense set, Semi-open set.
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1. Introduction
The concepts of semi-open sets, generalized closed sets and regular open sets were introduced in
[10], [11] and [17] respectively. They defined and investigated many properties and results
related to these concepts. Many semi-topological, generalized and regular concepts were defined
and studied, see, for instance, [4 ], [2], [9], [13], [14] and [15].
In this paper, we introduce and investigate the concepts of regular dense and generalized dense
sets. The relation between dense sets and semi-open sets is also studied. The concepts of semi-
submaximal, r-submaximal and g-submaximal spaces are also introduced and studied; we prove
some interesting results in this connection.
2. Preliminaries
This section contains some preliminary definitions and results which will be used later
throughout our paper.

Definition 1. Let A be a subset of a topological space X. A is said to be:

1) semi-open [10] if A < A_ i.e., if there exists an open set ¥V in X such that IV € A € V. The
complement of a semi-open set is called semi-closed [8].
2) regular open [17] (briefly, 1-open) if A = (A) . The complement of an 1-open set is called

regular closed (briefly, r-closed).

Definition 2. [11] A subset A of a topological space X is said to be generalized closed (briefly,
g-closed) if A S U whenever U is open and A € UJ. The complement of a g-closed set is
called generalized open (briefly, g-open).

The class of all semi-open sets (resp. 1-open sets, g-open sets) will be denoted by SO (X)) (resp.
RO(X), GO(X)).

Definition 3. [8] The semi-closure of a set 4 in X is the intersection of all semi-closed sets that
contains A; this set is denoted by A.

Definition 4. [6,16] Let A be a subset of a topological space X.

http://tarbawej.elmergib.edu.ly 518



/\ é_,.sﬂ| EVIESY .
‘ Journal of Educational | 2024 dud2.17 gl 4801 Jolas
L, ISSN: 2011- 421X 2025 plo 26 suall

| Arcif Q3

1) A9 s the intersection of all g-closed sets containing A.

2) AT is the intersection of all -closed sets containing A.

Definition 5. [3] A topological space X is said to be submaximal if every dense set is open.
Definition 6. A function f: X — Y is said to be:

1) g-closed (resp. g-open, 1-open) [13] if the image of every closed (resp. open, open) set in X
is g-closed (resp. g-open, r-open) in Y.

2) pre-semi-open [9] if the image of every semi-open set in X is semi-openin Y.

3) g-continuous [2] (resp. r-continuous [1]) if the inverse image of every closed (resp. open) set
in Y is g-closed (resp. 7-open) in X.

2. Dense Sets and Semi-open Sets

In this section we study the relation between dense sets and semi-open sets in topological spaces.
The concept of semi-submaximal space is also defined and studied.

Theorem 1. A subset D of a topological space X is dense if and only if D N A # ¢ for each
nonempty semi-open set A.

Proof. Let D be dense in X, so D) NV # ¢ for each nonempty open set IV in X. Let A be a
nonempty semi-open set in X, so W S A € W for some open set W in X. It follows that

DnWeEDnA. SinceDNW # ¢ then D NA +# ¢. Conversely, the proof follows
immediately since each open set is semi-open.
Corollary 1. A set D is dense in X ifand only if D = X.

Definition 7. A topological space X is said to be semi-submaximal if every dense set is semi-
open.

Remark 1. every submaximal space is also semi-submaximal, but the converse is not true as
shown by the following example.

Example 1. Let (X, T) be a topological space, where X = {1,23}and T = {qﬁ:,X, {1}}, SO
S0(X) ={¢, X,{1},{1,2},{1,3}}. The dense subsets of X are {1},{1,2},{1,3} and X,
each one is a semi-open set, so X is a semi-submaximal space. But X is not submaximal since
{1,2}and {1,3} are dense sets but not open.

Remark 2. Let (X, T, ) is a topological space and T, € T,. It was proven in [12] that if (X, T, )
is a submaximal space then (X, T,) is also submaximal. But if (X, T,) is semi-submaximal,
then it is not true in general that (X, T,) is also semi- submaximal. To illustrate that, consider
the following example.

Example 2. Let X ={1,23} 1, = {(;‘.!,X, {1}} and 7, = {¢, X,{1},{2,3}}. So,

S0,(X)={¢,X,{1},{1,2},{1,3}}, SO, (X) =1, and T, E 7,. But (X, T,) is a semi-
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submaximal space and (X, T, ) is not semi-submaximal since {1,2} is a dense set but not semi-
open.

Theorem 2. If f: X — ¥ is a surjective pre-semi-open map and X is a semi-submaximal space,
then Y is also a semi-submaximal space.

Proof. Let D be a dense proper subset of Y. First, we prove that f~*(D) is dense in X.
Suppose, for a contradiction, that f~*(D) is not dense in X, then from Theorem 1, there is a
nonempty semi-open set U such that f~*(D) N U = ¢. It follows that D N f(U) = ¢,
where f(U) is a nonempty semi-open in ¥, which is a contradiction of being D dense in Y.
Now, f~(D) is dense in X so it is semi-open since X is semi-submaximal. Hence,
D = f(f~*(D)) is semi-open in ¥ as f is a pre-semi-open map. Therefore, ¥ is a semi-
submaximal space.

3 r-dense Sets in Topological Spaces
In this section we introduce the concept of regular dense sets in topological spaces and study

some properties and results in this connection. Also, the concept of r-submaximal spaces is
introduces and studied.
Definition 8. Let I) be a subset of a topological space X. D is said to be regular dense (briefly,

r-dense) if D N U = @ for each nonempty r-open set U in X.

Remark 3. Every dense set is also 1r-dense, but the converse is false as shown by the following
example.
Example 3. Let X=1{1,223,45:6} and let

r={¢,X {1,2,3},{4,5,6},{2,3,45},{2,3},{4,5},{1,2,3,45},{2,3,4,5,6}}.
So, RO(X) = {qi!,X, {1,2,3}, {4,5,6}}. Now, each of {1,4},{1,5} and {1,6} is an r-dense
set in X but not dense.
Remark 4. If D is r-dense then D need not be X, for example, the set {1,4} in Example 3 is -
densein X and {1,4} = X.
Theorem 3. Let D) be a subset of a topological space X. Then D is r-dense in X if and only if
D" =X,
Proof. Let D be r-dense in X. Since D™ =N {F:Fisr — closed,D € F},so D < F forall
r-closed sets that contains D. It follows that D N F€ = @, where F€ is r-open, so from the
assumption, F© must be the empty set and then F = X for all r-closed sets that contains D.
Hence, D" = X,
Conversely, suppose D" =X and suppose, for a contradiction, that D N U = @ for some a
nonempty 7-open set U, so D™ € U°€ . It follows that D™ # X, which is a contradiction.
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Remark 5. It is well-known that if T; € 7, and D is dense in (X, T, ) then D is also dense in

(X, 7,). Butif D is r-dense in (X, T, ) then D need not be r-dense in (X, T, ) as shown by the
following example.
Example 4. Let X = {1,2,3,4} and let T, be the excluded point topology where 4 is the

excluded  point, so RO,(X) ={¢,X,{1},{2},{3},{1,2},{1,3},{2,3}}.  Let
r, ={ & X {1}, {2}, (3},{1,2},{1,3},{2,3},{1,2,3},{2,4},{1,2,4},{2,3,4}}, 50
RO,(X) = {¢, X, {1}, {3},{1,3},{2,4}, (1,24}, {2,34}}.

Now, T, € T, and the set D = {1,3,4}is r-dense in (X, T,) but not r-dense in (X, 7).
Theorem 4. (1) If f: X — Y is a surjective r-continuous map and D) is an r-dense set in X then
f(D)is r-densein.

(2) If f:X — Y is a surjective 7-open map and D is an r-dense set in ¥ then f (D) is 7-
dense in X.

Proof. (1) If f(D) is not r-dense in Y then there is a nonempty r-open set U/ such that
f(DynU=¢. 1t follows that [Ff(DINf(U)=¢ and hence
DNnf~(U)=¢since D S f1f(D). Now, U is r-open so it is open and [ is 7-
continuous, hence f ~*(U) is a nonempty r-open set in X with D N f~1(U) = ¢. Therefore,

D isnot dense in X.

(2) The proof follows along the same lines as in (1).

Definition 9. A topological space X is called -submaximal if each 7-dense set is 7-open.
Theorem 5. If X is an r-submaximal space then X is submaximal.

Proof. If D is dense in X, then D is also r-dense so it is 7-open since X is r-submaximal.
Therefore, D is open in X since each r-open set is open.

Remark 6. The converse of Theorem 5 is false as shown by the following example.

Example 5. Let X = {1,2,3,4} and T be the excluded point topology where 4 is the excluded

point, then X is a submaximal space. But {1,2,3} is r-dense in X but not r-open, so X is not r-

submaximal.
Theorem 6. -submaximality is invariant under surjective r-open maps.

Proof. Let f: X — ¥ be a surjective r-open map. If D is r-dense in ¥ then, from Theorem 4
), f~2(D)is r-dense in X. Since X is r-submaximal, then f ~*(D) is 7-open and hence
open. Since D = f(f ~*(D)), then D is r-open in ¥ since f is an -open map.

4 g-dense Sets in Topological Spaces

In this section the concept of generalized dense sets in topological spaces is introduced and
studied. Also, the concept of g-submaximal spaces is defined and studied.

http://tarbawej.elmergib.edu.ly 521



Ss2 A Ao ]
‘ : Journal of Educational | 2024 dud2.17 gl 4801 Jolas
L, ISSN: 2011- 421X 2025 plo 26 suall
Arcif Q3

Definition 10. Let I) be a subset of a topological space X. D is said to be generalized dense,
(briefly, g-dense), if D nUJ # @ for each nonempty g-open set U.

Remark 7. If D is a g-dense set in X then D is also dense, so D = X. But the converse is not
true as illustrated by the following example.
Example 6. Let ={1,2,3,4,5} and let

r={¢ X {1,2,3},{4,5},{1},{2},{1,2}, {1 4,5},{2,4,5},{1,2,4,5}}, so we have
GO(X) ={¢,X,{1,2,3},{4,5},{1},{2},{1,2},{1,4,5},{2,4,5},{1,2,45}, {1,2,5},
{1,2,4},{2,5},{2,4},{1,5},{1,4},{5},{4},{1,2,3,5},{1,2,3,4}},
then {1,2,4} is a dense set but not g-dense in X.
Theorem 7. A subset ¢ of a topological space X is g-dense if and only if GI =X,
Proof. Let G be g-dense in X. Now, G9 =n{F:Fisg—closed,G S F}, so G € Fand
hence G N F€ = @ for each g-closed set F containing G. Since F€ is g-open and G is dense,
then F€ = ¢ and hence F = X for all g-closed set F containing G. It follows that G9 = X.
Conversely, if G is not g-dense, so G N U = @ for some nonempty g-open set U, then
G9 < U° which means that G9 #= X,

Remark 8. If T, € 7, and D is g-dense in (X, T, ) then D need not be g-dense in (X, T,). To
illustrate that, consider the following example.
Example 7. Let X = {1,2,3} and 7, = {¢, X, {1}}, so the collection of g-open sets is

GO, (X) = {¢,X,{1},{1,2},{1,3},{2}, (3}}

Let T, = {¢= X {1} {2} 11, 2}} so GO, (X) = 1,. Now, T, © 7, and the set D = {1,2}
is g-dense in (X, T,) but not g-dense in (X, ;).

Definition 11. A topological space X is called g-submaximal if each g-dense set is g-open.
Remark 9. A g-submaximal space need not be submaximal as shown by the following example.
Example 8. In Example 6, g-dense sets in X are X and {1,2,4,5}, each one is g-open, so X is
g-submaximal. But X is not a submaximal space since {1,2,4} is a dense set in X but not open.
Theorem 8. [5]. If X is a submaximal space the GO(X) = 1.

Corollary 3. Every submaximal space is g-submaximal.

Remark 10. If (X, 7,) is a g-submaximal space and T, € T, then it is not necessary that
(X, T5) is g-submaximal as shown by the following example.

Example 9. Let X = IR and let T, be the trivial topology so GO, (X) is exactly the power set of
X. Clearly, (X, T,) isa g-submaximal space. Let T, be the usual topology on IR, so T; € T,.
Now, (X, T5) is not g-submaximal, since @ is g-dense but not g-open in (X, 75).
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Remark 11. g-submaximality is not invariant under surjective g-open maps, for example,
consider (X, 7, ) and (X, T,) in Example 9, and let f: (X, ;) — (X, T, ) be the identity map.
So, f is a surjective g-open map and (X, T, ) is a g-submaximal space but (X, T, ) is not g-
submaximal.

Theorem 9. If X is a g-submaximal space and f: X — Y is a surjective map with the property
that f(A)is g-openin Y foreach g-openset A in X, then ¥ is also g-submaximal.

Proof. Clearly, if D is a g-dense setin ¥ then f ~*(D) is g-dense in X. Now, f (D) is g-
dense in X so it is g-open, hence, from the assumption, D = f(f~*(D)) is g-openin Y.
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